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Summary
The main subject of the present thesis is theoretical description of cold and
ultracold collisions of atoms and molecules. Its most important goal is to
develop a possibly simple model capable of capturing the underlying physics in
a wide range of systems. This includes ultracold chemical reactions, collisions
aected by one or more Feshbach resonances and scattering taking place in tight
traps of various shape. Quantum defect theory provides an ideal framework for
constructing such a general model.
A brief introduction to the latest achievements in the physics of ultracold
atomic and molecular gases is given in the beginning. Then in the rst chapter,
the quantum defect formalism is introduced and applied to inelastic scattering
of particles interacting via isotropic power-law potential at long range. Analytical formulas for the elastic and reactive rate constants are derived in the
low energy limit, parametrized in terms of short-range reaction probability and
phase shift. At nite energies shape resonances can occur, which may bring
the reaction rates far above the classical estimates.
The second chapter introduces the concept of Feshbach resonances which result
from the coupling with closed scattering channels. While most studies of Feshbach resonances to date were only considering a single isolated closed channel,
here it is shown how to describe many overlapping resonances using quantum
defect theory. In the next part it is discussed how the presence of external trap
inuences the Feshbach resonance, in particular when the trap shape does not
allow for separation of center of mass and relative motion anymore.
The third chapter continues the investigation of collisions in traps. It focuses
on chemical reactions taking place in the presence of strong connement which
reduces the dimensionality of the system. Separation of the length scales associated with the interaction and with the external trap allows to use the results
from the rst chapter to obtain collision rates in quasi-1D and quasi-2D geometry. A recent experiment which studied reactive collisions of Rb2 molecules in
a tight anisotropic trap is analyzed using the developed formalism. In the last
part it is discussed how to extend the model to include dipole-dipole interactions. In this case analytic treatment is not possible anymore. However, the
numerical results can be partially understood in terms of simple approximations, such as distorted wave Born approximation (for elastic scattering) and
taking asymptotically lowest adiabatic potential (for reactive one).
The last two chapters are dedicated to practical application of the obtained
results. Chapter 4 provides an analysis of experimental data from merged
beam experiments in light of the reaction model from Chapter 1. It is shown
how to adjust the model to account for multiple product channels and include
additional terms in the interaction potential.
Chapter 5 presents a practical application of some of the results in implementing quantum gates. A novel gate scheme is proposed, basing on using two
fermions in an extremely tight trap, which can be realized using nanoplasmonic
structures. In such a trap, individual control of the qubits is not possible with
current techniques. Instead, Feshbach resonance is used as a control source. It
allows to decouple unwanted states from the dynamics. Using optimal control
methods it is then possible to perform a quantum gate with neutral atoms with
operation time much shorter than in the schemes using optical lattices.
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Introduction
Ultracold quantum gases
Atoms and molecules cooled to extremely low temperatures provide a unique opportunity to study fundamental features of quantum mechanics. In general, quantum phenomena become visible at low temperatures in comparison to other characteristic energy
scales of the system, when thermal uctuations are suppressed. First experiments with
cold quantum matter were performed in the early XXth century, starting with production of liquid helium in 1908 by Heike Kamerlingh Onnes [Kamerlingh Onnes 1908]. This
resulted in the discovery of superuidity and superconductivity, rst collective quantum
phenomena ever observed. Extensive theoretical and experimental research followed this
path [Tilley 1990]. Many years later, the development of laser cooling and trapping techniques [Petrich 1995, Phillips 1998, Cohen-Tannoudji 1998, Grimm 2000] opened a new
possibility for studying ultracold systems and truly revolutionized atomic and molecular
physics. One of the milestone achievements in this eld was the creation of a Bose-Einstein
condensate (BEC) [Anderson 1995, Davis 1995, Bradley 1995]. This unusual state of matter results purely from the quantum statistics governing the atoms that form it. Its creation
requires thermal de Broglie wavelength of the weakly interacting bosonic gas to become
comparable with interatomic separation and thus achieving extremely low (< 1mK) temperatures was the crucial experimental issue. In this regime the system can be described
by a single macroscopic wavefunction and resembles a coherent wave [Pitaevskii 2003,
Pethick 2002]. Typically, a BEC can consist of even millions of atoms. It is possible
to perform impressive experiments with such macroscopic quantum objects, e.g. by colliding two condensates [Andrews 1997, Deng 1999]. Manipulation of the quantum state
of the BEC, in analogy to optical squeezing, allows for using such systems for precision
measurements and interferometry [Shin 2004, Schumm 2005, Fattori 2008, Lücke 2011].
What makes the ultracold atoms truly fascinating is the ability to precisely manipulate them using external electromagnetic elds. Typically, the cloud of cold atoms is
trapped by external potential. Nowadays, many dierent trap types are available, including magnetooptical traps [Pethick 2002], atom chips [Folman 2000], optical dipole
traps [Stamper-Kurn 1998] and recently proposed plasmonic near-eld traps [Chang 2009,
Gullans 2012]. In the most common scenario, atoms become trapped by o-resonant laser
light due to the ac Stark shift, which depends on the light beam intensity and the polarizability of atoms. The inhomogeneous Stark shift produces a trapping potential. A
typical trap used in experiments can often be approximated as a harmonic potential with
trapping frequencies ranging from few Hz to several kHz, but much more sophisticated
trap shapes are also possible, including a at-bottom optical box [Gaunt 2013]. A particularly interesting option is to trap particles by pairs of laser standing waves, which
creates an optical lattice - an articial, defect-free crystal [Jaksch 1998, Bloch 2005]. With
this technique it is possible to create a highly anisotropic trap and eectively reduce the
1

dimensionality of the system. Adding more laser beams and changing their conguration results in more complex lattices with interesting symmetries, such as triangular or
hexagonal [Tarruell 2012, Struck 2011].
In addition to controlling the trapping potential, ultracold atoms provide an opportunity to manipulate the interparticle interactions. Alkali atoms typically used in experiments interact via van der Waals potential. The scattering length of this potential can in
many cases be controlled by means of Feshbach resonances (FR), as will be discussed in
subsequent section. This allows for controlling the strength and sign of the interactions,
and even varying it in time and space. Another exciting option is to work with strongly
dipolar systems, such as rare earth atoms or heteronuclear molecules. In the molecular
case the value of the dipole moment can be controlled by external electric eld. Altogether,
joined with precise tuning of the temperature and particle number, cold atoms oer an
unprecedented amount of control over quantum many-body systems. This makes them
potentially useful as quantum simulators [Feynman 1982].

Feshbach resonances and production of cold molecules
Feshbach resonances are one of the crucial tools in the eld of ultracold gases [Chin 2010].
The theory of such resonances was initially developed by Herman Feshbach in the context of nuclear physics [Feshbach 1958, Feshbach 1962] and independently by Ugo Fano
for atomic physics [Fano 1961], but the problem of near threshold bound states and couplings between discrete and continuum spectra has been studied already in the early days
of quantum theory [Rice 1933, Breit 1936]. The basic physics of a Feshbach resonance
can be captured by a very simple intuitive picture. Let us consider two atoms in free
space with very low kinetic energy, which interact by some potential Vo . Suppose there
is also an additional, energetically closed, collision channel represented by potential Vc .
Typically it corresponds to another hyperne conguration of the atomic pair with larger
energy. The closed channel usually supports several weakly bound states. If one of them
can be found close to the energy threshold and there is some coupling between the collision channels, we may expect it to inuence the collision process. The energy dierence
between the hyperne channels can be controlled using external magnetic eld as long
as they have dierent magnetic moments, so the position of the bound state can be controlled. The resonance occurs when it crosses with the energy of the open channel. The
energy levels in this case actually exhibit an anticrossing due to the interchannel coupling. In the entrance channel, Feshbach resonance is manifested by divergence of the
scattering length (for the s-wave resonance), which can approximately be described by the
formula [Moerdijk 1995, Timmermans 1999]


a(B) = abg

∆
1−
B − Bres


,

(1)

where abg is the background scattering length in the absence of interchannel coupling,
Bres is the resonance position and ∆ is the resonance width. In addition, at very large
scattering lengths the binding energy of the most weakly bound state is given by

Eb =

~2
,
2µa2

(2)

independently of the details of the interaction potential (µ is here the reduced mass of
the two interacting particles). This remarkable universality immediately poses a question
whether more features of ultracold systems can be explained in terms of simple universal
2

Figure 1: Scattering length (top) and bound states structure (bottom) vs magnetic eld
for potassium-rubidium. Multiple Feshbach resonances are present. A resonance appears
every time a ramping bound state crosses the threshold. Figure from P.S. Julienne, Faraday
Discussions 142, 361-388 (2009).
van der Waals theories. Indeed, the long range interaction potential is crucial for the
three-body physics [Wang 2014] and chemical reactivity [Idziaszek 2010a].
In the ultracold regime only s-wave interactions are present, as higher partial waves
have large centrifugal barrier, making the scattering length the only parameter needed to
describe the interactions. Thus, nding a resonance allows for almost full control of the twobody scattering properties of the ultracold gas. Apart from magnetic tuning, it is also possible to create resonances with optical coupling to electronically excited states [Bohn 1999]
or by means of radio frequency induced coupling to other hyperne states [Tscherbul 2010].
The rst experimental evidence for Feshbach resonances in an ultracold gas was found in
the group of Wolfgang Ketterle [Inouye 1998] using loss spectroscopy. This technique, still
widely used when searching for Feshbach resonances, makes use of the fact that at the
resonance a large fraction of the atoms is lost from the trap due to enhanced three-body
recombination. Up to now, Feshbach resonances have been studied, both theoretically and
experimentally, in a large number of systems, both homonuclear and heteronuclear, bosonic
and fermionic, demonstrating couplings in various partial waves. Reference [Chin 2010]
provides an extensive review of the techniques used to predict and investigate them. It has
to be noted that ab initio calculations of the interaction potential are generally not precise
enough to predict the scattering length, even though they can provide the potential curves
with impressive accuracy. Therefore coupled channels calculations performed to predict
the Feshbach resonances need to be calibrated to experimental results [Chin 2010] (some
exceptions include systems with very low reduced mass, where the scattering length can
actually be calculated from rst principles [Knoop 2014]). It is thus desirable to construct
complementary approaches which can provide some intuition and help understand cold
collisions better. Models introduced in this context can in example be based on simplied potentials, such as square wells [Chin 2005, Wasak 2014], to obtain analytical results,
or focus only on a single asymptotic bound state [Tiecke 2010]. Another very powerful
method which can give valuable information is the multichannel quantum defect theory
(MQDT) [Julienne 2006, Hanna 2009, Pires 2014, Makrides 2014], which allows for very
eective parametrization of the scattering problem.
One of the most useful applications of Feshbach resonances is the production of ultracold molecules by time-dependent magnetic elds [Mies 2000a, Köhler 2006], called mag3

netoassociation. It takes advantage from the anticrossing between the entrance and closed
channel at the resonance. By slowly ramping the magnetic eld across the resonance
the free atoms adiabatically transfer to weakly bound dimers, commonly named Feshbach
molecules. Such dimer states are highly excited but they can have suciently big lifetime
to even form a condensate [Jochim 2003, Regal 2003]. They can also be used as a starting
point for creation of ultracold molecules in electronic and rovibrational ground state, which
has been achieved with KRb molecules in JILA [Ni 2008], Cs2 and triplet Rb2 in Innsbruck [Danzl 2008, Lang 2008] LiCs in Heidelberg [Deiglmayr 2008] and RbCs in Durham
and Innsbruck [Takekoshi 2014, Molony 2014]. These groundbreaking experiments opened
a new eld on the borders of physics and chemistry, dedicated to studying the properties of such molecules [Krems 2008, Carr 2009, Quèmèner 2012]. They are interesting
not only from the point of view of chemistry [Krems 2008], but also for quantum simulations of many-body physics [Büchler 2007, Wall 2010, Gorshkov 2011, Sowi«ski 2012,
Baranov 2012] and quantum information processing [DeMille 2002, Yelin 2006]. They can
also be used for precision measurements of fundamental constants, such as electron dipole
moment or electron to proton mass ratio [Hudson 2002, Regan 2002, Hudson 2011], and
for looking for violation of parity symmetry [Isaev 2010] or variations of the ne structure
constant in time [Hudson 2006]. Currently a huge amount of experiments with dierent
kinds of molecules, mostly composed from alkali atoms, are being performed, slowly approaching quantum degeneracy. The eld of ultracold molecules is truly multidisciplinary
and rapidly evolving.

Quantum simulation and computation with cold atoms and
molecules
The opportunity to precisely control the internal state, trapping potential and interactions of ultracold particles lead to the concept of using them for quantum simulations. The general idea of quantum simulation, formulated by Richard Feynman back in
1980s [Feynman 1982], starts form the observation that large quantum systems are extremely hard to be numerically simulated on a classical computer. This is mainly due to
the huge Hilbert space, which grows exponentially with the system size. However, one can
try to realize another quantum system which would be much easier to control and make
measurements on and which would act as an analogue of the original one. Ultracold atoms
and molecules oer a large degree of control and freedom to design various Hamiltonians
and are thus one of the most promising candidates for quantum simulators (trapped ions
and photonic systems are also being used in this context). They can form exotic quantum
many-body states, especially when put in optical lattices. One of the rst experimental
achievements in this eld was the demonstration of a quantum phase transition between
superuid and insulating state for a gas of cold atoms in a lattice, well described by the
Bose-Hubbard Hamiltonian [Greiner 2002]. Nature Physics 8, 4 (2012) issue provides a
comprehensive review of this topic.
Using cold molecules for quantum simulations seems to be a potentially fruitful idea
with novel exciting possibilities [Carr 2009]. One reason for this are the strong dipolar
interactions between heteronuclear molecules that can be controlled with external electric
eld. While dipolar interactions are not unique to molecules (lanthanide atoms or Rydberg
atoms can also be used here), the most interesting feature is probably the extremely rich
structure of internal states, both rovibrational and hyperne, which can also be coupled
by external microwave elds. Altogether, this leads to a number of exciting possibilities, like simulating quantum magnetism [Wall 2013b, Wall 2014a] or creating topological
4

Figure 2: An artist's view of a set of polar molecules trapped in optical lattice. Figure
from A. Daley, Nature 501, 497498 (2013).
states [Wall 2014b, Peter 2014].
It is well-known that quantum mechanics can also be employed for computation and
information processing [Nielsen 2010]. It has been shown that this can result in signicant
speedup of computing algorithms, reducing the complexity of well-known problems such
as number factorization from exponential to power-law [Shor 1997]. Implementation of
quantum algorithms requires building quantum gates, an analogue of standard logical
gates working on quantum states (called qubits) instead of standard bits. Up to now,
we are still far from building a fully operating, scalable quantum computer. The main
problem is that quantum computing can be fault-tolerant only if elementary gate errors
are kept below a given threshold [Preskill 1998]. Error sources are twofold: on one hand,
the nite decoherence time of quantum bits implies a loss of coherence over the time taken
by gate operation; on the other hand, even in the limit of very low decoherence, dynamical
imperfections coming from imprecise experimental control limit the intrinsic delity of
the gate. The goal of quantum gate schemes is to minimize the ratio between the gate
operation time and the qubits' decoherence time, while maximizing the gate delity.
A number of dierent systems, including trapped ions [Cirac 1995, Cirac 2000] and
superconducting circuits [Sank 2014a], can be considered suitable for building a quantum gate. Ultracold atoms and molecules are also promising candidates [Burkard 1999,
Jaksch 1999, Brennen 1999, Jaksch 2000, DeMille 2002, Calarco 2004, Benhelm 2008]. Their
biggest advantages are long qubit coherence times and accurate control of the dynamics,
which results in low error rates [Bloch 2008, Anderlini 2007]. Furthermore, arranging them
in regular arrays using optical lattices provides scalability, which is hard to achieve using
other systems. Atoms in optical lattices are amenable to operations addressing each qubit
individually [Würtz 2009, Bakr 2009, Weitenberg 2011]. The main problem with such systems is that achievable gate speeds are comparatively low due to weak atomic interactions
and limited trapping frequencies. Fastest two-qubit operations on cold atoms in optical
lattices require gate times of the order of milliseconds [Schneider 2012, Jørgensen 2014]
and improving this bound is crucial for practical application.

Ultracold chemistry
In order to understand the physics of ultracold trapped gases and be able to use them
for quantum simulations, one rst has to understand the underlying two-body collisions,
which can often be inelastic. The elastic and reactive cross sections crucially depend on
the quantum statistics of colliding particles and external elds [Ospelkaus 2010, Ni 2010,
5

De Miranda 2011]. For example, scattering of identical fermions exhibits a p-wave centrifugal barrier, in contrast to collisions of bosons or distinguishable particles. Quantum eects
such as tunneling through the centrifugal barrier can play an important role here. The
basic eect of tunneling is the shape resonance, where the energy of the particles coincides
with the quasi-bound state that can exist behind the barrier. The presence of long-range
dipolar interactions and tight external connement can modify the shape of the barrier,
enhancing or suppressing the tunneling [Idziaszek 2010b, Micheli 2010, Quéméner 2010,
Quéméner 2011]. It is thus extremely interesting to study chemical reactions in the cold
regime, when thermal uctuations are small and the quantum eects govern the reaction
process [Krems 2008].
It has to be noted that preparation of a controllable systems in which inelastic processes
at ultralow energies could be studied has been a long-standing quest in AMO and chemical
physics. Much work on this subject has been done using molecular beams [Rangwala 2003,
Van De Meerakker 2008], which nally has lead to recent observation of scattering resonances in Penning ionization with merged beams [Henson 2012]. In general, the beams
can be guided and slowed down using various techniques to ensure low collision energy,
but in merged beams one uses supersonic expansions and merges the beams carefully with
a very low crossing angle. This gives very low relative velocities and provides access to
collision energies of the order of milikelvins (to be strict, mean energy E/kB ∼mK, the
energy distribution is far from thermal). A number of dierent experiments basing on this
method is now being performed [Lavert-Or 2014, Jankunas 2014a, Jankunas 2014b].
Another idea is to prepare a cold sample by sympathetic cooling. Using helium or
hydrogen buer gases as coolants seems to be the only option for reaching subkelvin
temperatures with big (e.g. organic) molecules which cannot be guided and for which
one can hardly imagine an association scheme from cold substrates. Theoretical proposals
sound promising here [González-Martínez 2013], but experiments are on the early stage.
There is also number of methods that include producing a relatively cold beam and cooling
it further using Sysyphus cooling [Zeppenfeld 2012], buer gas [Hutzler 2012] or centrifuge
slower [Chervenkov 2014]. A relatively new eld of study focuses on reactions of cold
atoms and ions kept in so-called Coulomb crystals or with single ions [Willitsch 2008,
Rellergert 2011b, Hall 2012, Sullivan 2012, Härter 2012]. This requires building a hybrid
trap, consisting of atomic setup and an ion trap and is very challenging experimentally.
From the theoretical point of view, predicting and understanding the collisional properties of a complex molecular system is a challenging task. Calculating all the scattering
properties completely ab initio is not possible with current quantum chemistry methods and available computational power. The calculations have usually to include a huge
number of electrons and even small uncertainties in resulting potential curves can significantly aect the scattering properties. In the presence of chemical reactions one needs
to deal with multiple coupled anisotropic potential surfaces (Figure 3 gives an example
of an elementary atom-ion inelastic process). Full quantum calculation of the dynamics taking place in such a complicated system is very challenging. Semiclassical methods like instanton or wavepacket approach have been developed to cope with this problem [Althorpe 2003, Miller 2003, Benderskii 2009]. However, in some cases, for example
for Penning ionization in which electronically excited noble gas atom intercepts an electron
from the collision partner, even the reactants' potential surface is not easy to describe, as
variational methods cannot be used. On the other hand, the interaction potential at long
distances can usually be calculated with good accuracy. Therefore a need for simple theoretical models able to explain experimental results arises. One class of such models can
be constructed in the framework of multichannel quantum defect theory (MQDT), which
6

Figure 3: Electronic potential curves for LiYb+ system, calculated by Tomza et al.,
arXiv:1409.1192 (2014). If the asymptotic initial state corresponds to Yb ion, there exists
a lower lying state, so a charge transfer or radiative association process is possible.
will be a central topic of the present thesis.

Quantum defect theory
The concept of quantum defect is very well established in atomic physics. It was
originally introduced to explain the structure of electronic levels in alkali atoms. It was
noticed already more than a hundred years ago, that the empirical formula

En = −

me4
Z2
,
2
2~ (n − µn )2

(3)

where Z is the number of protons in the nucleus and µn are parameters weakly dependent
on n, describes the spectra of such atoms with very good accuracy. This formula is clearly
very similar to the analytical result obtained for hydrogen atom. It was then argued by
Sommerfeld that this can be explained by assuming that a single electron in alkali atoms
can be excited very easily in comparison to others and thus can be described by an eective
potential similar to that of a hydrogen atom [Sommerfeld 1916]. The µn parameters,
which can be called quantum defects, give then corrections resulting from the deviations
from this potential, which are mainly present close to the nucleus. Modern and more
qualitative formulation of this theory was done by Hartree [Hartree 1928] and since then
it has been widely used to explain atomic spectra [Seaton 1983]. It was also generalized
to describe a whole range of other problems in atomic and molecular physics [Giusti 1980,
Greene 1985, Raoult 1981]. Many people contributed to its development with especially
important results achieved in the groups of M. J. Seaton [Seaton 1966a, Seaton 1966b] and
Ugo Fano [Fano 1970, Fano 1978, Greene 1979a, Greene 1982]. Frederick Mies provided a
very convenient formulation of MQDT [Mies 1984a, Mies 1984b], where the quantum defect
7

functions have intuitive interpretation and give interesting insight into the dynamics of the
system.
MQDT occurs to be very well suited for description of cold atomic and molecular
collisions, both elastic and inelastic. This stems from the fact that also in this case one
can usually calculate the long range interaction with pretty good accuracy, but the short
range details are harder to investigate. The short range physics can then be parametrized
by a quantum defect matrix and a set of quantum defect functions which connect the
short range wave function with the asymptotic long range one. Research in this eld
was initially mainly conducted by the groups of Frederick Mies, Chris Greene and Bo
Gao [Gao 1996, Burke 1998, Mies 2000c, Gao 1998a, Gao 2001, Gao 2005, Gao 2008]. For
neutral S -state atoms or molecules, when the long range interaction is well described by
6
the van der Waals potential V (r) ∼ C
, one can benet from analytical solutions of the
r6
Schrödinger equation [Gao 1998b], which makes the quantum defect functions analytical.
The same is true for 1/r 4 potential, which characterizes the interactions between atoms
and ions [Idziaszek 2009a, Gao 2013]. Some analytical predictions can also be given in
a general case of a power-law (1/r n ) potential [Gao 2008, Jachymski 2013]. In a general
case the quantum defect functions can be calculated numerically. Within the framework
of MQDT one can describe Feshbach resonances [Raoult 2004, Hanna 2009] and inelastic collisions of chemically reactive substrates [Idziaszek 2010a]. A particularly powerful application of MQDT is to obtain the quantum defect matrix at short range using
close-coupled calculations and then use the quantum defect functions to obtain scattering properties [Burke 1998, Ruzic 2013]. In many cases, where the interchannel couplings
are present only at short range, this method is numerically exact and its computational
complexity is much lower than of full coupled channels calculations.

Overview of the thesis
The goal of this thesis is to contribute to understanding collisions of ultracold atoms
and/or molecules placed in an optical trap and in the presence of external elds. It
is of particular importance how the scattering properties can be controlled by tuning
experimentally accessible parameters and whether one can have enough control over the
system to use it for implementation of quantum information protocols. Special attention
will be put to reactive collisions. It is in general an extremely rich topic and only few of
its aspects are covered by the present dissertation. The work is organized as follows:

• Chapter 1 contains a brief review of the basics of scattering theory and the quantities
relevant in experiments with ultracold particles. Then the formalism of MQDT is
described, following the formulation by Mies [Mies 1984a, Mies 1984b]. It is shown
how it can be used to describe scattering process at very low temperatures. A simple
quantum defect model describing a chemical reaction is introduced and applied to
reactive collisions of particles which interact via a power-law potential at long range.

• Chapter 2 is dedicated to Feshbach resonances. It rst describes a single isolated
resonance using MQDT and then generalizes the description to the case of many
overlapping resonances. In the next step, the theory of Feshbach resonances is adjusted to include the external trap. In this case, a simple two-channel conguration
interaction model is used instead of MQDT. The general scenario when the trap has
a shape which does not allow for separation of center of mass and relative motion
is considered. The problem of heteronuclear Feshbach resonances is analyzed as an
example.
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• Chapter 3 discusses how the collisional properties are modied in the presence of
strong connement, which reduces the dimensionality of the system. Threshold
laws governing reactive collisions in quasi-one-dimensional (Q1D) and quasi-twodimensional (Q2D) systems are introduced. Suppression of connement-induced
resonances due to reaction is discussed. An analysis of recent experiment studying inelastic collisions of strongly conned rubidium dimers is performed in light of
the derived formulas. In the last part, reactive collisions of dipolar particles in Q1D
geometry are discussed.

• The last two chapters contain application of the previously introduced ideas to experimentally relevant situations. Chapter 4 extends the model from Chapter 1 to
describe the results of experiments studying Penning ionization (PI) at low temperatures. It is an ideal testing ground for the theoretical model. Rigorous analysis of PI
is not possible with current state of the art ab initio methods, which makes MQDT
treatment (supported by quantum chemical methods to obtain the knowledge about
long-range interaction potential) particularly valuable.

• Chapter 5 focuses on implementing quantum gates with ultracold atoms using Feshbach resonance as a control tool. In the proposal, a pair of fermionic atoms trapped
in an extremely tight nanoplasmonic trap is considered. A fast entangling gate can
be constructed in this system without the need of individual access to each particle.
The resulting time scales are very favorable in comparison with the proposals basing
on standard optical lattices.
Most of the results presented in this thesis (as well as text fragments) come from a set of
publications listed after the concluding part.
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Chapter 1

Cold reactive collisions
Many experimental groups are focused on studying inelastic and reactive collisions of
cold atoms or molecules with one another [Hudson 2008, Ospelkaus 2010, De Miranda 2011,
Deiglmayr 2011] or with ions in hybrid traps [Rellergert 2011a, Ratschbacher 2012, Hall 2012].
The collisions can take place in the ultracold regime with translational temperatures of
the order of few µK or less or in the cold (∼mK) regime. Calculations of the electronic
structure show that in many cases there are no reaction barriers and the reactions are
exothermic [Zuchowski 2010, Tomza 2013b]. However, it is usually not possible to determine the reaction rates and positions of resonances ab initio. In this chapter we will
show how quantum defect theory [Greene 1979b, Mies 1984a, Mies 1984b] allows us to
systematize and develop tools for understanding such collisions.
For highly reactive collisions, simple classical trajectory capture models known as
Langevin (n = 4) [Langevin 1905] or Gorin (n = 6) [Gorin 1938] models can be applied
when the long-range interaction potential takes the form −Cn /r n (n > 3). In these models
one simply assumes that every classical trajectory captured by the long range potential
contributes to the collision cross section with probability P re . Models with P re = 1 can be
named universal, since they do not depend on any details of the strong short-range chemical interactions - particles that fall into the reaction region always disappear, regardless
of the processes taking place there. To construct a similarly simple model working at low
collision energies, it is essential to build in quantum corrections to these classical models
which are due to quantum threshold laws [Orzel 1999, Sadeghpour 2000]. This has been
done using quantum defect theory for both the Langevin [Idziaszek 2009a, Gao 2011b] and
Gorin [Idziaszek 2010a, Gao 2010] universal models where P re = 1.
In this chapter we study the general problem of ultracold two-body collision in the
absence of any external trapping potential. We rst introduce the quantum defect treatment of the problem general enough to take into account inelastic processes. We extend
the previously obtained results to the nonuniversal regime with P re < 1, and to arbitrary
collision energy. We obtain a set of analytical results for the reactive and elastic rates for
particles interacting via a power-law potential. Numerical treatment can easily be applied
for more general potentials.

1.1 Scattering theory
Before starting with the actual problem, in this section we give a short overview of the
scattering theory. This can by no means be treated as a comprehensive analysis, for which
we refer the reader e.g. to [Taylor 1972, Band 2013]. The aim of this section is only to
introduce the quantities especially important in the context of subsequent considerations.
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Let us consider a quantum scattering problem in which two particles in free space
interact via potential V(r) which goes to 0 as r → ∞ (formally the potential has to go
to zero faster than r −3 and be continuous almost everywhere, otherwise the asymptotic
solutions corresponding to noninteracting particles do not exist; it is, however, possible to
treat other potentials which do not fulll these requirements, such as Coulomb potential,
with slightly modied techniques [Taylor 1972]). The problem is multichannel, as particles
in dierent internal states may interact via dierent potentials and interchannel couplings
will induce inelastic processes, so the interaction potential is a matrix. We are mostly
interested in continuous part of the energy spectrum of stationary Schrödinger equation
HΨ = EΨ, which corresponds to scattering solutions usually expressed as plane waves,
but the bound states will be of some importance as well. We note that in experiments
with cold atoms the particles are generally trapped by external potential and as a result
formally all the states are bound. This can have important consequences, especially in
tight traps [Bolda 2002].
In free space the problem can simply be reduced to scattering of a particle with incident
momentum k (k 2 = 2µE/~2 with E denoting the total energy and µ the reduced mass of
the pair of particles) on the potential V by going to the center of mass frame. At large
distances the wave function has an asymptotic form (for simplicity we give the denitions
for the single channel case)
0

ψk (r) → (2π)−3/2

eik r
eikz + f (E, θ, φ)
r

!
,

(1.1)

where the z axis was chosen along the direction of incoming particle. This wave function
is not normalizable and instead describes a ux of particles; to get a normalized solution
for a realistic case one has to construct a time-dependent wave packet as a superposition
of dierent components. The scattering amplitude f (θ, φ) (often written also as f (k0 , k))
contains all information about the scattering process and is connected with the dierential
dσ
cross section via dΩ
= |f (Ω)|2 . Then the total collision cross section can be calculated by
integrating over the angles.
It is often useful to decompose the Schrödinger equation in spherical coordinates by
means of partial wave expansion. For central potentials, which depend only on r and
not on the angles, this even produces a set of uncoupled radial equations, which greatly
simplies the problem. In this case the wave function can be split into radial and angular
part. The angular part of the wave function is the eigenstate of the angular momentum
operator L̂, denoted usually as Y`m (θ, φ) and called spherical harmonic, where ` is the
angular momentum quantum number and m is its projection. It is worth noticing that
Y`m (θ, φ) = P`m (cos θ)eimφ where P`m is the associated Legendre polynomial and the only
dependence on the angle φ lies in the eimφ term. The radial part of the wave function
denoted R(r) is a solution of the following dierential equation

 2 2

~ d
~2 `(` + 1)
~2 2 d
−
−
+
+ V (r) − E R(r) = 0,
2µ dr2 2µ r dr
2µr2
~2 `(`+1)

(1.2)

The term 2µr2 is called centrifugal barrier, which for ` 6= 0 states introduces an additional repulsive term to the potential. This has dramatic consequences. One of them is
that at ultralow energies the collisions will be purely s-wave (` = 0), as the particles will
not be able to overcome the barrier for higher partial waves. In addition, identical fermions,
for which the lowest allowed ` is one (p-wave collision) due to symmetry requirements, will
be eectively noninteracting at E → 0.
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For V = 0, the solution of Eq. (1.2) can be written in terms of spherical Bessel and Neumann functions j` (kr) and n` (kr). As a result, the asymptotic solution at large distance
can also be written as a combination of those functions, namely
r→∞

R`m (r) −→ cos δ`m (k)j` (kr) − sin δ`m (k)n` (kr),

(1.3)

where δ`m (k) is called the phase shift. Calculating the phase shifts gives all the information about scattering process. At very large r the solution can be well approximated by
eiδ`m sin (kr − `π/2 + δ`m (k)) /kr, which explains why the term phase shift is used for δ .
The scattering amplitude can be expressed in terms of the phase shifts as [Band 2013]
`
1 X X iδ`m
sin δ`m P`m (cos θ).
f (θ) =
e
k

(1.4)

` m=−`

An important quantity in scattering theory is the S matrix, which in time-dependent
formulation of scattering problem is used to link the initial and nal state. Its diagonal
elements can be expressed by the phase shifts as

Sp`m,p`m = e2iδp`m (k) .

(1.5)

It is important to note that the S matrix is by construction a unitary matrix. For elastic
scattering and central potential it is also diagonal.
The last quantities we will introduce are the rate constants, which are dened in terms
of the S matrix. The elastic rate in channel p is

h X
|1 − Sp`m,p`m (E)|2 ,
2µk

(1.6)


h X
1 − |Sp`m,p`m (E)|2 .
2µk

(1.7)

Kpel (E) = g

`,m

while the reactive rate is given as

Kpre (E) = g

`,m

Here g is a quantum statistical factor equal to 2 in the case of identical bosons or fermions
in the same internal states, or 1 in other cases. The rate constants are simple to interpret
- in a homogeneous gas sample elastic (reactive) collisions happen with the rate given by
nKel (nKre ), where n is the number density of particles in the gas. In the case where
reaction products gain a lot of kinetic energy and escape the trap (which is usually the
case in experiments with cold gases), the decay of the gas density is described by a simple
rate equation

ṅ(r, t) = −Kre n(r, t)2 .

(1.8)

This can be modied for more complex multistep reactions or for the case where products
remain trapped, but these situations are presently beyond the scope of experiments.

1.2 Multichannel quantum defect theory
We now proceed to introducing the MQDT treatment of cold collisions, following the
ideas of [Mies 1984a, Burke 1998, Gao 2005] and the notation introduced by Mies [Mies 1984a].
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Let us consider a general N-channel close-coupled problem. The solution of this problem can always be expressed as a set of wave functions

Ψi (r) =

N
X

(1.9)

|Φj i Y`j mj (θ, φ)Fji (r)/r,

j=1

where |Φj i label the internal states, Y is the relevant spherical harmonic in channel j and
F is the N × N matrix solution of the radial Schrödinger equation

~2 ∂ 2 F
+ (E − W(r))F(r) = 0,
2µ ∂r2

(1.10)

as in the previous section (here R = F/r ). For a large class of problems, including
scattering of alkali atoms in ground electronic state, or ground state atom-ion collisions,
the long-range interaction between the particles is diagonal and described by a power-law
potential, centrifugal barrier and threshold energy of the channel Ei∞



~2 `(` + 1)
∞
n
Wij (r) −→ Ei +
(1.11)
− Cn /r δij .
2µr2
1/(n−2)
We can associate the characteristic length Rn = 2µCn /~2
and energy En =
2
2
~ /(2µRn ) with the power-law potential. In units of Rn and En the long range potential
has the form Ei∞ + `(` + 1)/r 2 − 1/r n and it is often the case that threshold energies are
very large compared to En . The short range forces, including the interchannel couplings
r→∞

which are responsible for inelastic processes, will later be assumed to be limited to the
short range, acting at distances R0  Rn , which is often an excellent approximation.
Depending on kinetic energy E , some channels will be open (E > Ei∞ ), and some will be
closed (E < Ei∞ ).
In MQDT we now replace the true interaction matrix W by a set of reference potentials {Vj (r)}. They can be chosen arbitrarily as long as they reproduce the asymptotic
behavior of the interaction (1.11). With each potential one can associate a pair of linearly
independent solutions fˆ(r, E) and ĝ(r, E) that have local WKB-like normalization at short
distances

fˆi (r, E) ∼
= ki (r)−1/2 sin βi (r),
∼ ki (r)−1/2 cos βi (r),
ĝi (r, E) =




(1.12)

r & R0 ,


Rr

p

where ki (r) =
2µ (E − Vi (r))/~ is the local wave number and βi (r) =
dx ki (x) is
the WKB phase. Another possibility is to use the inhomogeneous Milne equation for
parametrization [Mies 2000c, Idziaszek 2011]. The total wave function at short range can
then be written as
h
i
F(r, E) = A(E) f̂ (r, E) + Y(E, `)ĝ(r, E)
(1.13)
Here, A(E) is the amplitude, f̂ij = fˆi δij , ĝij = ĝi δij are diagonal matrices and Y(E, `) is
the so-called quantum defect matrix, a crucial object in this method. At long range the
solution of the problem can be expressed using standard formulas for energy-normalized
functions for open channels and an exponentially decaying solution φi for the closed channels


−1/2

fi (r, E) ∼
sin (ki r − `i π/2 + ξi ) , 
= ki
−1/2
∼
gi (r, E) = ki
cos (ki r − `i π/2 + ξi ) ,


1 −1/2 −|ki |r
∼
φi (r, E) = 2 ki
e
14

r → ∞,

(1.14)

where ξi denotes the phase shift induced by the potential Vi , and ki = 2µ (E − Ei∞ )/~ is
the asymptotic wave number, purely imaginary for closed channels. The short- and longrange solutions can be matched using the quantum defect functions C(E, `), tan λ(E, `)
and ν(E, `)

p

fi (r, E) = Ci−1 (E)fˆi (r)
gi (r, E) = Ci (E)(ĝi (r) + tan λi (E)fˆi (r))
φi (r) =
N (E)(cos νi (E)fˆi (r) − sin νi (E)ĝi (r)),

(1.15)

where N (E) ensures unit normalization of the bound state function. We notice that one
can intuitively interpret C and tan λ functions as a measure of deviation of the solution
from WKB one. As a result it is clear that for energies high above threshold, where WKB
should be exact, C(E) → 1 and tan λ → 0.The ν function can be called bound state phase.
The observable properties of the system are given in terms of the open channel block
of the scattering matrix S. Within the framework of MQDT, it can be obtained from the
quantum defect matrix Y and the quantum defect functions, as follows [Mies 1984a]:

Soo = eiξoo (1 + iRoo )(1 − iRoo )−1 eiξoo ,

(1.16)

where iξoo is a diagonal matrix with elements ξi δij , and
−1
Roo = C−1 (E)(Ȳoo
− tan λ(E)oo )−1 C−1 (E) .

(1.17)

The matrices of the reference channel quantum defect functions tan λ(E), C(E) and
tan ν(E) are diagonal, Cij = Ci δij and tan λij = tan λi δij . The renormalized open channel
Ȳoo matrix is
Ȳoo = Yoo − Yoc (tan ν(E)cc + Ycc )−1 Yco ,
(1.18)
where the indices o and c respectively denote open and closed channels. When all the
channels are closed, the bound state energies can be obtained from the equation

|Y + tan ν| = 0.

(1.19)

The pleasing aspect of this theory is that the Y(E) matrix remains analytic in energy
across the thresholds. Moreover, due to separation of length and energy scales between
the short- and long-range processes, it can usually be regarded as energy- and angular
momentum insensitive [Burke 1998, Mies 2000c], so that Y(E) ≈ Y and the matrix elements do not depend on the partial wave. As a result, all energy and angular momentum
dependence is encoded in C , tan λ and tan ν functions.

1.3 Simple model of a reactive collision
The formalism introduced in the previous section was general and suitable for any
multichannel scattering problem. In many cases using MQDT can signicantly reduce
the complexity of numerical calculations, while still giving strict results (as demonstrated
e.g. in [Idziaszek 2011, Ruzic 2013]). It can also be used to construct simple analytical
models. Our goal is now to develop a possibly simple model of a reactive collision which
still captures the essential physics. The minimal amount of states that have to be taken
into account is two - as there has to be some initial state and a dierent product state.
Let us thus restrict to a two-channel problem, where p = 1 is the entrance channel and
p = 2 is the loss channel (both channels are open). It is possible to include more channels
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in the analysis, but the present case already exhibits interesting features. By choosing
the reference potentials to accurately reproduce the scattering lengths in each channel we
√
ensure that Y contains only o-diagonal terms, Y11 = Y22 = 0 and Y12 = Y21 =: y . Under
these assumptions we can obtain an analytic formula for the S matrix using formulas (1.16)(1.17). The o-diagonal element S1,2 , which is of particular importance here as it describes
the reaction process, is given by

|S1,2 |2 =

4yC1−2 C2−2


,
1 + 2y C1−2 C2−2 − tan λ1 tan λ2 + y 2 C1−2 + tan λ1 C2−2 + tan λ2

(1.20)

where C1 , tan λ1 and C2 , tan λ2 are the MQDT functions in the respective channels. The
scaling of the loss rate will thus roughly be given by the product of C −2 functions and the y
parameter (to the rst order in y ). By looking at the WKB-like representation of the short
range wave function in the entrance channel, we can identify two terms: the incoming ux
∝ eikx and the outgoing one ∝ e−ikx , modulated by the amplitude A = (1 − y)/(1 + y)

 Rr
 Rr


exp −i k(x)dx
1 − y exp i k(x)dx
p
p
ψ(r) ∝
−
,
1+y
k(r)
k(r)

(1.21)

p

with k(r) =
2µ(E − U (r)) being the local wavevector and U (r) = V (r) + ~2 `(` +
2
1)/(2µr ). We observe that if y = 0, A = 1 and the amplitudes of both uxes are the
same. On the other hand, for y = 1 the outgoing ux disappears completely. From this we
can deduce that physically relevant y fullls 0 ≤ y ≤ 1 and obtain the short range reaction
probability P re = 1 − A2 = 4y/(1 + y)2 .
A convenient way to describe the scattering process is to use energy-dependent complex scattering length, which can be dened in terms of the S matrix as [Hutson 2007,
Idziaszek 2010a]

ãp`m (E) = α̃p`m (E) − iβ̃p`m (E) =

1 1 − Sp`m,p`m
.
ik 1 + Sp`m,p`m

(1.22)

We can then, after some algebra, express the rate constants, which are the main quantities
of interest as they are measurable experimentally, as

hk
|ãp`m (k)|2 fp`m (k) ,
µ
h
re
Kp`m
(E) = 2g β̃p`m (k)fp`m (k) ,
µ

el
Kp`m
(E) = 2g

where

fp`m (k) =

1
.
1 + k 2 |ãp`m (k)|2 + 2k β̃p`m (k)

(1.23)
(1.24)

(1.25)

1.3.1 Far from threshold exit channel
We will now consider the case when the loss channel is strongly open, which means that
is large and negative while we set E1∞ to 0 without losing generality. In this case one
can apply the high energy limit for the MQDT functions in the loss channel C2 (E, `) ≈ 1
and tan λ2 (E, `) ≈ 0. The only remaining functions are C1 and tan λ1 , so from now on
we will drop the index 1 in the notation. Using the analytical results for the S matrix
and the denitions from the previous section, we obtain a general formula for the complex
scattering length in the entrance channel ã`m

E2∞




1
yC −2 (E, `)
−1
.
ã`m (E) = − tan ξ(E, `) − tan
k
i + y tan λ(E, `)
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(1.26)

Substituting this into Eqs. (1.23) and (1.24), one can express the elastic and reactive rates
directly in terms of the MQDT functions, obtaining
re
K`m
=g

h re
C −2 (E, `)(1 + y)2
P
2µk
(1 + yC −2 (E, `))2 + y 2 tan2 λ(E, `)

(1.27)

for the reactive rate and
el
K`m

2
2h tan2 ξ(E, `) + y 2 tan λ(E, `) tan ξ(E, `) − C −2 (E, `)


=g
µk (1 + tan2 ξ(E, `)) y 2 tan2 λ(E, `) + (1 + yC −2 (E, `))2

(1.28)

for the elastic rate. We note that in contrast to the reactive rate, the elastic one depends
explicitly on the phase shift ξ(E, `) of the reference potential.
We notice that the properties of the loss channel do not inuence the loss rate as long
as its threshold energy is far below the threshold energy of the entrance channel, so that
the high energy limit can be applied. This observation motivates replacing the problem
with the eective single-channel model with a complex potential [Idziaszek 2010a], which
is completely equivalent in this regime. The situation would be dierent if the threshold
energies were close to each other. Apart from the MQDT functions which depend on the
energy, partial wave and the long-range potential, the only remaining parameters in our
model are the coupling term y and the phase shift ξ introduced by the full interaction
potential. This phase shift determines the background scattering length a, which we will
express in units of the mean scattering length ā, dened as [Gribakin 1993]

ā =

π(n − 2)(n−4)/(n−2)


Rn .
1
Γ2 n−2

(1.29)

1.3.2 Low energy limits
MQDT functions
We calculated analytically the threshold behavior of MQDT functions directly from
their denitions (1.15) for arbitrary 1/r n potential with n > 3. For s-wave scattering
(` = 0) we obtain


E→0
C −2 (E, ` = 0) −→ kā 1 + (s − ν)2 ,

(1.30)

E→0

(1.31)

tan λ(E, ` = 0) −→ ν − s,
π
n−2 .

and by denition tan ξ → −kās, where s = a/ā and ν = cot
(` = 1), relevant for scattering of like ultracold fermions, read
E→0

C −2 (E, ` = 1) −→ k 3 V

(1 + (s − ν)2 )(1 + ν 2 )
,
(s − 2ν)2

E→0

tan λ(E, ` = 1) −→
E→0

tan ξ(E, ` = 1) −→ k 3 V

Results for the p-wave

1 + ν(s − ν)
,
s − 2ν

(1 + ν 2 )(1 − 2sv + v 2 )
,
(s − 2ν)(1 − 3ν 2 )

(1.32)
(1.33)
(1.34)

where we have dened the mean p-wave scattering volume

V =

π (n − 2)(n−8)/(n−2)


.
9
Γ2 3
n−2
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(1.35)

It has to be noted that for n = 4 there is an additional term in the phase shift for ` = 1
quadratic in k and independent of the short range, which becomes the leading term. Such
additional terms emerge in general for 2` + 1 > n − 2 [Sadeghpour 2000].

Rate constants
Formulas derived in the previous section enable us to calculate the low energy limits of
the reactive and elastic rate constants using (1.27)-(1.28) and algebraic transformations.
For the reactive rate we obtain

h
1 + (s − ν)2
re E→0
K00
−→ 2g āy
,
µ 1 + y 2 (s − ν)2
1 + ν2
1 + (s − ν)2
h
re E→0
,
K1m
−→ 2g k 2 V y
µ
ν 2 y 2 (s − ν + ν −1 )2 + (sν −1 − 2)2

(1.36)
(1.37)

while for the elastic rate
el E→0
K00
−→

el E→0
K1m
−→

h
2
2g k 5 V
µ



s2 + y 2 1 + ν 2 − sν
h
2g kā2
µ
1 + y 2 (s − ν)2

1 + ν2
1 − 3ν 2

2

2
,

(1 − 2sν + ν 2 )2 + y 2 (s + ν − sν 2 + ν 3 )2
.
(s − 2ν)2 + y 2 (1 + (s − ν)ν)2

(1.38)

(1.39)

For n = 4 an additional term ∼ k 4 has to be added to the elastic rate due to the additional
term in the phase shift.
We note that for y = 1, which corresponds to short-range reaction probability P re = 1,
all the above formulas reduce to the form which is independent of the s parameter

h
h
re
re
K00
→ 2g ā, K1m
→ 2g k 2 V
µ
µ
el
K00
→g

h
h (1 + ν 2 )3 5 2
el
(1 + ν 2 )kā2 , K1m
→g
k V .
2µ
2µ (1 − 3ν 2 )2

(1.40)

(1.41)

This observation is in fact quite intuitive. If the short range reaction happens with unit
probability, particles cannot escape from the short range and the details of the interaction
(which determine the value of s) do not matter for the scattering process. This results in
universal laws depending only on the long range potential. In this case shape resonances
cannot be present as well.

1.3.3 High energy limits
Reactive rate constant
The present treatment can in principle be used not only close to the threshold, but is
supposed to work at any collision energy. We will now derive the high energy limits for the
rate constants. Let us start with an approximate expression corresponding to the classical
limit of the scattering. We assume C −2 (E, `) = 1 and tan λ(E, `) = 0 for partial waves at
which the collision energy is above the centrifugal barrier, while for collisions below the
barrier we take C −2 (E, `) = 0. It corresponds to the approximation in which the particles
always reach the short range if their energy is above the centrifugal barrier and are always
reected in other case. This neglects the eects of the quantum tunneling and of the
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quantum reection, so we expect to get a classical result. Within this approximation we
obtain
E→∞

Kre −→

h re
P `max (E) [1 + `max (E)]
2µ

(1.42)

where `max (E) is the maximal angular momentum at which the top of the centrifugal
barrier is lower than the collision energy E . For a power-law potential V (r) = −Cn /r n
this leads to


E→∞

Kre −→

h re n
P
2µk
2

E/En
n
2 −1

(n−2)/n

.

(1.43)

In particular we notice that for van der Waals interaction the reactive rate behaves as E 1/6 ,
while for polarization potential (n = 4) it remains constant at high energy. This can be
reproduced by solving the classical problem of scattering on −Cn /r n potential, assuming
that all trajectories that fall on the collision center contribute to the total reaction crosssection σ re with the probability of reaction P re [Langevin 1905]. Then, Kre = σ re v , with
v = ~k/µ denoting the mean relative velocity in the gas. We will call this classical result
for the reaction rate K L .

Elastic rate constant
In the case of elastic rate the situation is not as straightforward, as each partial wave
contributes to elastic scattering. Particles can be reected form the centrifugal barrier
or reach the short range and come back. Inspired by the approach of Cote and Dalgarno [Côté 2000], we derived an approximate expression for the elastic rate in the limit
of high collision energy based on separating it into two parts

K el = K el,(1) + K el,(2) ,

(1.44)

where K el,(1) , and K el,(2) denote the rates from collisions well below the centrifugal barrier
and close or above the barrier, respectively. The two regions can be separated by some
characteristic angular momentum `t , which we dene as

1
sin ξ(E, `t ) = .
2

(1.45)

This choice can in fact be made with some exibility. We thus pick the one which gives
good agreement with numerical calculations. For collisions with angular momenta larger
than `t , we assume that tunneling through the barrier is not important and we neglect the
eects of shape resonances. In this approximation we can set y = 0 in the formula (1.28),
obtaining

K el,(1) =

2h X
(2` + 1) sin2 ξ(E, `).
µk

(1.46)

`>`t

When the collision happens with the energy well below the top of the barrier, one can evaluate the phase shift ξ(E, `), using an approximate expression derived in the semiclassical
approximation [Bransden 1992]

µ
ξ(E, `) ≈ − 2
~

Z

∞

r0

V (r)
dr q
.
k 2 − (` + 21 )2 /r2

(1.47)

This formula describes the contribution from the long-range part of the potential V (r),
where r0 denotes the classical turning point at large distances. In this way for the 1/r n
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potential we obtain

K

el,(1)

π2h
=
8µk



Rn k
2`t + 1

2n−4

Γ(n − 1)2
.
(n − 2)Γ4 (n/2)

(1.48)

In the second regime relevant for collisions close to the top of the barrier or above the
barrier we may assume the high-energy limit for MQDT functions, setting C(E, l) ≈ 1 and
tan λ(E, l) ≈ 0. In principle this approximation works well only for collisions with energies
well above the centrifugal barrier. Nevertheless, we make only a small error making a
similar approximation for a few partial waves from the region of energies close to the top
of the barrier. This yields

K el,(2) =

2h X
tan2 ξ(E, `) + y 2
(2` + 1)
.
µk
(1 + tan2 ξ(E, `)) (1 + y)2

(1.49)

`<`t

In the considered range of angular momenta the phase shifts ξ(E, `) vary strongly with
the angular momentum [Côté 2000]. Taking this into account, we can treat ξ(E, `) as
a random variable in this regime, and we can perform an average assuming uniformly
distributed phase shifts

1
π

π

Z

dξ
0

tan2 ξ + y 2
1 + y2
=
2(1 + y)2
(1 + tan2 ξ) (1 + y)2

(1.50)

Substituting this into (1.49) we get

K el,(2) =

2h 1 + y 2
µk 2(1 + y)2


`t +

1
2

2

(1.51)

.

In order to calculate `t we can use the semiclassical expression (1.47) again, substituting
it into (1.45), which gives


2`t + 1 =

3Γ(n − 1)
Γ2 (n/2)

1/(n−1) 

E
En

(n−2)/(2n−2)

(1.52)

.

This nally yields the result for the total elastic rate

hRn
K ≈
µ
el



π2
1 + y2
+
32(n − 2) 4(1 + y)2



3Γ(n − 1)
Γ2 (n/2)



2
n−1



E
En

 n−3

2n−2

.

(1.53)

As stated before, this result is in good agreement with the numerical results which will be
presented in the next sections.

Approximate treatment including shape resonances
The previous high energy results did not include the contribution from the shape
resonances. For completeness of the analysis, here we briey show how to take them
into account when calculating the reactive rate. We rst approximate the top of the
centrifugal barrier with a parabolic barrier 21 µω`2 (r − r0 )2 with imaginary frequency ~ω` =
√

i

2n−4
En [`(`
(n/2)2/(n−2)

n+2

+ 1)] 2n−4 . For such a potential one can nd an analytic solution in

terms of parabolic cylinder functions [Bialynicki-Birula 1992]. At large distances from the
barrier we retrieve the WKB-like form of the wave function and identify the components
corresponding to incoming and outgoing uxes of particles. We calculate the S matrix
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and the loss probability Pls = 1 − |S`m (E)|2 , assuming MQDT boundary conditions at the
inner side of the barrier, parameterized in terms of y and WKB phase. We are interested
only in the behavior of thermally-averaged reaction rates at large energies where several
partial waves contribute, so we average Pls over the WKB phase. This gives

Pls (`, y) =
√

1
e−2πε(`,E)

+ 1/P re

,

(1.54)

p

where ε(`, E) = E/~ωl − 2n − 4 `(` + 1)/(2n) is the dimensionless energy above the
peak of the parabolic potential in units of ~ω` . In the universal regime y = 1 Eq. (1.54) is
identical to a textbook solution [Landau 1999].
The reaction rate for a parabolic barrier is given by
∞

Kre ≈ g

π~ X 0
1
(2` + 1) −2πε(`,E)
µk
e
+ 1/P re

(1.55)

`=0

P0

where
denotes summation over angular momenta allowed by symmetry. At high energies we can replace summation over ` by integration, which yields
E→∞

Kre −→

π~
µk

Z

d [`(` + 1)]
.
+ 1/P re

e−2πε(`,E)

(1.56)

The quantum-statistical factor g disappears since for indistinguishable particles the summation is done only over even or odd values of `.
The loss probability Pls (`, y) as a function of a continuous variable `(` + 1) is shown
in Fig. 1.1. The gure compares the loss probability calculated in the parabolic potential
approximation with the classical result in which it was assumed that only collisions with
energies above the barrier contribute to the reaction rate. Reaction probability has thus
a step-like behavior, while in the present treatment we observe the inuence of quantum
eects. In particular, we see that the classical description overestimates the reaction
rate in the regime aected by the quantum reection (energies above the barrier, marked
in orange), and at the same time does not include the contribution from the quantum
tunneling (energies below the barrier, marked in blue). In the universal regime y = 1 the
two contributions turn out to be almost equal, and in this particular case the classical
description works relatively well. In contrast, for y < 1 the loss probability is additionally
aected by the shape resonances which makes the contribution from the quantum tunneling
typically larger. In such a case the two eects do not cancel each other and the reaction
rate is higher than classical prediction.

1.3.4 Numerical results
In addition to analytical low- and high energy limits it is possible to obtain the reactive and elastic rate at any collision energy numerically by calculating the MQDT functions or from direct scattering calculation using proper QDT boundary conditions (1.13)
at short range, propagating the wave function to large distances e.g. using Numerov's
method [Numerov 1927] and extracting the S matrix by comparing the numerical solution
to the asymptotic one. At nite energies the reactive rate can be greatly enhanced by the
presence of shape resonances which are due to the presence of quasibound states behind the
barrier. In particular, analytic theory [Gao 1998b, Gao 2000] predicts a p-wave resonance
at s = 2 and a d-wave resonance at s = 1 for energies at the threshold. The impact of the
resonances for s parameter being close to these values is presented on Figure 1.5, while
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Figure 1.1: Loss probability calculated for a parabolic potential tted to the actual centrifugal barrier of the van der Waals potential and averaged over short-range phase as a
function of a continuous variable `(` + 1) for y = 1 (left) and y = 0.1 (right) at energy
E = 1000E6 . The case P re is averaged over the short-range phase and is thus independent
of s. The Langevin approximation (black rectangles) assumes constant reaction probability
P re above the barrier, and no reaction below the barrier.
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Figure 1.2: Reactive rate vs collision energy for two distinguishable particles interacting
via van der Waals interaction at dierent reaction amplitudes y . The s values were chosen
to give the same zero energy limit. The dotted lines show classical approximation (1.43),
while the dashed ones depict analytical low energy results.
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Figure 1.3: Same as on Figure 1.2, but averaged over thermal distribution.
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Figure 1.4: Same as on Figure 1.3, but for the cases of identical bosonic or fermionic
particles. The black dot-dashed lines show the results obtained using parabolic approximation (1.56).
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Figure 1.5: Reactive rate vs collision energy for distinguishable particles interacting via
van der Waals interaction at dierent reaction amplitudes y . The s values are chosen to
be close to p-wave and d-wave shape resonances. The dashed lines show classical approximation (1.43).
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Figure 1.6: Same as on Figure 1.5, but averaged over thermal distribution. The shape
resonances can still be seen, especially for low reactivity. The dot-dashed lines show the
results obtained using parabolic approximation (1.56).
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Figure 1.7: Thermally averaged elastic rates for the same parameters as on Figures 1.5 and
1.6. The dashed lines show the approximate high energy result given by (1.53). The dotted
lines show the low-energy s-wave limit. Small discrepancy is due to thermal averaging and
p-wave contribution.

Figure 1.2 shows the case with s values which result in resonances away from threshold.
We note that the resonances are more important for low values of y , where the particles
need more time behind the centrifugal barrier to react and thus forming a quasibound,
long-lived state can greatly enhance the reaction rate. The positions of the resonances
are mostly determined by the s parameter, while y sets their widths and heights. At high
energies many partial waves contribute to the reaction rate and we observe quite a dense
structure of peaks. However, to get the reaction rate which will be observed in experiments
with trapped gases, we need to
the results with respect to thermal distribution
√
R average
√
hK re ith (T ) = 2/ π(kB T )3/2 dE Ee−E/kB T K re (E). As a result, the resonances are
washed out and only cause some extra contribution to the reaction rate, making it larger
than classical approximation (1.43), as can be seen on Figures 1.6 and 1.3. At energies
above ∼ 100E6 the parabolic approximation starts to agree well with the numerical results,
giving a good estimate of this contribution.
The elastic rate is particularly important for experiments which aim to use the evaporative cooling technique to reach quantum degeneracy [Stuhl 2012]. Reaching the thermal
equilibrium is possible only if the elastic collisions are more frequent than chemical reactions. Formulas (1.43) and (1.53) predict that at high energies the elastic rate behaves like
E 3/10 , while the reactive one like E 1/6 , so elastic collisions should dominate for hot gases,
but not necessarily in the evaporative cooling regime, as the reaction rate approaches a
constant value there. Figure 1.7 shows the elastic rate for some exemplary cases. The
high energy approximation (1.53) again agrees with exact calculations at energies above
∼ 100E6 .
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1.4 Conclusions
We introduced a simple model of a reactive collision basing on the formalism of quantum defect theory. The inelastic processes were represented by a single, strongly open
collision channel. Our model can be applied to all systems for which the long range interaction behaves like 1/r n and describes the collision by two parameters: y , connected
with short-range probability of reaction, and s, describing the phase shift. We obtained
analytical formulas for the low energy limits of elastic and reactive rates in terms of those
parameters. We also discussed the behavior of the rates at nite temperatures and derived
their high energy limits. Our theory takes into account the eect of shape resonances,
which may increase the reaction rate above the universal values.
To further improve the applicability of the model, few extensions can be made. Firstly,
we did not consider here the eect of multiple closed channels, which introduce additional
resonance eects. In fact the density of closed channels may be very high and in some
physical systems one should expect multiple overlapping resonances [Mayle 2012], which
our simple model cannot reproduce. In this case the particles form a collision complex
with large phase space and eectively stick to each other for long times. Interestingly,
in the highly resonant regime it is reasonable to make statistical assumptions about the
strength of the interchannel couplings, which brings the reaction rate back to the universal
limit [Mayle 2013]. It is also possible that the underlying physics is in fact controlled by a
few dominating resonances, while most of the other ones have negligible contribution (for
example, in the collision of two cesium atoms most of the high partial wave resonances
are extremely narrow [Berninger 2013], so they would not contribute much to the collision
rates).
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Chapter 2

Feshbach resonances
Feshbach resonances (FR) constitute one of the most important tools in cold atomic
physics. They are used to control the scattering properties of the atoms, which is much
needed for quantum simulations, and for association of cold molecules. Looking for Feshbach resonances is one of the basic steps in working with new species that needs to be
taken [Chin 2010].
There is already an extensive amount of models describing FR, operating on various
levels. The basic description, following the standard Breit-Wigner treatment of resonances [Breit 1936], involves solving a two-channel problem and has been adapted to cold
atoms in [Timmermans 1999]. Coupled channel calculations typically have to include many
more channels, depending on the structure of Zeeman states and the short range interactions [Chin 2010]. It is possible to introduce simplied models that allow for understanding
the basic underlying eects [Chin 2005, Wasak 2014].
In this chapter we rst recall the well-established description of a single resonance in
free space, but using the formalism of quantum defect theory [Julienne 2006, Gao 2011a].
This formulation is in principle completely general, although obtaining the model parameters from rst principles would be demanding. The description is then extended to the
case of many overlapping resonances. In particular, we shall derive a formula describing
the scattering length in the case of an arbitrary number of resonances and arbitrary interaction potential. Next, we study the basic features of the derived formula, showing how
broad resonances can modify the width of the nearby narrow ones. At the same time, in
the overlapping resonance case it is still possible to introduce local quantity characterizing
individual resonances. This dimensionless quantity, introduced previously for an isolated
resonance, is usually called sres [Chin 2010] and is roughly given by a product of the
background scattering length, the resonance width and the magnetic moment dierence
between the channel states. FRs can generally be divided into two limiting classes according to it. For sres  1 the resonance is entrance channel dominated, while for sres  1 it is
closed channel dominated. In the former case single channel description using B -dependent
scattering length and universal bound state, as mentioned in the introduction, is usually
enough. In the latter case near-threshold scattering properties are universal only over a
very small range in energy and magnetic eld. Our model can appropriately describe both
kinds of resonances. Testing the analytical formula for the scattering length on coupled
channel calculations performed for lithium and cesium atoms gives excellent agreement.
In the second part we will consider the eect that an external trap can have on the
Feshbach resonance. For a pair of atoms in harmonic trap interacting via van der Waals
potential, a multiscale QDT model can be introduced [Chen 2007]. For a system of two
ultracold trapped particles, it is often the case that the length scales characteristic for the
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connement are much larger that the interaction length scales. In this case it is possible
to use a simpler yet accurate description based on the pseudopotential approximation.
Single-channel pseudopotential calculations can be performed analytically [Bush 1998,
Idziaszek 2005], but their validity is limited to the case when the scattering length a is
suciently small, so that ka  1 [Tiesinga 2000]. Close to the resonance, when a can be
arbitrarily large, the description has to be extended by introducing energy-dependent scattering length [Bolda 2002, Bolda 2003, Idziaszek 2006, Naidon 2007]. Moreover, a singlechannel model can only describe open-channel dominated resonances [Chin 2010]. To
increase the precision, especially for closed-channel dominated resonances, more complex
methods are needed.
In free space and in a harmonic trap the center of mass and relative motion of a
pair of atoms are decoupled, and the Feshbach resonance changes only the properties
of the relative motion. However, for a variety of traps used in experiments, such as
optical lattices or double wells, such separation is not possible anymore. This leads
to novel phenomena, such as anharmonic connement-induced resonances [Bolda 2005,
Kestner 2010, Peng 2011], and formation of states with nontrivial angular momentum correlations [Bertelsen 2007]. Anharmonic terms inuence the energy of the pair of atoms
and the structure of bound states [Diener 2006, Deuretzbacher 2008, Sala 2012], which
can be especially important when the particles are trapped in optical lattice [Büchler 2010,
von Stecher 2011, Wall 2013a].
To describe the eect of the trap, we work with a simple two-channel model which
includes short range coupling between the channels. The advantage of our treatment is
the possibility to describe closed channel dominated resonances. Although the energy
levels in our model are obtained from an equation that potentially leads to divergences,
we show that they can be renormalized. As an example, we apply the derived formalism
to the case of FR between two dierent atoms in a harmonic trap, where each atom feels
dierent trapping frequency.

2.1 Theoretical description of an isolated resonance
Let us start by providing the MQDT description of a single, magnetically tunable Feshbach resonance in the case when only one open and one closed channel are present [Julienne 2006].
This approach is actually general, since Mies et al. [Mies 2000a] showed how a problem
with a single resonance arising from multiple closed channels can be reduced to a problem
with a single eective closed channel. We follow the notation introduced in the previous
chapter. Just like before, we rst have to choose the reference potentials in each channel.
It is most convenient to choose the potentials that reproduce the actual scattering lengths
in each channel. As a result, the quantum defect matrix Y will contain only o-diagonal
terms (note that although the matrix looks like the one from the previous chapter, it now
describes coupling to a closed channel, so the resulting scattering properties will be totally
dierent)



Y=

0 y
y 0

.

(2.1)

The dimensionless coupling parameter y is assumed to be independent of collision energy E and magnetic eld B . In general, such couplings are indeed determined only by
short-range eects and the dependence on collision energy is negligible. We note that our
approach assumes a dierent reference basis than used in [Mies 2000b] and [Raoult 2004],
where a coupled channels method that generates the Y matrix with non-vanishing diagonal elements has been introduced. Our choice eliminates diagonal elements of Y , which
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simplies the resulting analytical formulas.
Substituting Eq.(2.1) into equations (1.16)-(1.18), we obtain the Soo matrix (which in
the case of a single open channel is just a complex number S ) in the form of two factors
representing the background and resonant scattering parts:

S=e

2iξ


1−

2iy 2 C −2 (E)
tan ν(E) + y 2 tan λ(E) + iy 2 C −2 (E)


.

(2.2)

The open reference channel phase shift ξ → −kabg as k → 0. As in the previous chapter,
we choose to write the background scattering length as abg = rā, using the mean scatter-

2

ing length of the van der Waals potential, ā = 2π/Γ 41 R6 ≈ 0.478 R6 , introduced by
Gribakin and Flambaum [Gribakin 1993] (previously we used the notation a = sā, but
here we replace s by r since we will be using sres as the resonance strength).
The C −2 (E) and tan λ(E) functions control the threshold behavior of resonance scattering, giving the respective amplitude and phase relations between the short- and longrange reference functions [Julienne 1989, Mies 2000b]. When the collision energy E =
~2 k 2 /(2µ) in the open channel becomes large compared to E6 , then C −2 (E) → 1 and
tan λ(E) → 0. The threshold behavior for s-waves as E → 0, derived in the previous chapter for general power-law potential, for van der Waals interactions reads (see
also [Mies 2000b, Idziaszek 2010a])


C −2 (E) → kā 1 + (1 − r)2 , tan λ(E) → 1 − r .

(2.3)

The tan ν(E) function in Eq. (2.2) vanishes at an eigenvalue E = En , where the
quantum number n labels the vibrational levels of the closed channel. Near such an
eigenvalue we can expand it as [Mies 1984a]


tan ν(E) ≈

∂ν
∂E



(2.4)

[E − δµ(B − B1 )]
E=En

where En = δµ(B − B1 ) is the eld-dependent position of the bare (excluding interchannel
coupling) closed channel eigenvalue, δµ is the magnetic moment dierence between the
bare open and closed channel states (in our case measured in E6 per gauss units), and B1
is the magnetic eld at which the bare bound state crosses the open channel threshold.
In other words, due to the magnetic moment dierence, the closed channel bound state
position is linearly varying with B. This can be called a ramping state. Note that
π(∂E/∂ν)En = δEn is the mean vibrational spacing near E = En , and δEn /h is the
corresponding vibrational frequency. If n does not represent the last bound state of the
closed channel, a useful approximation is δEn ≈ (En+1 − En−1 )/2.
It is straightforward to relate the expression in Eq. (2.2) to conventional formulas
describing resonant scattering by rewriting the resonant factors as

1−

iΓ̂C −2 (E)
E − δµ(B − B1 ) + 21 Γ̂ tan λ(E) + i 12 Γ̂C −2 (E)

where

Γ̂ = 2y

2



∂E
∂ν



,

(2.5)

(2.6)

E=En

is a constant that represents a short-range decay width. The form in Eq. (2.5) gives the
entire B -dependence in the B −B1 term from the expansion of tan ν(E), while the C(E)−2
and tan λ(E) functions give the near-threshold variation with energy. The two terms in
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the denominator proportional to Γ̂ represent the energy-dependent shift and width due
to the threshold resonance. The numerator of the pole term in Eq. (2.5) represents the
threshold decay width

Γ(E) = 2π|hφn |Woc (r)|fo i|2 = Γ̂C −2 (E)

(2.7)

where Woc (r) is the short-range coupling between the bare open and closed channels. Thus,
Γ̂ represents the width when the open channel scattering wave function f (r) is replaced
by the fˆ(r) wave function with short range WKB normalization.
Simple algebraic transformations of (2.2) give the energy-dependent scattering length,
1 1−Soo
dened as ik
1+Soo , in the form

a(E, B) =

C −2 y 2 /k − (tan ν + y 2 tan λ) tan ξ/k
.
tan ν + y 2 tan λ + C −2 y 2 tan ξ

(2.8)

By taking the E → 0 limit and making use of relations (2.4)-(2.6), we obtain the standard
scattering length

a(B) = abg −

1
2

Γ̂C −2 (E)/k

δµ(B − B1 ) −

1
2

E→0

.

Γ̂ tan λ(E)

(2.9)

E→0

We can now dene a resonance width ∆ and the strength s by writing the pole strength
in the numerator in Eq. (2.9) as

1
Γ̂C −2 (E)/k = abg ∆δµ = s6 .
2

(2.10)

The dimensionless resonance strength parameter dened in [Chin 2010] is sres = ās6 ≈
0.478s6 .
With the above denitions, and using the threshold properties in Eq. (2.3), the s-wave
scattering length is given by the familiar formula [Moerdijk 1995, Timmermans 1999]


a(B) = abg

∆
1−
B − B1 − δB


,

(2.11)

where the width and shift are proportional to y 2 :

∆ =
δB =

δEn 2 1 + (1 − r)2
s6
y
=
πδµ
r
abg δµ
δEn 2
r(1 − r)
y (1 − r) = ∆
πδµ
1 + (1 − r)2

(2.12)
(2.13)

The latter formula for the shift, given also in [Köhler 2006, Julienne 2006] without derivation, shows that the shift cannot be much larger in magnitude than |∆|, towards which it
tends for large |r|. It is interesting to note that formula (2.11) does not explicitly depend
on the parameter δµ.

2.2 Many overlapping resonances
2.2.1 Derivation of the formula
In many physical systems coupling to a single closed channel is not sucient to describe
the scattering and bound states. In fact, coupled-channels calculations often show many
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overlapping resonances due to couplings with several closed channels which have poles
near one another as a function of B [Gross 2011, Takekoshi 2012, Berninger 2013]. It
is noteworthy that several resonances that have been used to study exotic three-body
physics and the Emov eect occur in regions with overlapping resonances [Berninger 2011,
Gross 2011]. When resonances appear near one another, the simple formula (2.11) fails
to describe the scattering length properly. However, it is straightforward to extend the
results from the previous section by adding additional closed channels to the model. We
thus start from the quantum defect matrix of the form



0
 y1
Y=
 y2
...

y1
0
0
...

y2
0
0
...


...
... 
.
... 
...

(2.14)

It is usually not necessary to include couplings between the closed channel states. We
can instead assume that we use a basis in which the closed channels are already diagonalized [Mies 1968, Mies 1980], such that the matrix elements between the closed channels
vanish. As in the previous section, the reference potentials are chosen to eliminate the
diagonal elements of Y . Another possibility would be to start from a dierent set of reference potentials, but then rotate the open channel reference functions by a proper angle
to obtain Yoo = 0. As a result of a similar procedure as before and simple algebraic
transformations, we obtain the energy-dependent scattering length
yi2
i tan νi


P
− tan ξ 1 + tan λ i
ka(E) =
P y2
P
C −2 tan ξ i tani νi + 1 + tan λ i
C −2

P

yi2
tan νi



yi2
tan νi

(2.15)

,

where the dependence on B is contained in the expansion of each tan νi (E) term as in
Eq. (2.4). The standard scattering length as E → 0 is

a(B) = abg −

1 Γ̂i
−2 (E)/k
2 δµi C

N
X
i=1

B − Bi − 12 tan λ(E)



Γ̂i
δµi

−

B−Bi Γ̂j
j6=i B−Bj δµj

P

.

(2.16)

The widths Γ̂i = 2yi2 (δEn i /π) are dened as in Eq. (2.6), and C(E)−2 , tan λ(E), and r
characterize the open channel with background scattering length abg = rā. By dening
resonance widths ∆i and shifts δBi for each resonance separately in the same way as in
Eqs. (2.10) and (2.13), we get

a(B) = abg

1−

X
i

∆i
P
B − Bi − δBi − j6=i

!
B−Bi
B−Bj δBj

.

(2.17)

The mutual inuence of the resonances on one another is thus contained in the terms
B−Bi
B−B δBj . We note that this inuence is not due to direct coupling between the closed
j

channels, but rather to indirect interaction via the open channel.
Several important comments are in order here. Firstly, looking at the structure of
Eq. (2.17), one may at rst sight suppose that there may be no simple local parameter
similar to sres any more, since all the widths ∆i are needed to fully describe each resonance.
However, it is possible to rewrite Eq. (2.17) in the form of isolated terms with new parameters. This is possible via algebraic transformation of formula (2.17) into a product form
which was previously derived using a simple model of coupled square wells [Lange 2009]

a(B) = abg

N
Y
i=1

!
˜i
∆
1−
.
B − Bires
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(2.18)

The transformation can be done by noticing that both (2.17) and (2.18) may be represented
in the form abg (1 − w1 (B)/w2 (B)), where w1 and w2 are polynomials of (N − 1)th and
N th order in B . By comparing the coecients in the polynomials one obtains a set of
equations connecting both formulas, which can be solved numerically. The resonance
positions Bires are given by the zeros of the denominators in (2.17). However, this usually
˜ parameters uniquely. The most intuitive solution gives ∆
˜ i as the
does not determine the ∆
distance between the pole and the nearest zero of the scattering length, but other solutions
˜ i parameters as
are also possible. Consequently, there is no clear interpretation of the ∆
res
˜
resonance widths. Remarkably, each ∆i and resonance position Bi is a function of all the
bare widths ∆i , crossing positions Bi and the background scattering length in Eq. (2.17).
On the other hand, one can always use Eq. (2.18) to dene a pole strength for a local
˜ i and a local background scattering length,
pole i as a product of a local width ∆

ãbg,i = abg

N
Y

˜j
∆
1 − res
Bi − Bjres

j6=i

!
(2.19)

.

˜ i are functions of all the other pole terms (that is, all the yi parameters),
Both ãbg,i and ∆
and only their product remains well-determined when the tting range eliminates distant
poles that aect the local region. Thus, although the widths in formula (2.18) are not
determined uniquely, the s6 parameter characterizing individual resonance is well dened.
It should also be noted that our general formula in Eq. (2.15) shows how to obtain the
scattering properties at nite energies away from E = 0. Thus, it is more general than the
expressions in Eqs.(2.17) or (2.18) and can yield eective range or other, more rigorous,
nite energy corrections in the presence of single or multiple resonances.
A particularly interesting limiting case is the interplay between a broad resonance
and a very narrow one. This is a fairly common situation if a weak resonance of high
partial wave character exists near a broad s-wave resonance. Assuming two resonances
with |∆1 |  |∆2 |, Eq. (2.17) can be simplied to

a(B) ≈ abg

∆2
α∆1
1−
−
res
B − B2
B − B1res



(2.20)

,

2

where α = ((B1 − B2 )/(B1 − B2 − δB2 )) renormalizes the width of the narrow resonance
and Bires denotes the two pole positions. The new width can be either larger or smaller than
∆1 , depending on the background scattering length and the relative position of resonances.
Again, one can treat the narrow resonance as an isolated one and describe it by the sres
parameter using the renormalized width. By rewriting Eq. (2.20) as

a(B) =

a0bg


1−

∆01
B − B1res



(2.21)

,

the scattering length can be approximated as a local isolated narrow resonance near
B ≈ B1res with

a0bg


= abg 1 −

∆2
res
B1 − B2res



, ∆01 =

α∆1
1−

∆2
B1res −B2res

,

(2.22)

where s6 /δµ1 = a0bg ∆01 = abg α∆1 is the same whether the local background a0bg or
global background abg is used. Figure 2.1 shows the α parameter dependence on the
relative position of the two resonances. There are regions in which the narrow resonance
gets broadened signicantly.
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Figure 2.1: Renormalization of the resonance width for a wide resonance overlapping with
a very narrow one. Left: the broadening parameter α for the case of positive (magenta) and
negative (dark blue) background scattering length vs the relative position of resonances.
At large distances B1 − B2 , the broadening α → 1. Right: two exemplary cases of a(B)
dependence for which the narrow resonance acquires very dierent widths due to dierent
position relative to the broad one. Dimensionless arbitrary units are used here purposefully.
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Figure 2.2: Two overlapping FRs with magnetic moment dierences of opposite signs. It
is possible to nd a combination of parameters for which there is no pole in scattering
length, as occurs on the right. Dimensionless arbitrary units are used here purposefully.

We will now briey consider another intriguing situation when the two overlapping
resonances have magnetic moment dierences of opposite sign. This situation can in
example occur when a bound state crosses the threshold, but is then repelled by another
state and comes back. This eect has been observed in numerical modeling of atom-ion
Feshbach resonances [Jachymski 2014]. A typical plot of the scattering length in this case
is shown on Figure 2.2. When the resonances are suciently close, kind of destructive
interference can occur and the scattering length will exhibit no poles.
Lastly, it is of practical interest how to extract multiple resonance parameters by
tting to numerical coupled channel calculations of a(B). In some cases, such as 7 Li in the
f = 1, mf = 0 spin channel, there are only two resonances [Gross 2011], and tting the
formula (2.17) is relatively easy. In other cases, such as cesium in its f = 3, mf = 3 spin
channel, the number of resonances is very high [Berninger 2013], and the tting becomes
computationally costly. Excluding some resonances from the tting will matter for the
uniqueness of the t, as Eq. (2.17) is nonseparable. The eect is large if the omitted
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Figure 2.3: Top: two s-wave Feshbach resonances for the collision of two f = 1, mf = 0
7 Li atoms. Coupled-channel calculations (black points) compared with the tted formula (2.17) (blue line). Bottom: the relative deviation of the t from the numerical
calculations.
resonances are broad or if they lie close to the region of interest. A parameter,

βi =

˜i
ãbg,i ∆
,
abg ∆i

(2.23)

which can be numerically determined by separately tting a(B) to Eqs. (2.17) and (2.18),
can be introduced as a measure of the impact of other resonances on the ith one. In any
˜i obtained from the tting is robust, even if the individual terms
case, the product ãbg,i ∆
˜ i δµi can be dened for each
are not. Consequently, a meaningful pole strength s̃6 = ãbg,i ∆
resonance.

2.2.2 Applications
Precise Feshbach spectroscopy has been performed for many alkali metal species, and
we will use examples of overlapping resonances here that have been studied experimentally for ultracold f = 1, mf = 0 7 Li [Gross 2009, Gross 2011] and f = 3, mf = 3
cesium [Chin 2004, Berninger 2013]. Both of these species have been used in experimental
studies of exotic three-body Emov physics [Kraemer 2006, Ferlaino 2011, Berninger 2011,
Gross 2009, Gross 2010, Gross 2011], where it is important to understand the character
of the resonances and the mapping of the experimental B eld to scattering length. In
order to demonstrate in practice how several overlapping resonances can be described, we
apply our MQDT formulas to analyze the results of numerical coupled channels calculations using full Hamiltonian models that have been calibrated to reproduce a variety of
experimental data. To account for the changing spin character of the channel states at
moderate magnetic elds as well as the inuence of resonances which were not included
in the t, we allow a small linear variation with B in abg (B) = abg (1 + b(B − B0 )) as a
rst-order correction. We used simple least-square tting procedures that converge slowly
and have to be performed carefully for nonlinear and diverging functions.
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Figure 2.4: Some examples of overlapping Feshbach resonances in the collisions of two
f = 3, mf = 3 cesium atoms. Left: a structure of four overlapping d-wave Feshbach
resonances. Middle: a set of two narrow g -wave resonances overlapping with a broad swave one. Right: a broad s-wave Feshbach resonance overlapping with a narrow d-wave
one. Coupled channel calculations [Berninger 2013] (black points) are compared with the
t basing on formula (2.17) (blue lines). The ts are better than 99% accurate in all cases.
Figures 2.3 and 2.4 give the results of our tting. Figure 2.3 shows the two s-wave
resonances in collision of two 7 Li atoms in the f = 1, mf = 0 spin channel. For this
system the characteristic length R6 ≈ 64.973 a0 (a0 is the Bohr radius) for C6 = 1393.39
atomic units [Yan 1996] (Eh a60 ). The coupled channels results were taken from a very
accurate model for the collision of 6 Li atoms [Zürn 2013]. Our least squares tting of
Eq. (2.17) to a discrete set of coupled channels calculations tabulated on a 1 G grid
between 750 G and 950 G yields two Bires positions, with B1 = 857.08 G, B2 = 828.10 G,
widths ∆1 = −73.24 G, ∆2 = −189.74 G and the background scattering length abg /R6 =
−0.2339 + 0.000773(B − 800 G) (the denitions ensure that abg and ∆ have the same sign
to fulll the requirement that sres be positive denite [Chin 2010]). These four Bi and ∆i
values found are insensitive to the t range used. Note that Bi diers in each case from the
pole position Bires because of the large shifts involved. Figure 2.3 also shows the relative
deviation of the t from the numerics, indicating that the t quality is better than 99.5%
everywhere. A t of the same quality is obtained if the product form in Eq. (2.18) is used.
Using δµ ≈ 2.66MHz/G, we obtained the sres parameters for these resonances equal to
0.0467 for the narrow one and 0.493 for the wide one. Calculating the β parameter dened
as in Eq. (2.23) gives β1 = 0.310 and β2 = 1.27.
In the case of cesium, for which C6 = 6890.5 atomic units [Berninger 2013] and thus
R6 = 202.1 a0 , many overlapping resonances in various partial waves (up to the i-wave)
were observed, and several regions of overlapping resonances are present, some quite complex [Berninger 2013]. We focus here on three particular regions of magnetic eld for which
interesting three-body features have also been reported [Kraemer 2006, Ferlaino 2011,
Berninger 2011]. The rst is a set of four d-wave resonances near 500 G, the second
involves an s-wave and two narrow g -wave resonances near 550 G, and nally the third
region has an extremely broad s-wave resonance near 800 G with a narrow d-wave one on
its shoulder (following the usage of Ref. [Chin 2010], an `-wave resonance means an `-wave
bound state is coupled to an s-wave open channel).
Figure 2.4 shows a comparison of the ts obtained by doing a least-squares t of
Eq. (2.17) to the coupled channels a(B) function from the Supplemental Material of
[Berninger 2013]. Table I lists the tting parameters found using the respective tting
ranges 490 G to 508 G, 530 G to 570 G, and 750 G to 900 G. Note that the background
scattering lengths obtained from locally tting the resonances in each region dier from
the global abg , which is expected to be on the order of ≈ 10 R6 . This means that other
resonances not included in the t are strong enough to aect the local background and
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Bires [G]

`i

492.68
495.04
501.44
505.38

d-wave
d-wave
d-wave
d-wave
g -wave
s-wave
g -wave
s-wave
d-wave

544.19
548.79
554.07
786.17
820.32

abg /R6
15.2312(1 + 0.00368(B − 500))
15.2312(1 + 0.00368(B − 500))
15.2312(1 + 0.00368(B − 500))
15.2312(1 + 0.00368(B − 500))
12.7729(1 + 0.00448(B − 550))
12.7729(1 + 0.00448(B − 550))
12.7729(1 + 0.00448(B − 550))
10.7164(1 + 0.000469(B − 800))
10.7164(1 + 0.000469(B − 800))

Bi [G]

∆i [G]

βi

sres

493.315
499.617
502.186
505.483

0.1518
3.397
2.088
0.2389

12.98
1.05
0.093
0.194

56
100
5.4
1.3

544.108
556.693
553.793

0.02179
6.626
0.5048

4.95
1.01
0.387

1.0
160
1.6

884.638
819.386

92.26
0.4508

0.856
3.38

1480
16

Table 2.1: Resonance parameters obtained from tting to coupled channels calculations
for cesium [Berninger 2013] using formula (2.17). The columns show the position of the
resonance Bres (magnetic eld at which the scattering length diverges), its relevant partial
wave `, the background scattering length abg , magnetic eld Bi at which the bare bound
state crosses the threshold, resonance width ∆i , ratio βi from Eq. (2.23), and an estimate
for sres ≈ 0.478βi abg ∆i δµi .
widths. Nevertheless, the t quality in all cases stays at the 99% level. A comparable
quality t is obtained by tting to the product form in Eq. (2.18). The resonance at
492.7 G is especially interesting here, as it is broadened by the presence of two stronger
ones, that is, its nearby zero-crossing is shifted 0.63 G from the pole of the resonance. This
is consistent with the value of β = 12.98, where β from Eq. (2.23) is an analogue of α in
Eq. (2.20) for a narrow resonance aected by two broad ones.
Table I also shows the sres parameter describing each of the resonances. The sres
parameter dened for each resonance is insensitive to tting ranges. Our respective values
of sres of 160 and 1480 for the 554.79 G and 786.83 G strong s-wave resonances compare
with the values 170 and 1470 estimated by Chin et al. [Chin 2010] from an earlier coupled
channels model t to Eq. (2.11) for a single isolated resonance. The β parameter for the
broad resonances tend to be the order of unity. However, the narrower resonances on
their shoulders show large departures of β from unity, implying a renormalization of the
pole strength due to interactions among the resonances. We also found that the 554.07 G
g -wave and 820.33 G d-wave resonances, both being narrow ones sitting on the shoulder
of the nearby broad s-wave one, have respective sres values of 1.6 and 16, diering by an
order of magnitude. These sres values are relevant to explaining the three-body physics
that has been explored in the vicinity of these resonances [Ferlaino 2011, Berninger 2011,
Wang 2013].
When the formula in Eq. (2.20) was applied to each of the narrow resonances near
554 G and 820 G, with respective α parameters of ≈ 0.35 and 4.5, the t quality was
only 90% to 95% accurate. However, we found that by using a more complex formula
that takes into account the small change in the width of the broad resonance due to its
interaction with the narrow ones, we were able to obtain a t accurate to approximately
99%, comparable to that obtained with Eqs. (2.17) or (2.18).

2.3 Feshbach resonances in the presence of external trap
We will now turn to the case when the two particles are placed in an external trap.
In this case the problem gets more complicated due to additional terms in the Hamilto36

nian. It may not even be possible to separate the center of mass motion if the trapping
potential is not harmonic. We thus consider a pair of atoms conned in an arbitrary
external trapping potential in the vicinity of a Feshbach resonance. The resonance is
described by a two-channel conguration interaction (CI) model. The closed channel
molecular state is treated as a pointlike particle. This approximation results in divergences, which can however be renormalized, in close analogy to the free space problem [Kokkelmans 2002]. A convenient way to do this is to introduce the renormalized
resonance shift [Büchler 2010, Wall 2013a]. We rst analyze the Feshbach resonance in a
harmonic trap. In this case the renormalization procedure is particularly simple and can
be implemented numerically without any diculties. This result makes it possible to perform ecient numerical calculations for the large class of traps where harmonic oscillator
solutions can be used. As a simple example of a nonseparable problem, we describe association of a heteronuclear molecule. The separation of center of mass and relative motion
does not occur, because atoms with dierent masses and polarizabilities feel dierent trapping frequencies [Bertelsen 2007, Deuretzbacher 2008]. Because in experiments involving
mixed species the atoms are always in external traps usually having dierent frequencies,
taking the eects of nonseparability of the trap into account is crucial for the accuracy of
calculations.

2.3.1 Two-channel model
In the description of FR we follow the two-channel CI model with short-range coupling
term [Mies 2000b, Julienne 2004] instead of the MQDT model from the previous section.
As long as the external trap does not signicantly change on the length scales of the
interaction, this will be a good approximation. Let us rst review the basic characteristics
of the model in free space. We consider two atoms of masses m1 and m2 . The Hamiltonian
consists of the open collision channel describing a free pair of atoms in internal state labeled
as |χi, the molecular state |ni in the closed channel that is causing the resonance, and
an interchannel coupling, which depends only on the distance between the atoms. By
introducing the center of mass and relative motion coordinates

R=

m1 r1 + m2 r2
m1 + m2
r = r1 − r2 ,

(2.24)
(2.25)

in the absence of external potential the problem can be separated. The center of mass
part contains no interactions and its solution are just the plain waves. The Hamiltonian
of the relative motion is

 2

 2

~ 2
~ 2
H = |χi hχ| − ∇ + Ubg (r) + |ni hn| − ∇ + Umol (B, r) +
2µ
2µ
+ (|χi hn| + |ni hχ|) Wnχ (r).

(2.26)

Here µ is the reduced mass, Ubg is the background interaction potential between the atoms
away from the resonance, Umol is the interaction potential in the closed channel and Wnχ
is the coupling. The CI wave function is given by

|Ψ(, B, r)i = |χi C(, B)Φ (r) + |ni A(, B)Φmol (r),
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(2.27)

where A and C are the amplitudes and Φ(r) are the channel wave functions, which obey
single channel Schrödinger equations:

 2

~ 2
− ∇ + Ubg (r) Φ (r) = Φ (r),
2µ
 2

~ 2
− ∇ + Umol (B, r) Φmol (r) = ν(B)Φmol (r).
2µ

(2.28)
(2.29)

The resonance is controlled by external magnetic eld B . ν(B) is the eld-dependent
energy of the molecular state relative to the threshold. The eect of the magnetic eld is
not to change Umol , but mostly to control ν . Close to the resonance, ν may be expanded
to rst order, giving
ν(B) ≈ δµ(B − B0 ),
(2.30)
where δµ is the dierence of magnetic moments between the open and closed channel
states and B0 is the value of the magnetic eld at which the energy of the closed channel
crosses the dissociation threshold in the open channel. Other important parameters are
the resonance width ∆ and background scattering length abg , connected by the identity
derived in the previous section [Chin 2010]

δµ∆ =

Γ()
,
2kabg

(2.31)
2

where Γ is the decay width, given by Γ() = 2π |hΦmol | Wnχ |Φ i| .

2.3.2 Including the trap
If one would like to add an external trap, the above description needs to be adjusted.
First of all, the separation of center of mass and relative motion may no longer be possible.
We thus rewrite the full Hamiltonian, adding the trapping potential Utrap to the interaction
U and Umol . The Hamiltonian takes the form



H = |χi hχ| (T + Ubg (r) + Utrap (r1 , r2 )) + |ni hn| T + Umol (r) + Ũtrap (r1 , r2 ) +

(2.32)

+ (|χi hn| + |ni hχ|) Wnχ (r),
~
~
where T = − 2m
∇21 − 2m
∇22 is the kinetic energy operator. The trapping potential in
1
2
the closed channel may not be the same as in the open channel, which is expressed by the
tilde. The general wave function is given by

|Ψ(R, r)i = |χi

X

Ci Φi (R, r) + |ni

i

X

Ak Φk mol (R, r),

(2.33)

k

where the channel wave functions obey

 2

~ 2
~2 2
− ∇r −
∇ + Ubg + Utrap Φi (r, R) = i Φi (r, R)
2µ
2M R
 2

~ 2
~2 2
− ∇r −
∇ + Umol + Ũtrap Φk mol (r, R) =
2µ
2M R
= (ν(B) + εk )Φk mol (r, R).

(2.34)

(2.35)

Previously it was sucient to consider only one molecular state, but in the presence of
the trap one may expect coupling between dierent trap levels induced by the trapping
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potential. It is convenient to separate the resonant energy shift from the energy of trap
excitations k . We will assume that the molecule is a pointlike particle of mass M =
m1 + m2 , which is a reasonable assumption as long as the interatomic distance is much
smaller than characteristic trap lengths. Then the molecular wave function Φk mol (R, r)
can be replaced by its value at r = 0 and a Dirac delta in r . The R-dependent part satises



~2 2
−
∇ + Ũtrap (R) Φk mol (R) = (ν(B) + εk )Φk mol (R),
2M z

(2.36)

Here Ũtrap (R) = Ũtrap (r = 0, R). Applying the Schrödinger equation H |ψi = E |ψi to
this problem gives

E Ci = i Ci +

X

Vli? Al ,

(2.37)

Vkj Cj ,

(2.38)

l

E Ak = (ν(B) + εk )Ak +

X
j

where Vki = hΦk mol | Wnχ |Φi i. The distance characteristic for the interaction is small in
comparison to characteristic trap lengths, which justies using only one coupling Wnχ . By
substituting (2.37) into (2.38) we get a self-consistent formula for E :

(E − ν − εk )Ak =

X Vkj Vlj?
jl

E − j

Al ,

(2.39)

This sum may be divergent, because we treated the molecular state as a pointlike particle
with δ(r) in the relative coordinate (this corresponds to using unregularized δ potential in
3D). ν needs then to be renormalized.

2.3.3 Isotropic harmonic trap
Let us apply our formalism to the simplest possible case of two identical atoms in
an isotropic harmonic trap to illustrate the renormalization procedure. The trapping
potential 12 mω 2 r2i separates center of mass and relative motion. We neglect the background interaction in the open channel, assuming that the background scattering length
is small [Marcelis 2004]. The R-dependent part of the problem disappears from the equations, meaning that the resonance will not aect the center of mass motion of the pair.
Furthermore, due to the form we assumed for the molecular wave function, only states
with ` = 0 will couple to the closed channel. We thus have

|Ψ(r)i = |χi

X

cj φj (r) + |ni AΦmol (r),

(2.40)

j
2
2
1/2
where φj = Nj e−r /2aho Lj ((r/aho )2 ), Nj = (aho )−3/2

q

Γ(j+1)
Γ(j+3/2)

is the normalization

factor and Φmol (r) is approximated by δ (3) (r). Additionally, the pair is described by some
center of mass wavefunction which does not contribute to the resonance properties.
The coupling between open and closed channel in a harmonic trap can be calculated
1/2

analytically, using the property Lj

Z
Vj =

(0) =

Γ(j+3/2)
√2
.
π Γ(j+1)

Then

s
d3 rφj (r)W (r)δ (3) (r) = α
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Γ(j + 3/2)
,
Γ(j + 1)

(2.41)

where α is a constant that can be related to experimentally accessible parameters, as
described below. By inserting this into (2.39) and denoting x = (E − 3~ω/2)/2~ω , we get

E − ν = −α

2

∞
X
Γ(n + 3/2)
n=0

1
,
Γ(n + 1) n − x

(2.42)

where the energy of the molecular state was incorporated into ν . The sum in Eq. (2.42) is
divergent. In the numerical calculations, when one uses a nite basis, this can be seen as
dependence of the resonance position on the basis size n? . The divergence can be extracted
√
by adding and subtracting 1/ n + 1 under the sum. It can be shown that
?

n
X

√

n=0

√
1
n? →∞
−→ ζ(1/2) + 2 n? ,
n+1

(2.43)

where ζ is the Riemann zeta function. By introducing

W (x) =

∞ 
X
Γ(n + 3/2)

1
1
−√
Γ(n + 1) n − x
n+1

n=0


+ ζ(1/2),

(2.44)

which is convergent, we obtain

√
E − ν = −α2 W (x) − 2α2 n? .

(2.45)

√

We may now introduce the renormalized resonance shift ν ? = ν + 2α2 n? which makes
the equations convergent and ensures that the basis size will not aect the resonance
properties. In this form Eq. (2.45) is very convenient for numerical calculations. One can
also perform the calculations without going to the center of mass frame and using Cartesian
coordinates, obtaining the same renormalization condition, as done in [Diener 2006] in the
context of an optical lattice. We note that lower dimensional problems can also be treated
with similar approach [Kestner 2010]. In particular, in one dimension renormalization will
not be needed.

Relation between coupling constant α and resonance parameters
The connection between α and experimentally accessible parameters can be found by
comparison of Eq. 2.45 with the energy of a weakly bound molecule in free space, where
~2
E = − 2µa(E)
2 and a(E) is the eective energy dependent scattering length [Chin 2010].

This can be done by taking the limit ω → 0 at constant E . In this limit x → −∞ and
√
W (x) → −π −x. Equation (2.45) takes the form

 µ 3/2 √
−E.
(2.46)
2~2
p
= ~/µω . Expanding a(E) into power series

E − ν ? = π α̃2

here α2 was rescaled as α̃2 a−3
ho , where aho
according to the eective range theory [Chin 2010]

1
1
1 2µE
=
− r0 2 + . . . ,
a(E)
abg
2
~

(2.47)

where r0 is the eective range parameter and abg is the s-wave scattering length away from
the resonance, we obtain the equation

(E − ν ? )



2~2
µ



1
~ 1
µ
=√
− √ r0 E.
π α̃2
2µ abg
2~
40

(2.48)

Comparing the energy-dependent and independent terms, we conclude that

~2
µabg r0
r
2
2~
1
α̃ = √
− .
r0
µ π
ν? =

(2.49)
(2.50)

We notice that the eective range for this problem is negative. It can be found using
the denition of energy-dependent scattering length in the presence of Feshbach resonance
described by formula (2.8) (see also [Bolda 2002, Idziaszek 2006]). By simple algebraic
transformations, the formula can be written as


a(E) = abg 1 −

∆(1 + E/Eb )
B − B1 + ∆E/Eb − E/δµ


,

(2.51)

where Eb is the background bound state energy Eb = −~2 /(2µa2bg ). At E ≈ 0 this reduces





∆
to the common formula a = abg 1 − B−B
. Expanding (2.51) in E , we get
0

1
Eb ∆ + (B − B1 )δµ∆ − δµ∆2
1
=
+
E + ...
a(E)
abg
abg Eb δµ(B − B1 − ∆)2

(2.52)

Comparing this with (2.47) and assuming that B is close to B1 , we get

r0 =

~2
.
µabg (δµ)(B − B1 )

(2.53)

Inserting this result into (2.49) and (2.50) and neglecting the contribution from background
scattering length (as we are close to resonance), we get

ν ? = δµ(B − B1 )
s
abg (δµ)∆
α̃ = 2~
.
µπ

(2.54)
(2.55)

2.3.4 Nonseparable problems
The results obtained in the previous paragraphs are not limited to the pure harmonic
potential. Instead, they can be used to solve a wider class of problems. Let us now consider
a general trapping potential. The eigenfunctions in both channels can be expanded in the
basis of harmonic oscillator states

Φk (R, r) =

X

aki φN LM (R)φn`m (r)

(2.56)

i

Φmol
k (R)

=

X

ckj φN 0 L0 M 0 (R),

(2.57)

j

where the index i in the sums denotes summation over all possible states |N LM n`mi of
the pair and j over molecular states |N 0 L0 M 0 i. We note that only terms with L = ` = 0
will couple to the resonance. By using this basis to perform the calculations, Eq. (2.39)
takes the form

(E − ν − εk )Ak =

X
k0

Ak 0

X
N,N 0 ,n,n0 ,t
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0

k k?
atN n at?
N 0 n0 cN cN

Vn0 Vn?
,
E − t

(2.58)

where t (εk ) denotes the eigenenergies of the open (closed) channel and only expansion
coecients a, c with zero angular momentum are present in this formula. As the form
of the coupling is the same as in the pure harmonic oscillator case, this equation can be
renormalized in the same way. This method will be particularly useful when one of the
following conditions is met:

• the trapping potential can be described by harmonic term plus some perturbation
with nite strength and range; then the high energy eigenstates will not be aected
by the perturbation, or

• the coupling between center of mass and relative motion mixes only the states lying
close to each other.
In both cases a reasonably small basis can be used for numerical calculations.

2.3.5 Two dierent atoms in harmonic trap
As a simple example of a system where the center of mass and relative degrees of
freedom are coupled, we consider a combination of two dierent species with masses m1
and m2 in a harmonic trap. Due to dierent masses and polarizabilities of the atoms, each
atom feels dierent trapping frequencies ω1 and ω2 . The Hamiltonian of the open channel
reads

~2 2
1
~2 2 1 2 2
∇R + M Ω2 R 2 −
∇ + µω r + CR · r,
(2.59)
2M
2
2µ r 2
q
q
(m1 ω12 +m2 ω22 )
(m1 ω22 +m2 ω12 )
where Ω =
,
ω
=
and the coupling term C in the Hamiltonian
M
M
H=−

is given by [Deuretzbacher 2008, Bertelsen 2007]

C = µ(ω12 − ω22 ).

(2.60)

Due to rotational invariance of the Hamiltonian, the total angular momentum J of the pair
is conserved and we may choose it to be equal to zero. The open channel wave function
may then be expanded in the basis of J = 0 harmonic oscillator states [Bertelsen 2007]

ψN `n (R, r) =

`
X
(−1)`−m
√
ΦN `m (R)φn`(−m) (r),
2`
+
1
m=−`

(2.61)

where Φ(R) is the center of mass harmonic oscillator wave function, φ(r) is the relative motion wave function and we used the fact that the Clebsch-Gordan coecients hLM `m|00i
give

(−1)`−m
√
δ δ
.
2`+1 `,L m,−M

Matrix elements of the Hamiltonian (2.61) in this basis can be

computed analytically [Bertelsen 2007] (only the last term in (2.61) is not diagonal in this
basis). The closed-channel wave function is a superposition of ` = 0 eigenstates Φn of a
harmonic oscillator with frequency Ω and mass M . We thus have

|Ψ(R, r)i = |χi

X

ck ψk (R, r) + |ni

k

X

Ak Φk (R)δ(r),

(2.62)

k

k
where ψk =
N `n bN `n ψN `n (R, r) are the eigenstates of the full Hamiltonian (2.61). Only
the ` = 0 components are coupled with the closed channel and the coupling has the same
form as in the previous case of single harmonic oscillator, so we can now substitute the wave
functions and couplings into Eq. (2.39) and solve it numerically. We now analyze some
particular examples of heteronuclear Feshbach resonances. Fig. 2.5 shows the energy levels
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Figure 2.5: Energy levels in units of the relative trapping frequency ω for a K-Rb Feshbach
resonance. The ratio of the trapping frequencies between K and Rb atoms is assumed to
be 1.4 as in [Deuretzbacher 2008]. Five molecular bound states are taken into account.
The inset shows a closer view of the region where the bound states cross the trap levels.

in the case of a Feshbach resonance between K and Rb at 547 G [Deuretzbacher 2008],
assuming the trapping frequency for rubidium ω1 = 10 kHz and for potassium ω2 = 14 kHz.
The parameters of the resonance can be found in [Chin 2010]. Away from resonance the
eigenstates do not contain any bound levels. The energies for this case are shown on Fig.
2.6. We note that due to coupling of motional degrees of freedom induced by nonzero C ,
the eigenstates are composed out of several harmonic oscillator levels with dierent angular
momenta and the corrections to the eigenenergies with respect to the uncoupled case are
signicant. Close to the resonance one can see the deeply bound states to which one can
assign the quantum number N labeling the trap level. Then the molecular bound states
cross with the free atomic states, as shown by the inset of Fig. 2.5. Due to the dierent
symmetry of the states, we can expect that these are true level crossings. To verify this,
we checked numerically that the crossing states are orthogonal.
In Fig. 2.7 we present the case of Li-Cs resonance at B = 816 G, which has recently
been observed experimentally [Repp 2013]. Here we assumed that the trapping frequency
is ω1 = 1 kHz for Cs atoms and ω2 = 1.8 kHz for lithium. Due to the large mass dierence,
the ratio of trapping frequencies here is bigger than in the K-Rb case. As a result, in the
former case the energy levels away from the resonance tended to form groups, but here
it is not the case. Instead we get an energy spectrum which looks more complicated, but
has similar nature as before. The coupling of center of mass and relative motion occurs to
have less impact than in the K-Rb case, so away from resonance the eigenstates are less
distorted from the pure ψN `n states (see Fig. 2.8).
43

8
|0 0
|0 1
|1 0
|1 1
|2 0

7
6

2

ń

1

ń

1

ń

0

ń

0

E / ℏω

|0 0 1

5

ń

ń

|0 1 0
|1 0 0

4
3

|0 0 0

ń
ń

ń

2
0 .2

0 .4
(

B -B 0)/∆

0 .6

0 .8

Figure 2.6: (color online) Energy levels away from the K-Rb resonance. Dashed blue lines
depict the uncoupled C = 0 case, where the eigenstates can be labeled by the quantum
numbers N `n. The actual eigenstates (black solid lines) are composed from them.
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Figure 2.7: Same as on Fig. 2.5, but for Li-Cs resonance, where the ratio of trapping
frequencies is assumed to be 1.8.
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Figure 2.8: (color online) Same as on Fig. 2.6, but for Li-Cs resonance. The coupling term
plays less important role than in the K-Rb case.

2.4 Conclusions
We showed how QDT can be used to describe cold collisions in the presence of closed
channels that cause Feshbach resonances. In particular, we presented a simple analytical
formula for the variation of the s-wave scattering length with magnetic eld when there
is an arbitrary number of FRs. The formula is equivalent to the one used previously in
literature [Lange 2009], but bases on quantities that characterize resonances locally. We
introduced simple parameters describing the system, analogous to the resonance width
and background scattering length in the two-channel case. We provided examples where
we accurately reproduced coupled channels numerical results and extracted the resonance
parameters. Apart from characterization of overlapping sets of resonances, our model
should be quite helpful for precise mapping of the scattering length to the laboratory
B eld, which is a critical aspect in the interpretation of experiments with three-body
recombination and Emov physics. It turns out that some experiments investigating threebody physics are performed in the regime where it becomes necessary to include more than
one resonance [Wang 2014].
We also presented a general formalism describing Feshbach resonances in an external
trap, basing on a simplied CI model. Our method works for both open- and closed
channel dominated resonances and can be applied to nonseparable traps. It is particularly
ecient when the single-particle trap eigenstates can be expanded in harmonic oscillator
basis. We presented results for the calculation of energy levels of a pair of dierent atoms,
where the trapping frequencies cannot be assumed to be the same. Apart from static
cases, our formalism allows for calculation of the dynamics of the wave functions where
the trap parameters or magnetic eld are changing in time. This will be shown in Chapter
4 to be useful for quantum computations, where control of the qubits will be enhanced by
Feshbach resonances.
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Chapter 3

Collisional properties under external
connement
The collisional properties of atoms and molecules can be strongly aected by external
electromagnetic elds, including the trapping potential. One of the examples is the magnetic Feshbach resonance studied in the previous chapter, which can be further inuenced
by the (possibly noseparable) external trap. Further examples of similar phenomena include the case of a system strongly conned in two dimensions. One of the most studied
problems here is the connement-induced resonance (CIR) [Olshanii 1998], occurring when
the characteristic connement length becomes comparable with the scattering length. At
the position of CIR, the eective one-dimensional coupling constant diverges. One may
ask whether strong connement can also inuence the reactivity in a similar way.
In this chapter we present an analytic treatment of ultracold reactive collisions between
particles interacting with isotropic potential, conned in a trap that eectively reduces the
dimensionality of the system. To describe the reaction process, we use the model presented
in Chapter 1. We extend the analytical results obtained in [Micheli 2010] based on a long
range van der Waals potential. In the former work it was assumed that the reaction
happens at short range with unit probability, which gives the process several universal
features. Here we generalize this treatment to consider the case of non-universal collisions.
This gives rise to the possibility of resonances in the reaction rates. In addition to shape
resonances, connement-induced resonances can also occur. We show, however, that they
are suppressed due to reactions and completely vanish in the limit of universal reaction.
Highly reactive molecules in reduced dimensional lattice structures can also experience the Zeno eect, where reaction rates are suppressed through many-body correlations [Syassen 2008, Zhu 2014]. We will not treat such correlations or the Zeno eect
here.
We shall apply our model to describe the results of an experiment performed in the
group of Johannes Hecker Denschlag in Ulm, where Rb2 molecules in rovibrational ground
state, but excited (triplet) electronic state were studied. The molecules were created in
a strong optical lattice. The lattice was then lowered to zero in one direction, creating a set of uncoupled quasi-1D tubes. Triplet Rb2 molecules have long radiative lifetime [Verhaar 2014], but can relax to the ground state collisionaly and gain enough kinetic
energy to escape the trap and should thus be amenable to our treatment. However, to
correctly interpret the experimental observations, it is necessary to take into account the
weak trapping potential along the tube direction, low mean occupation number of a single
tube and the dynamics that results from nonadiabatic preparation of the initial state.
In the last part of this chapter we consider a more complex case in which external elec47

tric eld induces dipole-dipole interactions between the molecules. If the dipole moment
is perpendicular to the direction of allowed motion, the dipoles will repel each other. This
can be expected to suppress the reaction rates and can potentially allow for realization of
interesting dipolar many-body systems even with reactive molecules. Scattering of reactive molecules in two-dimensional pancake-shaped traps has been studied experimentally
in [De Miranda 2011] and theoretically in [Micheli 2010, Quéméner 2011, Julienne 2011].
It is thus a natural question whether conning the molecules in two directions will result
in even better suppression.

3.1 Cold collisions in reduced dimensions
The basic assumption that we will make is that the characteristic interaction length
scales (R6 in the case of van der Waals interactions) are much smaller than the length
scales associated with the trap. The interaction can then be described by using only
energy-dependent scattering length. The idea of using a pseudopotential proportional
to the s-wave scattering length to represent short range interactions in traps is well
established [Bush 1998, Tiesinga 2000, Bolda 2002, Idziaszek 2005, Naidon 2007]. Identical fermions can also be treated with a similar, yet computationally more involved
method [Blume 2002, Idziaszek 2009b]. Let us for the moment focus on two bosons in
a strongly anisotropic trap in which the radial trapping frequency ω⊥ is much bigger
than the axial one ωk . In this case the low energy eigenstates of two interacting particles correspond to the ground state of the radial harmonic oscillator [Idziaszek 2006].
In this regime the system is quasi-one-dimensional (there are no radial excitations) and
one can introduce eective one-dimensional coupling constant originally derived by Olshanii [Olshanii 1998], which depends on the 3D scattering length and the radial trapping frequency. A connement-induced resonance can occur both in 1D [Olshanii 1998]
and 2D [Petrov 2000] and leads to divergence of this coupling constant. CIRs have
been extensively studied both theoretically [Petrov 2001, Bergeman 2003, Granger 2004,
Kanjilal 2004, Melezhik 2009, Peng 2010] and experimentally [Moritz 2005, Haller 2010].
Recent works extended the theory of CIRs to the case of anharmonic connement, where
multiple resonances are possible due to nonseparability of the trap [Peng 2011, Sala 2012,
Sala 2013]. We will only consider the harmonic case here, although it is straightforward
to extend the results from this and the previous chapter to describe anharmonic CIRs as
well.
Let us consider two identical bosonic or fermionic particles conned in an external
harmonic trap, which can be described by the stationary Schrödinger equation (the center
of mass motion has been already separated out)

 2

~ 2
− ∇ + U (r) + Vtr (r) Ψ(r) = EΨ(r).
2µ

(3.1)

Here µ is the reduced mass of the pair, U (r) is the interparticle interaction and Vtr is
the harmonic trap, which can conne the particles in two directions (with free quasi-1D
motion along the z axis) or one direction (with free quasi-2D motion in the x, y plane),

1
Vtr 1D = µω 2 ρ2
2

,

1
Vtr 2D = µω 2 z 2 .
2

(3.2)

It is also possible to consider anisotropic quasi-1D connement, V1D = 12 µω 2 (x2 + ηy 2 ).
These kinds of the trapping potential can be realized in experiment using optical lattices. The harmonic potential is described by characteristic length in each direction
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di =

p
~/µωi . For each harmonic oscillator state, the total energy E is composed of

the oscillator energy and the free particle energy in the unconned direction(s)

~2 p2
2µ

E1D = ~ω(1 + 2n + |m|) +

,

1
~2 q 2
E2D = ~ω(ν + ) +
.
2
2µ

(3.3)

Here the indices n, m denote the state of the 2D harmonic oscillator described by the wave
function ψnm , ν is the state of the 1D harmonic oscillator φν , and p and q represent the
respective quasi-1D and quasi-2D momenta of free motion. The asymptotic stationary
state solution of the Schrödinger equation is the conventional one representing the sum
of an incident plane wave and a scattered wave. The wave function at large distances is
then [Naidon 006]
r→∞

ipz +
Ψ1D
nmp (r) → ψnm (ρ)e

0

P

n0 m0

+
ip |z| +
fnm,n
0 m0 ψn0 m0 e

P

0

n0 m0

s
r→∞

iq·ρ
Ψ2D
+
νq (r) → φν (z)e

X

fνν 0 φν 0 (z)

ν0

−
z ip |z|
fnm,n
0 m0 ψn0 m0 |z| e

i
0
eiq ·ρ .
0
8πq ρ

(3.4)
(3.5)

where f + and f− correspond to even and odd scattering amplitudes. The even and odd
solutions are the 1D analogues of 3D angular momentum quantum numbers.
We will describe the reactive collisions using a simple model based on quantum defect
theory developed in Chapter 1. In this treatment we rst replace the full multichannel
interaction potential by an eective single-channel model with proper boundary conditions
at short range that include losses. The main assumption here is the separation of length
and energy scales between the chemical reaction and long range scattering processes. The
typical length scale associated with the long range interactions for van der Waals potential
−C6 /r6 is given by

ā =
Γ

2π

1 2
4



2µC6
~2

1/4
=
Γ

2π
 R6 .
1 2

(3.6)

4

We will focus on the case of very low energies, so that only scattering in the lowest
partial wave allowed by the symmetry is relevant. Furthermore, provided that the van
der Waals length scale is much smaller than the connement length ā  d so that the
trapping potential can be regarded as constant in the interaction range, the scattering
process can be described by the s or p-wave pseudopotential that depends solely on the
s-wave scattering length (for identical bosons) or p-wave scattering volume (for identical
fermions) [Bolda 2002, Bolda 2003, Naidon 2007, Idziaszek 2009b]

Us (r)

2π~2 a(k)
∂
δ(r) ∂r
r,
µ
→
π~2 V (k) ←
∂3 3
∇ δ(r) ∂r
3 r ∇,
µ

=

Up (r) =

(3.7)
(3.8)

where

a(k) = − tan η`=0 (k)/k,

(3.9)

3

(3.10)

V (k) = − tan η`=1 (k)/k

are the energy-dependent s-wave scattering length and p-wave scattering volume, respectively and are dened conventionally using the 3D phase shift η` (k). Their low energy
limits have been derived in Chapter 1. For van der Waals interactions



1 + (1 − s)2
a(k) −→ ā s + y
,
y(1 − s) + i
y + i(s − 1)
k→0
V (k) −→ −2V̄
,
ys + i(s − 2)
k→0
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(3.11)
(3.12)

where V̄ =

π
2
18Γ( 34 )



2µC6
~2

3/4

.

It is possible to solve the Schrödinger equation (3.1) with the boundary condition (3.4)
at any energy and nd the relation between the scattering amplitudes f and the 3D
scattering length for the s wave or volume for the p wave.

3.1.1 Quasi-1D limit
Let us now focus on the Q1D case. At low enough energies E < 2~ω the asymptotic
transverse state is the ground state, so we can set the n, m indices to n = m = 0. Let
us dene the quantities relevant for scattering problems in 1D. The 1D S matrix can
be connected with the scattering amplitude via Sαα = 1 + 2fα [Naidon 2007], where the
partial wave index α can take on only one of two possible values, corresponding to even
(+) or odd (−) symmetry, and

fα (p) =

1
.
1 + i cot ηα (p)

(3.13)
2 2

k
Note that the 1D wavenumber p is dierent from the 3D wavenumber k , since ~2µ
=E=
2
2
~ω + ~2µp . It is often convenient to use 1D scattering lengths, which can be dened in
various ways. Here we choose to dene an even and odd scattering length in the form

ãα (p) = −p tan ηα (p) =

p 1 − Sαα (p)
.
i 1 + Sαα (p)

(3.14)

Note that this way ãα (p) has units of inverse length. In the general case it will be a
complex quantity due to the reaction process, ã = α − iβ . It is also possible to dene the
1D scattering lengths which have the unit of length [Olshanii 1998, Girardeau 2004]

a1D
e (p) =

1
p tan ηe (p)

,

a1D
o (p) = −

tan ηo (p)
.
p

(3.15)

Our quantities can easily be related to these scattering lengths.
From the experimental point of view, the most relevant quantities are the rate constants, in one dimension dened as


~p
1 − |Sαα (p)|2 ,
2µ
~p
Kα1D, el (p) = g
|1 − Sαα (p)|2 ,
2µ

Kα1D, re (p) = g

(3.16)
(3.17)

where g is the statistical factor equal to 1 for distinguishable particles and 2 for identical
particles in the same internal states. It can be convenient to rewrite these denitions using
scattering lengths, obtaining [Micheli 2010]

2~p2
βα (p)fα1D (p)
µ
2~p
Kα1D, el (p) = g
|ãα (p)|2 fα1D (p),
µ
Kα1D, re (p) = g

where

fα1D (p) =

1
.
p2 + |ãα (p)|2 + 2pβα (p)
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(3.18)
(3.19)

(3.20)

The loss rate constants determine the decay of one-dimensional particle density n1D of the
homogeneous gas according to
ṅ1D = −Kαre n21D .
(3.21)
1D, re

Density n1D has units of inverse length and Kα
has units of length per time, so that
re n
their product Kα
1D represents a loss rate that can be compared to the similar 3D loss
rate with the conventional 3D rate constant and density. We also note that in the presence
of more than two particles, the density decay in one dimension can be greatly aected by
many-body correlations. For example, in the case of strong interactions the particles can
form a Tonks-Girardeau gas even in the presence of dissipation, thereby slowing down the
reaction rate [Syassen 2008].

Even and odd scattering lengths
Solving the Schrödinger equation with the pseudopotentials in Eqs. (3.7) - (3.8) and
boundary conditions (3.4) at E < 2~ω yields

 
1
d2
d
1
,
=
+ ζ
ã+ (p)
2a(k) 2
2
 
1
d2
2
1
= 2
− 2 ζ −
ã− (p)
6p V (k) p d
2
~2 p2

(3.22)
(3.23)
2 2

k
≈ ~ω so that kā ≈
These formulas are only valid in the limit 2µ  ~ω , where E = ~2µ
√
2ā/d  1. The latter condition is also required for the pseudopotential approximation
do be valid in the presence of external trap.
Using the low k expansions (3.11)-(3.12), the formulas (3.22)-(3.23) can be rewritten
as

  

1
d
1
d 1 + iy(s − 1)
=
ζ
+
,
ã+ (p)
2
2
ā s + iy(s − 2)
1
2ζ(−1/2)
d2 s − 2 − isy
=−
−
.
ã− (p)
p2 d
12p2 V̄ s − 1 − iy

(3.24)
(3.25)

It is instructive to investigate both the y → 0 and y → 1 limits of the expressions above.
The former corresponds to the case where reactions are absent and should reduce to the
well-known results, while the latter is the universal reactive case for which there should be
no dependence on s parameter. Indeed, for y → 0 we recover the formulas of [Olshanii 1998,
Granger 2004]:



1 y→0 d
d
−→
ζ(1/2) +
,
ã+
2
sā
1 y→0 2ζ(−1/2)
d2 s − 2
−→ −
−
.
ã−
p2 d
12p2 V̄ s − 1

(3.26)
(3.27)

In the universal reactive limit



1 y→1 d
d
−→
ζ(1/2) +
,
ã+ (p)
2
ā(1 − i)
1 y→1 2ζ(−1/2) d2 (1 − i)
−
−→ −
.
ã− (p)
p2 d
12p2 V̄

(3.28)
(3.29)

The 1D scattering lengths dene the one-dimensional coupling constants gα which describe
+
the eective one-dimensional contact interactions U1D
(z) = g+ δ(z) for even waves and
←

→

−
U1D
(z) = g− ∂z δ(z) ∂z for odd waves. Using our denitions, we have g+ (p) = ~2 ã+ (p)/µ
and g− (p) = ~2 ã− (p)/(µp2 ).
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Figure 3.1: Reactive rate constants rescaled to dimensionless form for quasi-1D even (left)
and odd (right) scattering (see the main text for details).

Rate constants
We can now calculate the elastic and reactive rate constants using (3.16)-(3.17). In
the limit of very low collision energies pd2 /ā  1, the even scattering rates read
p→0

2

1D, re
K+
−→ g ~pµ
1D, el
K+

d2 y 2+s(s−2)
ā s2 +y 2 (s−2)2 ,

p→0

−→ g 2~p
µ .

(3.30)
(3.31)

We note that the elastic rate in the low energy limit approaches a universal value, independent of the reactivity, scattering length and the transverse trap strength. In the
case of odd scattering, the formulas are rather complicated even in the low energy limit
pV̄ /d2  1, but we provide them for completeness

~p2 12V̄ 2y(2 + (s − 2)s)
,
µ d2
Ξ1D
3
2
2
2
p→0 ~p 144V̄ 2(y + (1 − s) )
−→ g
,
µ
d4
Ξ1D
p→0

1D, re
K−
−→ g
1D, el
K−

(3.32)
(3.33)

where Ξ1D = 4 + s(s − 4 + sy 2 ) + 8χ + 4sχ(s − 3 + y 2 ) + 4χ2 (y 2 + (s − 1)2 ) and χ =
12V̄ ζ(−1/2)/d3 . In the universal case y → 1, this yields

~p2 12V̄
1
,
2
µ d 1 + 2χ + 2χ2
3
2
1
p→0 ~p 144V̄
−→ g
.
4
2µ d
1 + 2χ + 2χ2
p→0

1D, re
K−
−→ g
1D, el
K−

(3.34)
(3.35)

The low energy behavior of the reactive rate constants is illustrated on Figure 3.1. In
both cases only the dimensionless part is plotted for convenience, so the even rate has
been divided by g~p2 d2 /(µā), and the odd one by 12g~p2 V̄ /(µd2 ). For the odd case, in
which the denominator still depends on V̄ /d3 via the χ function, a connement strength
corresponding to d = 10ā has been assumed. We note that the strongest losses in the even
case can be found for low values of y and s close to zero. This stems from the fact that at
p → 0 the function f+1D ∼ 1/|ã+ (p)|2 . For the odd case, where at low energy f−1D ∼ 1/p2 ,
the reaction rate depends only on the imaginary part of the scattering length. As a result,
s = 2 gives the largest reaction rates. If the connement is not too strong, β− exhibits
a maximum at this particular value associated with a CIR, as will be shown in the next
section.
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Figure 3.2: The even one-dimensional scattering length ã+ = α − iβ as a function of
the 3D scattering length s = a3D /ā for dierent loss parameter y . Left: real part α,
right: imaginary part β . The transverse connement corresponds to d = 10ā. Mind the
logarithmic scale used for the imaginary part.

Impact of reactions on connement-induced resonance
We will now discuss how the presence of reaction modies the properties of CIR. In
the absence of reactions, one can calculate at which point the one-dimensional coupling
constant approaches innity and nd the resonance at s−1 = −ζ(1/2)ā/d for even, and
s = χ+11 for odd waves, with χ dened as in Eq. (3.32). However, it is easy to verify
χ+ 2

that the coupling cannot be divergent if reactions are present. The 1D scattering length,
however, is still strongly varying close to the resonance position, and the imaginary part
of ã exhibits a maximum there. For higher values of the y parameter, this eect gets
suppressed, and in the limit of y → 1 the resonance disappears completely. This eect
is intuitively clear, since for unit loss probability at short range there is no ux reected
back from short range and thus nothing to resonate, so no resonances can be present,
in complete analogy with the shape resonances discussed in Chapter 1. The behavior
of even and odd scattering lengths at dierent values of y is illustrated on Figures 3.23.3. We picked y = 0 (purely elastic collision), y = 0.03 (very weakly reactive), y = 0.1
(intermediate case), y = 0.3 (quite strongly reactive) and y = 1 (universal reactive) as
examples. For y = 0 we observe the conventional CIR with imaginary part equal to zero,
corresponding to no losses. As the reactivity grows, the real parts of the scattering length
α± do not diverge anymore and the resonance is washed out. In the universal y = 1 case
α± approaches a constant value. The imaginary parts show quite similar behavior. As
soon as the losses are switched on (y 6= 0), a sharp peak appears in β± at the resonance
position. Increasing the value of y makes it less pronounced. In the universal case β± does
not depend on s anymore.
In striking contrast with the 3D case, for bosons in one dimension the elastic scattering
rate will dominate the reactive rate if the collision energy is suciently small. This opens
in principle some interesting opportunities from the experimental point of view. As an
example, gures 3.4- 3.5 show the dependence of the reaction rate on the collision energy
and connement strength, given in physical units for parameters corresponding to Rb2
molecules, which will be studied in more detail in the next section. One important observation is that at higher collision energies the reaction is signicantly faster, which may
be useful for cooling the molecular sample. We also note that making the connement
stronger generally results in lowering the reaction rate.
We note that the results from this section can also be generalized to the case of
anisotropic transverse connement, ωx =
6 ωy . The resulting formulas are slightly more
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complicated. In general, anisotropy does not introduce new eects. The even scattering
length is given by

1
d2
dC(η)
= √ x
+ √ ,
ã+ (p)
2 ηa`=0 (k)
2 η

(3.36)

where η = ωy /ωx and C(η) is a generalization of ζ function, dened as [Peng 2010]

1
C = −√
π

∞

Z
0

"√

η
dt √
t

1

p
−1
(1 − e−ηt )(1 − e−t )

!
−

1
t3/2

#
.

(3.37)

In [Idziaszek 2009b] it is analized how to construct the eective p-wave interactions in a
completely anisotropic trap.

3.1.2 Quasi-2D limit
We will now analyze the case of planar connement, assuming that the transverse
motion is frozen and we are in the quasi-two-dimensional case. The energy in quasi-2D
2 k2
consists of harmonic oscillator energy and the 2D wavenumber q , so in this case ~2µ
=
2 2

E = 21 ~ω + ~2µq . For q  1 the only relevant term of the 2D scattering amplitude
fν,ν 0 is the f00 term,Pfurther denoted as f . It can be decomposed into 2D analogue of
∞
imΦ . The 2D S matrix is related to the amplitude via
partial waves, f =
m=−∞ fm e
Sαα = 1 + 2i fα [Naidon 2007] and to the 2D phase shift via
fα (q) =

4i
,
1 + i cot ηα (q)

(3.38)

where the index α = m, which is 0 and ±1 for the two lowest partial waves in this case.
We choose the 2D complex scattering length to be dened as

ãα (q) = − tan ηα (q) =

1 1 − Sαα (q)
,
i 1 + Sαα (q)

(3.39)

which is a dimensionless quantity.

Scattering lengths
By solving the Schrödinger equation to connect the 2D and 3D scattering lengths, we
obtain the following result for the lowest partial waves



1
1
2B
d
= ln
+√
,
ã0 (q)
π
πq 2 d2
πa(k)
1
2d
2
= √ 2
−
W(0),
ã±1 (q)
3 πq V (k) 3πq 2 d2

(3.40)
(3.41)

where B ≈ 0.9049 and W(0) ≈ 0.328 [Idziaszek 2006]. Applying formulas (3.11)-(3.12) to
these equations yields

√

πā
s(y − i) − 2y
ã0 (q) =
,
d y(s − 1) − i + ξ(s(y − i) − 2y)
√
3 π V̄ q 2
y + i(s − 1)
ã±1 (q) = −
,
d
τ (y + i(s − 1)) + ys + i(s − 2)
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(3.42)
(3.43)





2W(0)V̄
where ξ = √āπd ln πq2B
and τ = √πd3 . We note that when ā  d, we have τ  1,
2 d2
but the ξ parameter depends strongly on energy and cannot in general be neglected. In
the universal limit the formulas reduce to

√

πā 1 + 2ξ − i
,
ã0 (q) −→
d 1 + 2ξ + 2ξ 2
√
3 π V̄ q 2 1 + τ + i
y→1
ã±1 (q) −→ −
,
d
2 + 2τ + τ 2
y→1

whereas in the nonreactive case

(3.44)
(3.45)

√

πā s
,
ã0 (q) −→
d 1 + sξ
√
s−1
3 π V̄ q 2
y→0
ã±1 (q) −→ −
.
d
s − 2 + τ (s − 1)
y→0

(3.46)
(3.47)

Rate constants
The two-dimensional reaction rate constants are dened as


~
1 − |Sαα (q)|2 ,
µ
~
Kα2D, el (q) = g |1 − Sαα (q)|2 .
µ

Kα2D, re (q) = g

(3.48)
(3.49)

The decay of two-dimensional density n2D is governed by

ṅ2D = −Kα2D, re n22D ,

(3.50)

2D, re

has units of (length)2 /(time), and as for quasi-1D
where n2D has units of (length)2 , Kα
and 3D, their product represents the loss rate per particle.
As in the Q1D case, it is convenient to rewrite this in the form

4~
βα (q)fα2D (q),
µ
4~
Kα2D, el (q) = g |ãα (q)|2 fα2D (q),
µ
Kα2D, re (q) = g

where

fα2D (q) =

1
.
1 + |ãα (q)|2 + 2β(q)

(3.51)
(3.52)

(3.53)

When plugging in formulas (3.42)-(3.43) to obtain the rates, we notice that the rates
for m = 0 have additional energy dependence via the ξ parameter, which contains a term
logarithmic in q −2 . As a result, at q → 0 both rates go to zero logarithmically:

4~κy s(s − 2) + 2
µ
Ξ2D,0
2
2
4~κ s + (s − 2)2 y 2
2D, el
Km=0
,
(q) = g
µ
Ξ2D,0
2D, re
Km=0
(q) = g

(3.54)
(3.55)

where Ξ2D,0 = 2κ(2 + (s − 2)s)y + κ2 (s2 + (s − 2)2 y 2 ) + y 2 (s − 1 + (s − 2)ξ)2 + (1 + sξ)2
√
and κ = πā/d. In the m = ±1 case, at suciently low energies q 2 V̄ /d  1, we get

√
~ 3 π V̄ q 2 y(s(s − 2) + 2)
g
,
µ
d
Ξ2D,±1
2 4 2
2
q→0 ~ 9π V̄ q y + (s − 1)
2D, el
,
K±1
(q) −→ g
2
µ d
Ξ2D,±1

q→0
2D, re
K±1
(q) −→
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Figure 3.6: Reactive rate constants rescaled to dimensionless form for quasi-2D m = 0
(left) and m = ±1 (right) scattering. The harmonic oscillator length d = 10ā and in the
m = 0 case we assumed qā = 0.05.
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imaginary part β . The transverse connement corresponds to d = 10ā and qā = 0.05.
Mind the logarithmic scale used for the imaginary part.

where Ξ2D,±1 = τ 2 y 2 + (s − 1)2 + 2τ 2 − 3s + s2 + sy 2 + (s − 2)2 + s2 y 2 . Figure 3.6
shows the behavior of the rate constants for dierent s and y . As in the 1D case, only
the dimensionless part is plotted. The m = 0 rate was thus divided by 4g~κ/µ and the
√
m = ±1 rate by 3 πg~V̄ q 2 /(µd2 ).





Two-dimensional CIR
In quasi-2D systems, the connement induced
resonance

for elastic interactions and
√
πd
2B
m = 0 can be found by solving the equation sā + ln πq2 d2 = 0. Its position strongly
depends on energy due to the logarithmic term. In the m = 1 case, the resonance occurs
+2
at s = ττ +1
with τ dened as in (3.43). Similarly to the quasi-1D case, adding chemical
reactions results in nite coupling constant with a pronounced maximum of the imaginary
part at the resonance position. Figures 3.7-3.8 show some examples for dierent values
of y from nonreactive to universal case. In the real parts we observe the same kind of
behavior as for the quasi-1D case, with a single resonance being washed out as y → 1. For
y = 0 we have β = 0 as before. A sharp resonance appears in the imaginary part for small
but nonzero y and is washed out for more reactive collisions. In the m = 0 case β exhibits
also a visible minimum at s close to zero. In this regime the real part is also very small.
This corresponds to the limit of noninteracting particles.
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3.2 Inelastic collisions of strongly conned 3ΣRb2 molecules
We will now try to use the model developed in the previous section to understand the
results of the experiment performed in Ulm.

3.2.1 Experimental procedure
Let us rst briey describe the experiment. The procedure starts with an ultracold
sample of 87 Rb atoms in the F = 1, mf = −1 hyperne state in a magnetic trap. They are
loaded into a three-dimensional optical lattice, which is created by three linearly polarized
laser beams. The lattice spacing is alat = 532 nm. The initial lling is such that each
lattice well contains several (zero to four) thermally distributed atoms. They are then
spin-ipped to mf = +1. The magnetic eld is then ramped slowly across a magnetic
Feshbach resonance, which converts the atoms at doubly occupied sites to weakly bound
Feshbach molecules and empties the ones with higher lling numbers. The single atoms
remain in the lattice and have to be removed by a sequence of a microwave pulse and
resonant laser light. This gives a pure, but very dilute sample of about 4 · 104 single
Feshbach molecules, well separated from each other by the lattice potential. A STIRAP
pulse can be utilized to transfer these weakly bound molecules into the vibrational ground
state of the 3 Σ potential. Figure 3.9 schematically sums up the experimental sequence.
During the successive conversions from atoms to molecules the polarizability increases
greatly, the depth of the lattice potential V0 , where V (xi ) = V0i sin2 xi can come up to
more than 100 Er in all three directions. Here Er = h2 /(2mλ2 ) denotes the so-called
recoil energy, m is the mass of the particles and the lattice laser wavelength λ = 1064nm.
Now the beam along the one of the directions (called z for convenience) is lowered to zero
intensity. This creates an ensemble of cigar-shaped, quasi-1D traps (tubes), lled with a
few molecules each (see Fig. 3.9). The radial connement in each tube is given by the
remaining two lattice directions (x and y ). There is also an additional potential in the
longitudinal (z ) direction due to the Gaussian prole of the beams. Up until now this
was negligible as the potential of the optical lattice is bigger by two to three orders of
magnitude. Now it becomes dominant along this direction. In this trap the molecules are
allowed to evolve for a given time t. This leads to losses through inelastic collisions. The
remaining molecules are then frozen in all tree dimensions by ramping up the lattice beams
as far as possible. Then they are converted back to atoms and counted via absorption
imaging.
The measurements were done for three molecular states: Feshbach molecules, a sample
in the vibrational (ν = 0) and rotational (R = 0, mR = 0) ground state, and on rota58

Figure 3.9: A sketch of the experimental cycle. In (I) atoms are loaded into the lattice.
The Feshbach association (II) empties highly occupied sites (n > 2) and forms weekly
bound molecules. Single atoms are removed and the molecules transferred to the deeply
bound state (III). The quasi-1D trap is formed by lowering one dimension to zero, while
the other two stay nite. After the measurement (IV) the lattice is ramped up again and
the molecules converted back to atoms to be imaged. (b) is an artist's view of (a), IV. A
few molecules are gathered in a highly anisotropic trap. The longitudinal trap frequency
ωz is much lower than the radial ones ωx and ωy (cigar-shape).
tionally excited molecules ν = 0, R = 2, mR = 2. This state can easily be produced by
adjusting the frequencies of the STIRAP lasers. Due to the anisotropy in the molecular
polarizability of the R = 2, mR = 2 state [Deiÿ 2014] this creates an entirely dierent
trap geometry without changing the experimental setting. The resulting anisotropy in the
radial connement has to be taken into account.

3.2.2 Modeling the experiment
Triplet Rb2 molecules show quite long radiative lifetimes [Verhaar 2014], but can undergo a transition into the singlet state via inelastic collisions, thereby gaining enough kinetic energy to leave the trap. This process is predicted to be barrierless for Rb2 [Tomza 2013a].
Conventional reaction kinetics describes the loss process using reaction rate constants,
which determine the decay of the reactant density via

ṅ = −Kn2 .

(3.58)

Once the two molecules form a collision complex, there are thousands of possible product
states. Basing on statistical arguments [Mayle 2013], one may argue that as a result the
probability of coming back in the initial state should be zero and the reaction should
exhibit universal behavior corresponding to y = 1 case. The reaction rate constant in
Q1D is then given by Eq (3.18).
However, in the experiment the situation is not as straightforward, as (3.58) describes
only the case of a homogeneous gas. In reality, we have to deal with the following problems:

• there is an additional trapping potential along the tube direction,
• the molecules are not prepared in the many-body ground state of this trap, nor in a
thermal state,
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Figure 3.10: An exemplary case showing the motion of three molecular wave packets (top)
and their overlap ηij (bottom). The time scale is normalized to the oscillation period in
the trap.

• instead, the energy distribution comes from the details of the experimental procedure,
• many-body correlations which are important in 1D may slow down the loss process,
• the number of molecules in a tube is very low, so the decay is discrete.
Below we present a model which seems to be well-suited to the experimental situation
and allows to extract the rate constant from the measurements.
Due to low density of the molecular sample the implicit assumption of a homogeneous
gas does not hold in the experiment, as 4 · 104 molecules are distributed over about 1.5 · 104
well separated, elongated traps with an initial spread of about 60µm ≈ 112alat in the
axial direction. Because of these low densities a discretized 1D form of (3.58) should be
introduced:

Ṅm = −

K1D
Nm (Nm − 1),
V1D

(3.59)

where m is the index labeling the tubes and V1D is the collision volume, which will be
discussed later. This equation is solved in a stochastic way - at each time step ∆t there is
a small probability p ∝ K∆t/V for each pair of molecules in the tube to decay. The results
are averaged over all tubes (the initial population distribution in the tubes is deduced from
the observed cloud size) and over several realizations.
The weak longitudinal trap strongly inuences the dynamics of the process. The
molecules are initially distributed along the trap and undergo a harmonic motion. This is
visible as oscillations of the cloud size. The reaction rate is thus higher when the cloud
width is minimal, but slows down when the cloud is maximally spread, leading to a steplike behavior in the molecular loss. In a semi-classical simulation this can be approached
numerically by inserting theR time-dependent collisional volume Vij = 2/ηij of two particles i and j , where ηij = |Ψi |2 |Ψj |2 dx denotes their density overlap. We model the
2
molecules as Gaussian wave packets |Ψi | ∝ exp(−(x − χi (t))2 /2σ(t)2 ) placed in a onedimensional harmonic trap with longitudinal frequency ωz . By evaluating the propagator
for the trapping potential we get the corresponding time evolution χ(t)i and σ(t). Thus
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Figure 3.11: Results of the experiment. Left: two exemplary measurements for R=0 and
R=2 states showing the decay of the number of molecules in time along with the simulation
results with a single tting parameter K1D . Middle panel shows the trap geometry in each
of the two cases. Right: Fitting results for K1D at dierent connement strengths, plotted
against the collision energies obtained by the simulation. Theoretical curves (lines) use
the same energies and formula (3.62).

Vij can be calculated for each mutually exclusive pair ij . This is done for all the separate
1D traps that make up the ensemble. The initial distribution of molecules and their positions χi (t = 0) are determined by statistically dispersing particles onto a 3D lattice to
2
mirror the observed initial cloud size and shape. The starting width σ(t = 0) of |Ψi | can
be estimated by looking at the transfer from the lattice into the longitudinal harmonic
trap. In our case it is done in ≈ 400 µs. The particle wavefunction cannot follow this
rapid change and approximately keeps its initial shape throughout the process. We thus
use the Wannier functions corresponding to the lowest Bloch band of the initial lattice,
having widths between 0.08 and 0.11 alat depending on lattice depths. The precision of
or measurements though does not allow to discriminate between these values, so we xed
them to 0.1 alat in our simulations.
For Rb2 molecules the C6 coecient C6 ≈ 17550 in atomic units, corresponding
to
p
R6 ≈ 270 Bohr radii [Tomza 2014]. Provided that for each direction R6 . di = ~/µωi ,
the collision in the presence of the trap can be described within the pseudopotential approximation described in the previous section, where the interaction is replaced by regularized Dirac delta. For large trap aspect ratios ωx , ωy  ωz the system enters the quasi-1D
regime. This condition is fullled here, as in the R = 0 case we have ωx /ωz = ωy /ωz ≈ 350,
while for R = 2 ωx /ωz ≈ 440 and ωy /ωz ≈ 320. The problem can then be reduced to an effective one-dimensional model. As mentioned already, the even one-dimensional scattering
length a1D (see (3.15)) is connected to the three-dimensional one via

a1D = −

d2y (1 − C(η)a3D /dy )
.
√
2a3D η

(3.60)

Here η = ωx /ωy is the transverse trap anisotropy and C(η) is dened as in formula (3.37).
If we parametrize the 3D scattering length as a3D = ā(α − iβ), Eq. (3.60) can be rewritten
as



a1D = −

d2y
√
2ā η

ξ+

α + iβ
α2 + β 2

,

(3.61)

where ξ = −āC/dy . For universal collisions α = β = 1, so the term in brackets reduces to
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ξ + 1/2 + i/2. The 1D scattering length determines the 1D rate constant
K1D (p) =

β1D (p)
4~p2
2
2 (p) + 2pβ (p) ,
2
µ p + α1D (p) + β1D
1D

(3.62)

where a 1 = α1D − iβ1D and p is the one-dimensional wavenumber. In contrast to the 3D
1D
reactive rate constants which are weakly energy-dependent in the s-wave limit, the 1D rate
constant strongly depends on energy in addition to scattering length. Thus, by tting the
extracted rates from the simulation to formula (3.62), we cannot obtain full information
about all the collision parameters separately. Furthermore, the collision energy cannot be
reliably measured. We thus extracted the average energy distribution from the simulation.

3.2.3 Results and discussion
The data were collected as described in the experimental section. For the dierent
measurements the intensity of the two trapping beams was varied. Thereby the radial and
longitudinal connement changes signicantly. The kinetic energy distribution depends
on the connement strength in a nontrivial way, which makes interpretation of the data
more dicult. Figure 3.11 shows some exemplary sets of measurements and the results
that we obtain for the reaction rate constants. The results are plotted against the mean
collision energy extracted from the simulation at particular trapping frequencies. It is
2 /2µ. Here v = v − v is
obtained from the model as the classical kinetic energy E = vij
ij
i
j
the relative velocity of each interacting pair. To ensure that only the relevant energies are
accounted for, a weighted average is formed using the spacial overlap ηij as the weighting
function. After performing this for all the tubes separately we take the arithmetic mean
of the whole ensemble. The straight lines show the predictions of formula (3.62) taking
into account both growing radial connement and kinetic energy and assuming universal
reactive collision a3D = ā(1 − i). While we observe very good agreement in the R = 0
case, the results for R = 2 are considerably higher than theoretical calculations. There
are two main possible explanations of this discrepancy: (1) the estimated collision energies
for R = 2 are too low due to an unknown heating source coming from experimental
imperfections, and (2) nonuniversality of the collision. However, we checked that at kinetic
energies predicted by the simulation there is no way to achieve the measured rates within
the collision model described above. We thus conclude that most probably the energies in
the R = 2 case were underestimated.

3.3 Reactive collisions of dipolar particles in quasi-1D
We now turn to the case when two polar molecules collide in Q1D geometry in the
presence of electric eld. We will focus on the universal y → 1 regime where short range
interaction details do not inuence the dynamics.
The presence of external elds induces an eective dipole moment in the molecules,
which we will treat as xed along the eld axis. The interaction potential for two xed
dipoles d~ = dn̂ oriented along the n̂ direction at long distances reads

Vint (~r) = VvdW + Vdd = −


C6 d2 
2
+
1
−
3(n̂
·
r̂)
.
r6
r3

(3.63)

The full relative motion Hamiltonian is then

H=−

~2 ~ 2 1 2 2
∇ + µω⊥ ρ + Vint (~r),
2µ
2
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(3.64)

with ρ being the distance to the trap axis z and ω⊥ the radial frequency. We ignore the
correlated uctuations of molecular dipoles at short range which can become important
and give rise to resonant eects as the molecular dipole increases [Julienne 2011]. Within
this model, there are several natural lengthscales. The average scattering length of van der
Waals potential ā = 2π/Γ2 (1/4)(2µC6 /~2 )1/4 [Gribakin
p 1993], the dipolar length add =
µd2 /~2 , and the harmonic oscillator length aho = ~/µω⊥ can be used respectively to
estimate the range of the isotropic, dipolar, and harmonic connement potentials.
The asymptotic scattering wavefunction for bosonic or fermionic exchange symmetry
can be expressed in terms of ingoing and outgoing waves along the trap axis as
−1/2 −iqj |z|

Ψ(j)B,F (r) ∼ qj

e

|ji ±

X

−1/2 iqj 0 |z| B,F 0
e
Sj 0 j |j i

qj 0

,

r→∞

(3.65)

j0

p

where qj =
2µ(E − Ej )/~ is the wavevector in channel j and Sj 0 j denotes S matrix
elements between the channel states |ji = |nΛi, which are just the eigenstates of the
transverse harmonic oscillator in the ρ direction with principal quantum number n, axial
angular momentum Λ, and energy EnΛ = ~ω⊥ (2n+|Λ|+1). The upper (lower) sign holding
for bosons (fermions) in (3.65) guarantees that in the absence of interaction Sj 0 j = δj 0 j .
The inelastic state-to-state collision rate Kj 0 j for |ji → |j 0 i transitions is expressed in
B,F

B,F

terms of the S matrix elements as Kj 0 j = vj δj 0 j − Sj 0 j
velocity in channel j .

2

, with vj = ~qj /µ the relative

3.3.1 Wigner laws and Born approximation
The interaction potential has a long-range inverse-cube character that profoundly
modies the usual Wigner laws valid for short range potentials introduced in the previous sections. The corresponding asymptotic low energy expansion of the elastic phase
shift has been derived in [Gao 1999, Müller 2013] for isotropic repulsive and attractive
inverse cube potentials, respectively. In order to generalize these results to the case of a
B,F
complex boundary conditions, we have to start from a complex phase shift tan(δjj ) =
B,F
B,F
i(1 − Sjj
)/(1 + Sjj
) [Micheli 2010]. We can then express the phase shift as [Müller 2013]

tan(δ F ) = −(qb3 ) log(|b3 |q) − q(αF − iβ F )

(3.66)

and

1
(3.67)
(qb3 ) log(|b3 |q) + q(αB − iβ B )


in terms of b3 = 2add 3(n̂ · ẑ)2 − 1 that characterizes the strength of the dipolar intertan(δ B ) =

action for particular orientation of molecular dipoles. This denition corresponds to an
asymptotically attractive (repulsive) dipolar interaction −b3 /z 3 for b3 > 0 (b3 < 0).
The leading order term q log(|b3 |q) is universal in that it only depends on the longrange dipolar interaction. Its value can also be obtained in the Born approximation which
can be shown to be exact in the zero energy limit for long range potentials [Delves 1960].
The next order energy correction is proportional to the complex length (α − iβ) which, in
addition to d~, also depends on the details of the short-range dynamics, with the imaginary
part β accounting in particular for inelastic and reactive processes.
As the dipolar force becomes dominating, the purely dipolar model [Müller 2013] shows
that for b3 > 0 the scaling of α and β is set by add . Similarly, in the b3 < 0 regime according
to [Gao 1999] one may expect α ∼ add . However, we anticipate that in the presence
of connement the dipolar repulsive potential will create a barrier to the reaction, so
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depending on collision energy and on the connement strength the inelastic length β may
not scale with add and can be suppressed. The scattering rates can be expressed using the
general formulas [Naidon 006] as

4~q
1
µ q 2 [αB + b3 log(|b3 |q)]2 + (1 + qβ B )2

(3.68)

 F
2
2
α + b3 log(|b3 |q) + β F
4~q 3
=
µ q 2 [αF + b3 log(|b3 |q)]2 + (1 + qβ F )2

(3.69)

B
Kel,B ≡ Kjj
=

and

K

el,F

≡

F
Kjj

for bosons and fermions, respectively. The total inelastic plus reactive rate from channel
j takes the form
B,F 2
Kinel = vj (1 − |Sjj
| )=

β B,F
4~q 2
µ q 2 [αB,F + b3 log(|b3 |q)]2 + (1 + qβ B,F )2

(3.70)

for bosons and fermions alike. The purely reactive rate for molecules in channel j is
P
expressed as Kreact = vj (1 − j 0 |Sj 0 j |2 ). We will also make use of the previously dened
1D scatterig lengths

1
q→0 q tan(δ B )

aB
1D (q) = lim

tan(δ F )
.
q→0
q

aF
1D (q) = − lim

,

(3.71)

Using (3.66)-(3.67) one promptly obtains
B,F
− iβ B,F .
aB,F
1D (q) = b3 log(|b3 |q) + α

(3.72)

We note that if d 6= 0, the logarithmic singularity in (3.72) makes a1D an intrinsically
energy-dependent quantity that does not have a nite zero-energy limit. However, such
Wigner laws set in at energies well below the typical current experimental conditions and
may not be directly observable.
In 3D, elastic collisions in the presence of dipole-dipole interactions are well described
using Born approximation. Similar approach has been already applied in quasi-2D geometry as well [Micheli 2010]. In quasi-one-dimensional case, we will make use of the distorted
wave Born approximation (DWBA).
In this method we rst calculate the scattering amplitude and the wave function for
van der Waals interaction alone using standard Born approximation and then include the
dipole-dipole interactions on top of it. The van der Waals scattering amplitudes within
our denitions yield
B
fvdW
(q) = −

1
iqaB
1D (q)

+1

F
fvdW
(q) =

,

1
i/(qaF
1D (q))

−1

,

(3.73)

where in the limit of ā  aho and q → 0 we have

a2ho
(1 + i)
4ā

(3.74)

6ā2 ā1
(1 + i).
a2ho

(3.75)

q→0

aB
1D (q) → −
and
q→0

aF
1D (q) → −
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Here ā1 = Γ(1/4)6 /(144π 2 Γ(3/4)2 )ā ≈ 1.064ā [Idziaszek 2010a]. The total scattering
amplitude in DWBA is given as a sum f = fvdW + fdd , where fdd is now calculated
including the phase shift from van der Waals interaction
B,F

B,F
fdd
(q) = −4ie2iδvdW (q)

where
B

Z

∞

Z
dρ

I (q) =
0

∞

add B,F
I (q),
qaho
2

B
dz cos2 (qz + δvdW
(q))e−ρ

0

z 2 − ρ2 /2
(z 2 + ρ2 )5/2

(3.76)

(3.77)

and for fermions cos under the integral has to be replaced with sin. This formula assumes
that the particles are in the ground state of transverse harmonic oscillator and can easily
be generalized by replacing the ground state wave function with a general one. Now
we calculate the K matrix from the total scattering amplitude, which in 1D is given by
K = −if /(1 + f ), and the S matrix is determined from S F = (1 + iK F )(1 − iK F )−1 . For
fermions one can notice that at low dipole moments the K matrix can approximately be
written as a sum of two separate contributions
F
F
K F ≈ KvdW
+ Kdd
,

(3.78)

which comes from the fact that scattering amplitudes are small and tan δ goes to zero at
low energy.

3.3.2 Numerical calculations
The numerical calculations were carried out by the group in Rennes. Briey, in their
approach the scattering equations are written in spherical coordinates and the interaction
volume is partitioned in two regions in which the wavefunction is expanded on dierent basis sets. In the internal region a basis of spherical harmonics Y`m is used. The Hamiltonian
(3.64) is symmetric with respect to reection about each plane containing the trap axis and
about the plane orthogonal to the trap axis and containing the origin. The Hamiltonian
matrix can therefore be divided into eight noninteracting blocks labeled by {πx πy πz }, with
πx,y,z = ±1 for positive and negative parities, thus leading to signicant computational
saving. Moreover, only states with ∆` = 0, ±2 and ∆m = 0, ±2 are coupled, resulting in a
highly sparse interaction matrix. Identical particle symmetry in the present spinless case
is equivalent to total parity π = πx πy πz and requires that even (odd) partial waves only
are allowed for identical bosons (fermions).
In the external region the cylindrical trapping potential tends to conne the wavefunction to small angular regions near the poles, making the development in spherical
harmonics inecient. In this region an adapted basis obtained by projecting cylindrical
grid (DVR) functions on the spherical surface was used. Such basis functions inherently
depend on the distance ρ to the trap axis and therefore naturally adapt with varying r to
the cylindrical symmetry of the problem. The boundary condition imposed at the other
grid edge is that the wavefunction vanishes at (and beyond) a given distance to the axis
ρmax . Such DVR grid containing only one edge point is known as of Gauss-Lobatto-Radau
type.
The radial wavefunction is computed with exponential numerical accuracy up to a
distance r∞ using the spectral element approach. In such approach the radial domain
is partitioned in bins and the scattering problem is cast as a linear system for a sparse
matrix. One main advantage of our method is that the extremely sparse nature of the
interaction potential is fully taken advantage of. In the external region it is convenient to
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use a diabatic-by-sector approach in which the Hamiltonian is diagonalized at the center
of each bin and the wavefunction is developed (in the given bin) on a small number of the
resulting eigenvectors [Lepetit 1986].
Finally, the reactance and hence the scattering matrices are extracted by matching the
wavefunction at r∞ to asymptotic reference functions expressed in cylindrical coordinates.
The explicit formulas and procedure are a direct generalization of the ones in [Simoni 2011].
Moreover, in order to enforce the correct Wigner law for an eective z −3 potential it is
essential to correct the reference functions using rst order Born approximation. To this
aim a semianalytical procedure based on the evaluation of exponential integrals in the
spirit of [Rawitscher 1999] has been implemented in the algorithm.
The problem depends on the three independent length scales ā, aho , and add arising
from the dierent interaction terms in the Hamiltonian, on the collision energy E , on
the molecular dipole orientation, and on the initial quantum state for the collision. The
parameter space is thus extremely large. We will present results for three dierent trap
strengths corresponding to weak, intermediate, and strong connement, dened by aho =
10n ā with n = 2, 1, 0 and dierent values of add . We will also focus on the case when the
orientation of the dipoles is perpendicular to the trap axis. The results will be expressed
in dimensional form using K-Rb physical parameters. For completeness, we will however
also consider values of d larger than the proper physical dipole moment of K-Rb. We
note however that the formulation is universal and can easily be translated to other polar
molecule systems by dimensional scaling.
In order to understand the behavior of inelastic rates, one can use the adiabatic approximation. In this method one aims to partially diagonalize the problem. Depending
on the chosen coordinate system, one either diagonalizes the angular part of the wave
function at each distance r or the (ρ, φ) dependent part at each distance z . The former
choice better reects the symmetry of the interaction, while the latter is more suited to
the trapping potential, but neither will fully cover all the features of the system. Below we
use spherical coordinates and diagonalize the interaction at each distance r . The partial
diagonalization results in a set of adiabatic curves λj (r), which act as an eective potential
that can be plugged into radial Schrödinger equation. This method cannot be expected
to give strict results for the reaction rates, but nicely shows the couplings between dierent states. Figure 3.12 shows an exemplary set of adiabatic curves for identical fermions
with d = 0.5 D conned in a trap with frequency ω = 2π · 50 kHz, giving aho ≈ 3.6 ā, between the medium and strong connement case. At large distances, when the dipole-dipole
interaction becomes negligible, the adiabatic potentials correspond to the eigenstates of
two-dimensional harmonic oscillator. At smaller r the interplay between the centrifugal
barrier and the interaction becomes crucial, which is why spherical coordinates seem to be
the better choice here. One can see that strong dipolar interactions can completely remove
the barrier for the lowest adiabatic curve.
To get an estimate on the rate constant we then restrict ourselves to the asymptotically
lowest adiabatic curve, imposing MQDT boundary conditions at short range. This neglects
the nonadiabatic couplings, but still qualitatively reproduces the full numerical results.
This is the case because the main factor determining the rates is the height of the adiabatic
barrier that has to be overcome by the particles. Adiabatic barrier heights for both bosons
and fermions at low and medium connement are given on Fig. 3.13. Obviously, at zero
dipole moment the barrier is present only for fermions. For strong dipoles the barrier
height becomes independent of the quantum statistics, as the dipole-dipole interaction
starts to dominate over the centrifugal barrier.
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Figure 3.12: Adiabatic potential curves in spherical coordinates for fermionic KRb
molecules with d = 0 (top) and d = 0.5 D (bottom) and ω = 2π · 10 kHz. Indices n
correspond to the principal quantum number of 2D harmonic oscillator, Λx to the projection of the angular momentum on the trap axis and Λz on the dipoles' axis. We note that
Λx is a good quantum number only at large distances, and Λz only at small distances. The
± signs describe the reection symmetries with respect to one of the three axes (x, y, z).
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Figure 3.13: Adiabatic barrier heights for weak (left) and intermediate (right) connement
corresponding to aho = 100ā and 10ā, respectively, for bosons (black curves) and fermions
(red curves). The reduced mass and C6 of K-Rb molecules is assumed.

3.3.3 Weak connement
Let us now consider scattering in a weakly conning trap aho = 102 ā for molecules in
the lowest transverse trap level |nΛi = |00i. For vanishing d and E → 0 the scattering
problem can be solved essentially exactly relying on the separation of length scales, as was
done in the rst section of this chapter.
Figure 3.14 presents the results of scattering calculations at very low collision energy
(lower than the rst excited state of the harmonic oscillator potential). The reaction dynamics of fermionic molecules is mainly controlled by the short-range potential barrier
arising from the combination of the van der Waals attraction and of the centrifugal repulsion. It is the presence of this barrier that results in the suppression of β F both for
vanishing and nite d with respect to the barrierless bosonic case. Note that the weak
connement condition ā  aho implies that the harmonic potential has negligible inuence
on the barrier shape and position.
In a perturbative picture valid for weak dipoles, the ` = 1 barrier is modied by the
dipolar interaction by an amount δE = hY10 |Vdd (r1 )|Y10 iΩ = d2 /r13 , where the average
h·iΩ is taken on the unit spherical surface. Since δE > 0, the dipolar force tends to
reinforce the barrier thus reducing the reactive rate. This perturbative picture begins to
fail when the repulsion between the ground and the excited eective potentials lowers the
potential barrier. In this situation the dipolar force becomes dominant over the centrifugal
interaction allowing the molecules to tunnel more eciently through the centrifugal barrier.
The combination of these large and small d eects accounts for the minimum observed for
add ∼ ā in gure 3.14 and is conrmed by inspection of the adiabatic barriers. Figure 3.14
shows also that the elastic rate for bosons has a relatively weak dependence on d.
DWBA accurately describes the elastic collision rate for fermions in the investigated
range of dipole moments, while for bosons higher order terms play important role and
DWBA is not as good. For large dipoles scattering is mainly elastic and the elastic scattering phases of bosons and fermions are similar since they are accumulated at long range
where the eect of bosonic/fermionic statistics is small.
The ratio of inelastic to elastic collision rates for fermions becomes very favorable for
moderate dipole moments d ∼ 0.1 D. We have also checked that as expected the fermionic
reactive rate does not grow indenitely with d since the long-range repulsion between
dipoles perpendicular to the trap will aect fermion dynamics on the same footing as it
does for bosons.
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Figure 3.14: Numerically calculated elastic and inelastic collision rates for polar molecules
in quasi-1D geometries as a function of the induced dipole moment at a collision energy
E/kB = 5 nK. Transverse connement aho = 100 ā is weak and K-Rb molecular parameters
have been used. Elastic (full lines) as well as reactive rates (dashed lines) are shown
for bosons (B) and fermions (F). The points indicate the result of distorted wave Born
approximation to the elastic collision rates. The dash-dot curve gives the estimation of
reactive rate constants given by the adiabatic approximation.

3.3.4 Intermediate connement
We now consider a case with stronger yet experimentally realizable connement; aho =
10 ā. Here we nd that in the d = 0, E → 0 limit expressions derived in the rst section,
valid for ā  aho , are not fully accurate, especially for elastic rate constant. However, the
analytical result works surprisingly well for estimating the inelastic rates, which are more
robust as they depend on the overall ux reaching the short range.
Figure 3.15 summarizes our ndings. As in the weak connement case, a maximum
B is observed as a function of d, followed by a pronounced Ramsauer-Townsend minin Kel
imum where the elastic collision rate drops to extremely small, yet nonzero, values. The
Ramsauer minimum shifts at smaller d for increasing collision energy. A similar behavior
F.
is observed for Kel
The reactive rates show a qualitatively similar behavior as in weak connement, comprising a maximum for bosons, and a minimum followed by a maximum for fermions.
These results qualitatively agree with the behavior of adiabatic barrier heights. However,
due to the smaller oscillator length here one gets more deeply in the regime add > aho
where the reactive rates are strongly suppressed. In fact, in simple terms a tighter transverse trap prevents the molecules from approaching along attractive head-to-tail reaction
paths more eciently. The suppression with d becomes exponential for add  aho . It is
interesting to remark in the top panel of gure 3.15 that in this limit the reactive rates for
fermions and bosons tend to coincide. The numerical calculation shows indeed not only
the approximate identity of the rates but the stronger condition on the scattering matrices
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Figure 3.15: Numerically calculated elastic and inelastic collision rates for polar molecules
in quasi-1D geometries as a function of the induced dipole moment for intermediate transverse connement aho = 10ā. Full (dashed) lines in the top panel represent the elastic (inelastic) collision rates at energy E/kB = 5 and 500 nK for bosonic molecules. The bottom
panel shows the analogous quantities for collisions of fermionic molecules. The dot-dashed
lines on both panels show the results of the adiabatic approximation for E/kB = 500 nK.
The fermionic inelastic rate at energy E/kB = 500 nK has been included for comparison
in the top panel (dotted line).
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S B = −S F .
This form of universality, which could be termed boson fermionization, can be qualitatively understood as follows. The short range absorbing boundary condition is universal since it completely adsorbs all ux reaching short range irrespective of the bosonic
or fermionic nature of the colliding particles. The dynamics at suciently long range
r  aho is also universal because particle statistics does not play any role in this region.
Departures from universality arise in the transition from long to the short range. That is,
potential barrier or quantum reection may prevent part of the ux of the incoming wave
from reaching the inner adsorbing boundary. As the dipole increases (add > aho ), motion
driven by the dipolar interaction tends to become semiclassical and quantum reection is
suppressed. Keeping in mind the asymptotic form (3.65) of the wavefunction one can conclude that fermionization S B = −S F results from the combination of the argument above
and of the dierent sign convention for the bosonic/fermionic asymptotic wavefunction.
B |2 = |1 + S F |2 , will
Of course the elastic rates, while related through the relation |1 − Sjj
jj
dier in general.
We remark that increasing the connement is advantageous for reaching a favorable
rate of elastic and inelastic collision rates, or just slow inelastic rate. One may work
for instance in the minimum region of Kinel for fermionic K-Rb, or simply increase d to
large values, which is possible for more polar bosonic or fermionic species such as Li-Cs.
Unfortunately, the present results also show that in the case of bosonic K-Rb, for which
realistic induced dipole moments are below 0.3 D, a signicant suppression of Kinel can
only be attained at low temperatures of the order of few nK.
It is also interesting to compare the eciency of supressing reactive collisions using
quasi-1D and quasi-2D connement. This can be done either by comparing the ratio between reactive and elastic collisions or by looking at the eective decay rate Γ = Kreact n,
where n is the d-dimensional number density measured in cm−d , which can be trans3−d
formed to equivalent 3D density via n3D = n/aho
. In a pancake-shaped trap with
dipoles aligned to repel each other, signicant suppression of reaction rates has been reported [Micheli 2010, Quéméner 2011, Julienne 2011]. Here, we nd that conning the
system in additional direction does not lead to signicant improvements. Figure 3.16
shows a sample case of aho = 10ā at E/kB = 500nK for bosons and fermions. In the
case of bosons, both the ratio between reactive and elastic collision rates and the decay
rates are similar for 1D and 2D. For fermions we nd some improvement in the ratio in
one-dimensional setup. However, comparing only the rate constants does not include the
impact of many-body correlations, which induce strong suppression of reactions in one
dimension via continuous Zeno eect [Zhu 2014], especially when a lattice potential is
present along the tube direction.

3.3.5 Strong connement
In the strong connement case aho = ā the trap is so tight that its eect becomes
important even on the short scale of the van der Waals interaction. As shown on gure 3.17,
the elastic rates for bosons and fermions initially dier by more than one order of magnitude
for d = 0 and become soon comparable as a function of d, with the bosonic curve showing
a pronounced Ramsauer-Townsend minumum.
Quite strikingly the reactive rates for bosons and fermions are quantitatively very
similar even for d = 0, and become exponentially suppressed with d. As in the case of
intermediate connement, the numerical calculation shows that to very good accuracy
S B = −S F . Moreover, wavefunction inspection (not shown) reveals that the density
probability amplitudes are very similar for bosons and fermions at all distances, with
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Figure 3.16: Top: the ratio between reactive and elastic collision rates for bosons (black)
and fermions (red) conned in quasi-1D (full lines) or quasi-2D (dashed lines) trap with
aho = 10ā at collision energy E/kB = 500nK. Bottom: the decay rates Γ = Kreact n for the
same parameters and equivalent 3D density equal to 1012 cm−3 .
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Figure 3.17: Same as gure 3.14 but for strong connement and E/kB = 500 nK.
minor dierences only at short range. Connement is so strong that it eectively prevents
molecule exchange and under these conditions the particle statistics becomes irrelevant
both with respect to the elastic and the inelastic dynamics. The system behaves therefore
as a truly 1D (as opposed to quasi-1D) system.

3.4 Conclusions
Basing on the previously introduced model of reactive collisions in free space, we have
derived analytical formulas in the near-threshold limit for the scattering lengths as well
as elastic and reactive rate constants for particles interacting by long range van der Waals
potential and undergoing chemical reactions in the presence of strong connement of the
initial reactant species. The quantum defect framework allows the elastic and inelastic or
reactive collision rates for quasi-1D or quasi-2D connement to be expressed in terms of
the energy-dependent 3D complex scattering length. While we only presented analytical
results here, a numerical implementation is also possible. A numerical extension is able
to capture higher collision energies and more complicated interactions, e.g. dipole-dipole
interactions. Our theory also shows how connement induced resonances are modied in
the presence of inelastic or reactive processes. Such resonances are a potential source of
collision control by manipulating the connement potential.
We analized the results of the experimental investigation of inelastic collisions of triplet
Rb2 molecules in quasi-1D geometry in the limit of low occupation number per tube. This
allows to suppress the eects of many-body quantum correlations and gain access to the
one-dimensional reaction rates. We checked that the reaction, at least for the R = 0
rotational state, can be described by a simple universal model.
In the last part we studied quasi-1D collisions in the presence of dipole-dipole interactions. As expected, polarizing the molecular electric dipoles orthogonally to the trap
axis allows to suppress the reactive rates. We have identied a dipolar universal regime
where bosons and fermions present equivalent asymptotic behavior at large r or, in the
case of extremely tight connement, equivalent dynamical behavior at all distances. We
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also showed that in terms of suppressing the reactive collisions, quasi-1D connement gives
little advantage over the quasi-2D one.
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Chapter 4

Penning ionization
Penning ionization (PI) is an important elementary electron transfer process and at the
same time an ideal system to investigate low temperature chemistry. In PI the collision of
a metastable species, usually in excited electronic state (denoted A*) with a ground state
species B leads to ionization of B and relaxation of A, according to

A? + B → A + B + + e− .

(4.1)

Using metastable noble gas atoms as A* is benecial due to their very large excitation
energy, which is sucient to ionize any collision partner. In experiments, B+ production
rate and the energy spectrum of emitted electrons are usually measured. A huge amount
of experiments investigated the simplest type of PI where A* is an electronically excited
noble gas atom and B an atom in the ground electronic state [Miller 1970, Niehaus 1981,
Siska 1993]. Much less is known about PI of molecules, where the PI process can be
more complex. In particular, the additional rovibrational structure of the molecule may
allow for dierent reaction paths and the potential energy surface will in general be more
anisotropic than for atoms.
Until recently [Henson 2012], all experimental studies of PI have been performed at
collision energies Ecoll > 0.02 eV (250 K), and thus little is known about the dynamics
at lower temperatures, where ab initio theoretical description requires much more precise
knowledge of the details of the interaction potential. Recent experiments have nally
allowed to go to the low temperature regime thanks to the merged beams technique. The
working principle of this method is a simple observation that the collision energy in a
crossed beam setup is given by

Ecoll =

µ 2
(v + v22 − 2v1 v2 cos θ),
2 1

(4.2)

where v1 and v2 are beam velocities and θ is the angle between them. By achieving perfect
beam overlap in space and time, it is in principle possible to go to extremely low collision
energies, although the center of mass motion possesses very high energy. It is important
to stress that the velocity distribution of particles in the beams is much narrower than
thermal distribution, as the beams are obtained by electromagnetic guiding of the initial
supersonic expansions, which lters the velocity distribution.
In this chapter, we apply the MQDT reaction model introduced to analyze the data
from experiments done in the groups of Edvardas Narevicius (Weizmann, Israel) and Andreas Osterwalder (EPFL, Switzerland), in which Penning ionization at low temperatures
was studied by means of the merged beam technique. For He∗ -Ar collisions, by tting to
low energy data only, we are able to reproduce the experimental data over four orders of
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magnitude in energy including about twenty partial waves in the calculation. For more
complicated Ne∗ -NH3 and He∗ -NH3 collisions we will discuss the role of corrections coming
from the short range details of the interaction potential and molecular structure.

4.1 Penning ionization of argon
The rst ultracold merged beams experiments were performed in the Narevicius group,
which studied PI of H2 , HD, D2 , and Ar by 3 S2 He (henceforth labeled He*) [Henson 2012,
Lavert-Or 2014]. They were able to measure the reactive rate constants with great accuracy. It is interesting to analyze their results from the point of view of MQDT model.
He*-H2 system contains only a few electrons, and thus very precise ab initio calculations
can be performed to predict the reaction rates. Indeed, theory and experiment are in good
agreement after tting the scaling parameter λ of the potential to experimental data,
predicting the resonance positions and isotope eect correctly [Lavert-Or 2014]. At the
same time, in such a light system van der Waals interaction does not really dominate the
interactions and the potential well is quite shallow. This makes our model not suitable for
describing this kind of reaction.
However, due to much larger reduced mass, the long range part of the He*-Ar interaction is well described by a van der Waals potential [Hapka 2013]. We can thus test
the model introduced in the rst chapter on experimental data obtained for this reaction.
In principle, due to the short range eects we can expect that energy- and `-dependent
corrections to y and s parameters can be needed (the potential well depth is of the order
of 3000E6 [Hapka 2013], so deviations from van der Waals potential can occur already at
around 1/3R6 ). However, we found good agreement with the experimental data using the
simplest form of our model assuming the same y and s for all partial waves and tting at
energies below ∼ 100 E6 . We obtained y = 0.007 and s = 3, which gives the scattering
length a = (58.8 − 0.7i) a0 (a0 is the Bohr radius). The experimental data and the the
results of scattering calculations with QDT boundary conditions are compared in Fig. 4.1.
The inset shows the predictions made by extrapolating our t to the full range of collision
energies up to about 30K. It can be seen that the model gives fairly good agreement with
the data. It is worth noticing that although the parameters were tted to the lowest resonance only, the theoretical predictions still remain valid at much higher energies, where
more than 20 partial waves contribute. The calculations shown in Fig. 4.1 were averaged
over the velocity distribution of a merged beam that was measured and characterized by
the experiment [Henson 2012]. We found that the resonance observed near 300mK can be
caused by the contribution from the single partial wave ` = 5. This experiment reported
the rst observation of shape resonances in PI rate constant.
It is important to note that by exciting helium atom to dierent electronic state can
result in totally dierent y and s parameters due to the dierent size and shape of the
electronic orbital involved in the reaction process. Experimental results conrm this intuition [Narevicius 2014].

4.2 Penning ionization of ammonia with neon
Remarkable agreement of the data with the simplest version of the reaction model
stimulates the search for its application limits. In order to access the inuence of a more
complex molecular structure on the low-energy dynamics of PI, the group lead by Andreas
Osterwalder has undertaken the study of the PI of NH3 and ND3 molecules by metastable
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Figure 4.1: Measured reactive rate constants (black points), QDT t (blue straight line),
contribution from ` = 5 (dotted line) and other partial waves (dashed line) for the collision
of Ar with He*. Experimental data is taken from [Henson 2012]. The t parameters are
y = 0.007, which corresponds to P re ≈ 0.028, and s = 3. For this system R6 ≈ 40 a0 ,
E6 /kB ≈ 14mK and 2hā/µ ≈ 2.3 · 10−10 cm3 /s.
Ne(3 PJ ) (henceforth labeled Ne∗ ) atoms at 100 mK < Ecoll /kB < 250 K using merged
beams apparatus [Bertsche 2014, Jankunas 2014a].
This reaction is quite complex and involves more electronic energy levels, as shown on
Figure 4.2. The lowest 3 PJ multiplet of Ne lies ≈16.7 eV above the ground state. Since the
ionization energy of NH3 is 10.2 eV, this is more than sucient to ionize it. In this case,
however, multiple electronic states are accessible. The NH+
3 molecule can be produced
either in the electronic ground state (labeled as X̃ ) or in the excited Ã state. NH+
3 (X̃)
2
4
1
has the electronic conguration (1a1 ) (1e) (2a1 ) , corresponding to removal of an electron
2
3
2
from the lone pair of NH3 1 , while for NH+
3 (Ã) the conguration is (1a1 ) (1e) (2a1 ) which
means that an electron has been removed from one of the N-H bond orbitals. The missing
electron reduces the bond strength in the Ã-state, which may result in dissociation and
release of hydrogen atom. This suggests that there are two possible reaction channels
−
Ne∗ + NH3 → Ne + NH+
3 +e
∗

Ne + NH3 → Ne +

NH+
2

(4.3)

and
−

(4.4)

+H+e .

Intuitively, the process described by Eq. (4.3) proceeds through the X̃ state while the
second one goes through the Ã state. In the previous experimental study of this reac[NH2 ]
tion [Ben Arfa 1999], where the cross sections and branching ratio Γ = [NH ]+[NH
] at
2

3

300 K < Ecoll /kB < 3000 K were measured, two reaction channels have indeed been observed. An important result of that study is that the fraction of NH+
2 products increases
with increasing collision energy. It has been suggested there that NH+
3 reaction products
1

the lone pair electrons are the ones that do not participate in making the N-H bond
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Figure 4.2: Energy levels relevant for the reaction (see text for details).
(Eq. 4.3) result predominantly from collisions in which the Ne∗ atom approaches NH3
along the lone pair, whereas an approach along the NH bond yields NH+
2 products (Eq.
4.4) [Ben Arfa 1999, Levine 2009]. One might expect Γ to approach one of its limiting values (0 or 1) as the collision energy goes to zero, basing on the notion of the minimum energy
path (MEP) [Miller 1980, Quapp 1984]. The idea of the MEP model is that the dynamics of
a molecular collision will follow the path on the potential energy surface (PES) along which
the energy is always minimal (the steepest descent path). While this concept has proven
very useful in the explanation of a large number of chemical reactions, in recent years several examples have been found where it does not apply. In such cases the reaction does not
proceed on a single path following the MEP. One example is the so-called roaming mechanism, when a transiently bound complex is formed in which one reactant roams around
the other one before the reaction nally takes place [Townsend 2004, Bowman 2011]. In
the ultracold regime the increasing de Broglie wavelengths at low energies invalidates the
assumptions that the reactants follow any classical trajectory, so the MEP approach cannot
give full understanding of the problem.

4.2.1 Reaction model
This problem is a lot more dicult to access theoretically than the Ar-He* reaction.
The interactions are more complicated (in particular, they can depend on the rovibrational
state of ammonia) and there are more collision channels. A simple schematic view of the
reaction can be given by the optical potential model [Niehaus 1981, Siska 1993]. The
model operates on four potential curves; the excited A*+B curves, corresponding to two
dierent electronic orbitals which may take part in the process, and the ionic A+B+
curves describing the reaction products. Coupling between the initial and nal states can
be modeled by the complex part of the potential

V (R) = V ∗ + iΓ(R)/2.

(4.5)

Unfortunately, this simple model does not completely describe the situation. In particular, one cannot regard the Ne* atom as following any classical trajectory and approaching
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the molecule at certain angle. Instead, one should rather work with anisotropic PES. Moreover, there is often no clear parametrization of the phenomenological potential curves, and
theoretical descriptions are often done using ad-hoc formulas, possibly with a large number
of t parameters.
To make matters worse, due to the spin-orbit coupling the full ab initio description
of collisions in the Ne(3 P)+NH3 complex involves dynamics taking place on nine coupled
PESs. The interaction energy of Ne* and NH3 has been found to be similar to that in
the Rb-NH3 complex (see below), namely several hundreds meV [uchowski 2008], the
spin-orbit coupling for Ne(3 P ) is small in comparison (≈ 50 meV). As a consequence, all
J and M components of the 3 P state would need to be considered.
A treatment of such a complicated system, including nonadiabatic couplings between
PESs, their avoided crossings and conical intersections, currently is not feasible even with
present multireference ab initio methods. Nevertheless, one can refer to simplied models.
Some recent examples include the NO(X 2 Π)OH(X 2 Π) and OH(X 2 Π)ND3 systems, for
which electronic structure calculations were limited either to a multipole expansion model,
or two lowest adiabatic PESs [Kirste 2012, Sawyer 2011]. In the case of PI, however, an
additional challenge arises. Due to the coupling of the A* + B complex with a continuum
of states of the (AB)+ + e− type, methods based on a variational principle, such as
commonly used multi-reference conguration interaction method, may result in driving
the initial state either to the ground state, one of the excited states or to some delocalized
state corresponding to the fragmentation into an ion, a molecule and a free electron. As
a result, PI with molecules such as ND3 has never been characterized by a full ab initio
approach, even for simpler systems involving He(3 S). Applying an MQDT-based model to
this case becomes an interesting alternative approach. The only requirement is suciently
good knowledge of the long-range potential.
To obtain long-range interaction energies that are unambiguously related to the specied monomers, SAPT(UHF) (Symmetry Adapted Perturbation Theory and Unrestricted
Hartree-Fock) formalism can be used. Due to its perturbative nature, it does not allow for
any variational collapse of the dimer or any unwanted modications of the monomers.
Therefore, SAPT(UHF) is well suited for treatment of PI. An open-shell formulation
of SAPT has recently been applied for systems involving excited He(3 S) and Ne(3 P)
atoms [Hapka 2012, Hapka 2013]. For the present calculations we have applied the leadingorder long-range coecients obtained by Michaª Hapka from a model state-averaged po00
tential calculated with SAPT(UHF) method. The leading dispersion coecients, C6,disp
10
were calculated, giving 254.4 and -61.5 in atomic units, respectively, and the
and C7,disp
20
10
00
00
=
equal C6,ind
= C6,ind
= 65.8, C7,ind
leading van der Waals induction coecients C6,ind
30
-801.4 and C7,ind
= -534.3 (see the reference [Jankunas 2014a] for more detailed description
of the quantum chemical methods used).

Apart from the aforementioned terms, the system exhibits weak quadrupole-dipole
interaction decaying as r −4 (resulting from exciting Ne to the P state). We found that
this term does not signicantly aect the reaction dynamics in the energy range studied
here. Neglecting it in modeling the Ne*-ND3 collisions can be rationalized by assessing
the range at which the Ne*-ND3 interaction becomes dominated by its contribution. Such
an estimation has been done with results suggesting that the electrostatic energy starts
to dominate at distances larger than 30 a0 . It can be explained by the small value of
the Ne(3 P) quadrupole moment, which amounts to 0.245 ea20 . Given the lowest energies
available in the experiment, i.e. 0.1 K, and the number of partial waves included in
scattering calculation described in the following paragraphs one can establish the position
of the centrifugal barrier for Ne*-ND3 at roughly 26 a0 . Therefore the main contribution
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Figure 4.3: Interaction potential for the Ne*-ND3 complex in colinear geometries calculated
with SAPT. Panel a) corresponds to the Ne*-ND3 (lone pair approach) and panel b) to
the Ne*-D-N (approach along the bond) geometry. px,y,z refers to the unpaired 2p electron
of the Ne* atom. The minima occurring at large distance for the Ne*-D-N arrangement
exhibit small anisotropy due to the eective screening of the inner 2p shell of the neon
atom by the outer 3s electron. In contrast, when Ne* approaches the lone pair localized at
the nitrogen atom, the strong induction and dispersion attraction leads to minima at much
shorter distance resulting in alleviated screening and strongly pronounced anisotropy.
to the potential in the region of interest for our reaction model should originate from the
dispersion and induction energy contributions, an eect captured by the model potential
employed here. The terms proportional to r −4 would be important only at even lower
energies.
Having the knowledge of the asymptotic region of the potential energy surface provided
by ab initio calculations, we may adjust the MQDT model introduced before to obtain the
reaction rates for the present problem. In this case we have to include at least three channels corresponding to the initial states and two possible reaction products. The entrance
channel can be labeled by the index 0 and the exit channels by indices 1 and 2. Again,
the kinetic energy is higher than all the threshold energies, so all the channels are open.
Using MQDT treatment, we again replace the true interaction by a reference van der
Waals potential with C6 obtained using SAPT. In addition, a quantum defect matrix Y
has to be introduced to parametrize the short range eects. It can safely be assumed that
the exit channels are not coupled, and the Y matrix can be chosen in the form




0 y1 y2
Y =  y1 0 0  ,
y2 0 0

(4.6)

where y1 and y2 depend weakly on energy and partial wave quantum numbers. The diagonal terms of Y can be chosen to be zero provided that the reference potentials reproduce
the actual phase shifts ξi in each of the channels. All the MQDT functions of the two exit
channels take their E → ∞ limit: C(E) → 1 and tan λ(E) → 0.
The total loss rate will crucially depend on 1 − |S00 |2 . By unitarity of the S matrix,
we have

1 − |S0`m,0`m (E)|2 = |S0`m,1`m (E)|2 + |S0`m,2`m (E)|2 .

(4.7)

The total ion production rate can thus be divided into contributions from the two product
channels, which are given by

S0`m,j`m = −

2C0 (E, `)ei(ξ0 +ξj ) yj
 .
i(y12 + y22 ) + C0 (E, `)2 i + tan λ0 (E, `) y12 + y22
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(4.8)
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Figure 4.4: Rate constants for the Ne∗ +NH3 reaction (left) and the Ne∗ +ND3 reaction
(right), showing the NH+
3 products only.
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From this we can calculate the branching ratio Γ = |S01 | /(|S01 | + |S02 | ), which
reduces to

Γ=

y12
.
y12 + y22

(4.9)

This shows that energy- and angular momentum independent MQDT predicts constant
branching ratio. However, although the quantum defect parameters yi have weak energy
dependence, especially at kinetic energies much lower than the energy scales characteristic
for rovibronic or electronic excitations of the collision complex, one cannot really assume
that they stay constant over the whole energy range covered in the experiment which spans
over three orders of magnitude.
One can expect that at very high energies (much larger than the characteristic van
der Waals energy) the particles will start probing the short range regions of the potential,
where deviations from van der Waals are large and higher order terms are important. This
can be justied e.g. by using WKB. In this case the model basing on a single ∼ 1/r 6
term cannot be sucient for description of the reaction rates. For high partial waves
the interaction can even be totally repulsive due to nite depth of the potential well. To
account for this, we used a 6 − 12 Lennard-Jones potential in the numerical calculations,
setting the MQDT boundary conditions at the bottom of the potential well (for pure van
der Waals the starting point does not inuence the result as long as it is chosen behind the
centrifugal barrier, but in the present case it does matter). We note that the additional
∝ r−12 term is a phenomenological correction necessary to account for the short range
repulsive core, but could also be chosen to have other form. Finite energy resolution in the
experiment makes the results very weakly sensitive to the details of the potential anyway.

4.2.2 Results
The calculated and measured rate constants for the Ne∗ + NH3 and Ne∗ + ND3 chemical reactions are shown in gures 4.4. In each panel the symbols are the experimental data
and the line is the result of the MQDT calculations. The experimental data points were
scaled to t the theoretical data and in this way were brought on an absolute scale (it was
not possible to measure the rates in absolute values, as this would require precise knowledge about the beam density proles). The y parameters needed in theoretical calculation,
on the other hand, were tted using the high energy rates measured by [Ben Arfa 1999].
Error bars represent the statistical uctuations obtained throughout the repetition of the
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experiment at each collision energy. For both the ND3 and NH3 reactions Lennard-Jones
potentials with the same van der Waals coecient are used for the theoretical modeling.
For NH3 a well depth of 1.1 K is assumed, and for ND3 it is 2.5 K. We stress that these
are merely numerical parameters and do not connect to the real potential minima. The
Langevin capture model model predicts a weak power-law dependence of the rates on collision energy K ∝ E 1/6 . The observed rates at high energies show a behavior that strongly
deviates from this prediction. On the other hand, the MQDT calculations reproduce the
measured data pretty well. They nicely show the transition from the low-energy collision
range where the interaction is dominated by the long range potential to the high-energy
range where the short range interaction dominates. The theoretical data in this plot have
been convoluted with the experimental resolution of ±15 m/s, and thus no resonances are
visible.
In addition to the reaction rate constants for equations 4.3 and 4.4, the experiment
provides information on the branching ratio between the two accessible channels. Figure
4.5 shows the results obtained for NH3 (black circles) and ND3 (red triangles), respectively.
While at at higher collision energies the branching ratio for ND3 varied with collision
energy,[Ben Arfa 1999] the branching ratios Γ measured here are both almost constant,
Γ ≈ 0.3, over the entire range of collision energy. This result agrees with the simplest
form of the MQDT reaction model. However, this model would predict the branching
ratio to be completely energy independent which is clearly not the case since Ben Arfa
et al.[Ben Arfa 1999] measured a dierent value than is found here, with a larger fraction
of NH+
2 , and a weak energy dependence. We can at this point explain this behavior only
qualitatively.
SAPT estimates predict a potential minimum of 860 meV in the N-lone pair Ne*
coordinate vs. only 4.5 meV along the N-HNe* coordinate. Accordingly, basing on
classical intuitions such as minimum energy path (MEP) concept, one might expect the
+
branching ratio to be strongly in favor of formation of NH+
3 rather than NH2 as the collision
energy goes to zero. This is not observed. Moreover, it is known that all of the NH+
3
+
formed in the ground state remains stable and is detected as NH+
3 rather than NH2 . The
+
+
branching for the excited state of NH+
3 to dissociate into NH3 and NH2 can be assumed
to be independent of collision energy because the variation of the collision energy is small
compared to the relevant internal energies. It must thus be concluded that the naive
interpretation basing on MEP can clearly not be applied to the current system.
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For an alternative explanation of the results, the inuence of molecular rotation at
dierent collision energies has to be considered. An approximate reaction time tc can be
dened as

tc =

bc
,
vrel

(4.10)

where bc is a critical impact parameter, i.e. the internuclear separation below which the
√
opacity function, or reaction probability, is unity. If bc ≈
σ is assumed, then from
the above MQDT calculation bc ≈10 Å, and 25 Åare obtained at the very highest and
lowest Ecoll values studied (corresponding to velocities 600 m/s, and 15 m/s), respectively.
Equation 4.10 yields tc (Ecoll = 8µeV) = 170 ps, and tc (Ecoll = 22 meV) = 1.7 ps. This
reaction time can be compared with the rotational period trot which is trot ≈3 ps for the
JK =11 state of ND3 . It may also be useful to look at the de Broglie wave length of the
reactants. The NeNH3 ∗ system has an associated λdB of 18 Å, and 0.4 Å at a collision
energy of 8 µeV, and 22 meV, respectively.
Based on this one can dene two principal domains: in the rst one tc  trot , while
in the second one tc  trot . Since short collision times are associated with high relative
velocities the rst domain also involves short de Broglie wave lengths while they are large
in the second domain. The present experiments cover the second domain while the rst
domain has been covered by Ben-Arfa et al. [Ben Arfa 1999]. There, the authors have
argued that the almost constant fraction of NH+
2 products with increasing collision energy
is due to a more statistical nature of the NeNH3 ∗ complex at the turning point: the orientation of the ammonia molecule in the complex is random because the Ne* approaches
on a much faster time scale than the rotation of the molecules (tc  trot ) [Ben Arfa 1999].
In contrast, when tc  trot the rotation of the ammonia is much faster than the reaction time and the model proposed by Ben-Arfa et al. cannot be applied. In this energy
range the dynamics must be visualized dierently: since the ammonia is rotating very
quickly the approaching Ne* atom does not perceive the explicit structure of the molecule,
but rather sees an averaged object, not completely isotropic due to the presence of the
permanent dipole moment of the ammonia. Nevertheless, the branching ratio again becomes independent of collision energy since the propensity for production of the ion in
the ground or excited state only depends on the relative sizes of the cones of acceptance2 .
At dierent energies the reactants probe dierent regions of the interaction potential. In
the cold regime the dynamics depend principally on the long range forces. The observed
interaction potential then contains the isotropic dispersion interaction and the partially
anisotropic dipole-induced dipole interaction, which both depend on r −6 . At short range
dierent interaction terms become dominant and it can be expected that the anisotropy
in the potential also changes its nature.
As a result, the degree of isotropy of the interaction potential is eectively energy
dependent. This would support the conclusion that the branching ratios must be dierent
at low and at high collision energies, because the relative size of the cones of acceptance
reects the dierent anisotropies of the potential at short range and at long range.
The above model appears to describe the observations qualitatively but leaves some
fundamental questions open. It should also be noted that the time scales dened based on
rotational periods are only approximative, in particular because for the rotational period
only the lowest state is assumed, and the presence of rotationally excited states with higher
rotational speeds is neglected.
2

the cone of acceptance is a geometric factor represented by a solid angle
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4.3 Penning ionization of ammonia with helium
The same experimental group performed measurements of PI of ammonia using helium
instead of neon. In this case, much lower reduced mass results in much higher characteristic
energy E6 , which is very favorable from the experimental point of view, as the same velocity
resolution in m/s gives much better energy resolution in E6 units.
Two maxima in the rate constant were observed at Ecoll =1.8 meV and 7.3 meV. By applying the model described in the previous section, we were able to reproduce the observed
features and assign the resonances to the partial waves.
00
For the He*-NH3 system the leading coecients for dispersion C6,disp
= 265.45 a.u.
00
and induction C6,ind
= 105.44 a.u. were again obtained using SAPT and suitable asymptotic expressions of the multipole expansion, respectively. In order to estimate the well
depth of the He*-NH3 complex, the supermolecular coupled cluster singles and doubles
(CCSD) calculations determined the global minimum to correspond to the He*-lone pair
N arrangement, with a bond length of roughly 4.4 a0 and a well depth of 4114 cm−1 . A
local minimum of 60.05 cm−1 was found at around 9 a0 , corresponding to the He*-H3 N

1/4

arrangement. The characteristic van der Waals distance R6 = 2µC6 /~2
≈ 46 a0 is
large compared to these values, which validates the use of the model.
In the calculation, a Lennard-Jones potential was used again with the C6 coecient
taken from SAPT and this time C12 adjusted to give the well depth predicted by CCSD.
The positions of the resonances depend strongly on the value of the short range phase and
are reproduced for several values. The best agreement was found for s = 1.61. However,
results obtained this way did not reproduce the behavior of the data for the lowest collision
energies, where the rate constant should approach a constant value, following the Wigner
threshold laws [Sadeghpour 2000]. A small potential barrier of ≈ 0.3 cm−1 which slightly
suppresses the reaction at the lowest partial waves had to be added to obtain satisfactory
agreement. This results in the pronounced resonance structures at low energies, which are
visible in the Figure 4.7 but are washed out by the experimental resolution. Such a barrier
may in general come from avoided crossings or short-range anisotropies. A reason for such
crossing could be the existence of the inversion doubling in NH3 which has been neglected
in the model [uchowski 2009].
Figure 4.7 shows a comparison between the calculated reaction rate coecients (lines)
and the scaled experimental data (symbols). The dashed blue line gives the raw results
from QDT calculation with the potential described in the previous paragraphs. The solid
line gives the results convoluted with the experimental resolution. The positions of the
observed resonances are reproduced very nicely. The main contributions to the resonances
come from the ` = 15, 16 (at 1.8 meV) and ` = 20, 21 (at 7.3 meV) partial waves, respectively. A third resonance, for ` = 9 at ≈ 0.5 meV, is predicted theoretically, and might
also be present in the experimental data. The good agreement between experiment and
theory indicates that He* + NH3 reaction is indeed dominated by van der Waals interactions. Fitting the short-range reaction probability to reproduce the observed features
allows then to bring the experimental results to absolute scale. For the present reaction,
we found Psr ≈ 0.04.
The branching ratio, dened as Γ =

[NH+
2 ]
+ ,
[NH+
2 ]+[NH3 ]

is displayed in Fig. 4.6. It remains

almost constant from the lowest collision energies studied here, up to Ecoll ≈1 meV, above
which it appears to slightly drop. This is the energy range where the resonances are
observed, but the branching ratio itself does not display any clear resonance structure.
The observed decrease in branching ratio corresponds to a slightly increased probability
of NH+
3 (X̃ ) production. This can be interpreted by assuming that at the position of the
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Figure 4.6: Top: measured cross section for the two possible NH3 + He* reaction products
+
(red points for NH+
3 , black for NH2 ). The dashed line gives the slope characteristic for
the Langevin limit. Bottom: measured branching ratio.
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Figure 4.7: Comparison of experimental (symbols) and theoretical reaction rate coecients. The dashed line shows the raw theoretical data, the solid line after convolution
with the experimental resolution.
resonance He* and NH3 form a relatively long-lived complex. Assuming the probability
density in this state to be the highest in the He*-lone pair bound conguration, the complex
would arrange in this way, irrespective of the initial angle of approach. In the experiment
this is observed as a global decrease of Γ(NH+
2 ), rather than local dips, which may simply
be due to insucient resolution.

4.4 Conclusions
We have compared the reaction model introduced in Chapter 1 with experimental data
from experiments studying Penning ionization at low temperatures. While for a simple
He*-Ar system, which only consists of two atoms, the agreement was remarkable, more
complex reactions clearly showed the limitations of the model. One obvious correction
which had to be made to reproduce the experimental results was to take into account the
nite depth of the potential well.
Furthermore, slight discrepancies at low energies found for the helium-ammonia reaction show that a more sophisticated treatment, which would include more details of
the molecular structure and potential surfaces could allow for better understanding of the
reaction dynamics. In the particular case of ammonia, weak coupling between two distinct (J,K)=(1,1) rotational levels (called inversion doubling) was neglected. Including
this would require adding more channels to the model. The two states are coupled by
(10)

anisotropic C7 /r 7 term which also couples dierent partial waves. Additionally, states
with higher (J,K) may cause additional Feshbach resonances at higher collision energies
(however, the rotational constants of NH3 are of the order of several cm−1 , so the density
of such resonances should be low). This is possible to implement, but makes the numerical
calculations more demanding and adds new parameters to the model. It is thus desirable
to obtain as much information as possible from ab initio methods to avoid tting too many
unknown parameters.
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Chapter 5

Implementation of quantum gates
Quantum technologies are nowadays becoming a rapidly developing area, also in industry. The main goal in this eld from the point of view of technological applications
is to build a machine on which quantum information processing [Nielsen 2010] could be
implemented. One of the examples is the famous D-Wave computer working on superconducting circuits, which solves a class of optimization problems (although it shows no quantum speedup of the calculation time [Ronnow 2014]). Small-scale quantum devices can be
also built using nitrogen vacancy centers in diamond [Nizovtsev 2005], chains of trapped
ions [Cirac 1995, Cirac 2000, Benhelm 2008] and quantum dots [Burkard 1999]. Ultracold
atoms and molecules also have some potential to be used in this context [Jaksch 1999,
Brennen 1999, Jaksch 2000, DeMille 2002, Calarco 2004, Negretti 2011].
To make a fully operating and ecient quantum computer, a system should posses
several unique features. Firstly, it should be scalable as ideally one would like to work
with a lot of qubits. Secondly, it has to be easily controllable. One should be able to
prepare the initial state and then perform a set of operations (gates) that together make
a universal set for quantum computation with near-unit delity [Preskill 1998]. It is also
crucial that the operation times are much shorter than the decoherence times in the system.
The last issue is the state readout and its storage.
Ultracold neutral atoms seem to have some advantages here. The main reason for
this is precise control of experimental parameters which can be achieved in those systems [Bloch 2008, Anderlini 2007]. Trapping neutral particles in optical lattices [Jaksch 1998,
Greiner 2002, Bloch 2005] allows for operations with single site resolution [Würtz 2009,
Bakr 2009, Weitenberg 2011]. There are many proposals in the literature using dierent
qubit states (usually nuclear spin states or motional states) and gate schemes. However,
the reachable gate times with such systems are comparatively slow due to weak atomic
interactions and low trapping frequencies. In any case, good understanding of interactions
and collisional properties is required for implementation of a quantum computer.
In this chapter we present a new scheme for construction of a quantum gate which bases
on using a Feshbach resonance as a tool to control atoms in a very tight trap. Recently,
a new kind of traps for ultracold atoms has been proposed [Chang 2009, Murphy 2009,
Stehle 2011, Gullans 2012, Juliá-Díaz 2013], allowing to reach signicantly higher trapping
frequencies than before. In these novel systems the atoms are trapped by the potential
formed from the near eld scattering of laser light on plasmonic nanostructures. The
resulting trapping frequencies can be of the order of several MHz and the separation
between the potential wells is much lower than the laser wavelength. The combination of
strong resonant interactions with tight subwavelength traps would allow in principle for
much faster quantum gates. However, there is no way to achieve single site addressability
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Figure 5.1: Schematic view of the gate operation. Two particles (purple balls) are initially
localized in separated wells of the trap, then an external pulse with Rabi frequency Ω (blue
arrows) is applied to induce coupling to an excited, delocalized trap state. The state with
doubly occupied site is detuned by δF due to the Feshbach resonance when the atoms are
in antisymmetric internal state or forbidden by Pauli blocking when they are in symmetric
internal state (crossed orange arrows and balls).

in those systems with existing techniques, so standard gate schemes would not work.
Here we propose a way to make use of strong connement and resonant interactions
to achieve a fast quantum gate with high delity but without the need for individual
particle addressing. We consider a pair of identical fermions in a tight double well trap.
We suggest to use external elds to induce transitions between dierent trap levels. The
time evolution of the pair will then depend on the spin state due to symmetry requirements. The Feshbach resonance plays a crucial role here as a mechanism for suppressing
unwanted states in the evolution. It shifts the energy of the states when both atoms in
antisymmetric spin state occupy the same potential well, decoupling it from the dynamics,
whereas the Pauli exclusion principle blocks transitions to states with both atoms in the
symmetric internal state and in the same trap level. Non-adiabatic eects, such as leakage
to highly excited trap states, can be omitted by means of optimal control [Caneva 2011].
We estimate experimentally realistic gate times in our scheme to be of the order of tens
of microseconds, more than an order of magnitude faster than the best current schemes
using neutral atoms [Jørgensen 2014]. Our scheme does not need single site resolution and
can thus be implemented even in very tight traps.

5.1 Feshbach quantum gate in a subwavelength trap
5.1.1 Single-particle eigenstates
Let us consider a pair of neutral atoms trapped by the light scattered on a set of
nanospheres or nanotips [Chang 2009, Murphy 2009]. We assume that the trap is designed
to produce a double well potential. For simplicity we describe the trap as a one-dimensional
harmonic potential with frequency ω with a Gaussian barrier in the middle, parametrized
by width w and height b. We assume that the trap in the remaining two dimensions is so
tight that the particles stay in its lowest state and the dynamics in those directions is frozen.
Submicrometer precision of arranging the nanostructures and tunability of polarization of
light sources [Stehle
p 2011] allows for construction of a trapping potential similar to this
model. Setting ~/mω as the length unit, where m is the atomic mass, the single-particle
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Figure 5.2: The double well potential and trap eigenstates for dierent barrier heights
obtained by diagonalization in a basis consisting of 30 harmonic oscillator functions.
Hamiltonian is

H/~ω = −

1 ∂2
1
b
2
2
e−x /2w .
+ x2 + √
2
2 ∂x
2
2πw

(5.1)

We diagonalize the Hamiltonian (5.1) in the basis of harmonic oscillator wavefunctions

 1/4
1
1
2
√
φn =
e−x /2 Hn (x),
n
π
2 n!

(5.2)

where Hn is the n-th Hermite polynomial. The wavefunction of a particle in a double well
P
ψ(x) may be written as a superposition of harmonic oscillator states ψk (x) = n cnk φn (x),
where the coecients cn
k are obtained by the diagonalization of the Hamiltonian in the
chosen basis. The matrix elements can be calculated analytically. The analytical result
yields

1
hφn | H/~ω |φm i = δnm (n + ) +
2
√
bn/2c bm/2c
X X
b
(1 + 1/2w2 )(2i+2j−1−n−m)/2 n!m! 2−2i−2j
p
p
+√
δn−2i,m−2j
.
(2w2 )i+j i!j! (n − 2i)!(m − 2j)! (n + m)!
2πw2 i=0 j=0

(5.3)

Examples of the eigenstates are shown on Fig.5.2. For high barriers the two lowest
lying states become degenerate in energy and separated from the others. One of them
corresponds to even, while the other to the odd parity solution. By combining them one
can obtain two states localized in one of the potential wells. The two-mode approximation
can then be used for many-body dynamics, which allows for separation of center of mass
and relative motion, also in the multiwell case (a full optical lattice) [Nygaard 2008]. On
the other hand, highly excited states of this potential are just harmonic oscillator states,
as they are delocalized and do not feel the presence of the barrier so much. The only
important dierence between our model potential and a realistic nanoplasmonic trap is
the nite depth of the latter one. We thus have to make sure that the states above the
realistic trap depth will not be populated during the gate process.

5.1.2 Feshbach resonance in a double well
The crucial component of our proposal is the magnetic Feshbach resonance, which
couples the pair of atoms with the molecular bound state [Chin 2010]. We will describe
the resonance using the eective two-channel conguration interaction model introduced
in Chapter 2. The open channel can be characterized by the hyperne state of the atomic
pair, which we will label by |χi, while the closed molecular channel is denoted as |mi.
We neglect the background interaction between the atoms, describing the interactions far
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from the resonance, as it gives little contribution close to the resonance. We also treat
the molecule as a pointlike particle of mass M = 2m. Under these assumptions the
Hamiltonian can be written as


1 ∂2
1 ∂2
H = |χi hχ| −
−
+ VDW (x) + VDW (y) +
2 ∂x2 2 ∂y 2


1 ∂2
+ (|χi hm| + |mi hχ|) W (x − y) + |mi hm| −
+ 2VDW (R) .
4 ∂R2


(5.4)

Here x (y ) is the position of the rst (second) particle, VDW is the double well trapping potential and W is the interchannel coupling. The general wave function can be conveniently
written in the form

|Ψi = |χi

X

Cij ψi (x)ψj (y) + |mi

ij

X

Ak Φk (R),

(5.5)

k

where Cij and Ak are the amplitudes and ψi are single-particle trap eigenstates. The
molecular wave functions Φk obey the equation



1 ∂2
−
+
2V
(R)
Φk (R) = (εk + ν(B))Φk (R),
DW
4 ∂R2

(5.6)

where ν(B) is the energy shift resulting from coupling with the open channel and it depends
on the external magnetic eld and may be expanded to rst order, giving ν = δµ(B − B0 ),
where δµ is the dierence of magnetic moments between the open and closed channel
states [Chin 2010].
Substituting (5.5) into the Schrödinger equation H |Ψi = E |Ψi leads to a set of equations for the amplitudes

(i + j )Cij +

X

Vijk Ak = ECij

(5.7)

Cij (Vijk )? = EAk

(5.8)

k

(εk + ν)Ak +

X
ij

where Vijk = α dR φ?i (R)φ?j (R)Φk (R) and α is the coupling constant. By extracting Cij
from the rst equation, we obtain

R

(E − εk − ν)Ak =

X
ijl

Al

Vijl (Vijk )?
.
E − i − j

(5.9)

The eigenstates of the double well in which we expanded the solution are superpositions
of harmonic oscillator states, so the general coupling matrix elements Vijk can be obtained
using the coupling form for the pure harmonic oscillator states. We denote the coupling of
states n, m and k (k labeling the states of the molecule) by Vh.o. (n, m; k). This quantity
can be computed analytically. After performing the integration and some straightforward
algebra it can be shown that

r
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−k + m + n + 1
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Γ
Γ
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2
2
2

 
 
1−k k n+m−k−1
1−k+m−n 1−k−m+n
,− ,
,
· 3 F2
,
,1
2
2
2
2
2
(5.10)
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Figure 5.3: Energy levels for two 40 K atoms in a double well trap in the vicinity of an
s-wave Feshbach resonance. The harmonic trapping frequency ω = 10kHz. The barrier
heights are b = 0 (left), b = 15 (middle) and b = 100 (right) and the width w = 1 in each
case.
when n + m + k is even or zero if n + m + k is odd. 3 F2 is the generalized hypergeometric
function. A special case k = 0, considered in [Diener 2006], gives

(−1)(n+m)/2
Vh.o. (n, m; 0) = α √
Γ
n!m!



m+n+1
2


,

(5.11)

in agreement with our formula.
In general, eq. (5.9) may contain divergent terms and requires renormalization. However, in one dimension all the sums in (5.9) converge, in contrast to the three-dimensional
case. For the one-dimensional description to be valid, the energy of the particles has to be
much smaller than ~ω⊥ , where ω⊥ is the transverse trapping frequency, so that particles
occupy the ground state in the transverse direction at each stage of the gate process. However, even if this is not satised, the only complication is that the transversally excited
states have to be considered during the evolution. As long as the energy splittings between
the dierent trap states will not constitute the smallest energy scale in the system, this
will not aect the speed that the gate can achieve [Caneva 2009].
Figure 5.3 shows the level structure of trapped 40 K atoms near a 202G s-wave Feshbach
resonance for three exemplary cases: (i) for pure harmonic potential, (ii) a moderate barrier
where b = 30 and w = 1 and (iii) a higher barrier with b = 100 with the same w . When
the barrier vanishes, the center of mass motion can be decoupled from the relative degrees
of freedom and the energy spectrum has a simple structure as all the bound states behave
in the same way. As the barrier grows, the spectrum becomes more complicated. The
two lowest bound levels become close in energy and separate from the rest, as can be seen
in the middle panel of Figure 5.3. For even higher barriers (right panel), also the other
bound states form degenerate pairs. In the limit of innite barrier all the levels are doubly
degenerate, which is intuitively clear as the system can be thought of as two completely
separated wells. The horizontal lines represent states with odd symmetry, which are not
aected by the s-wave resonance.

5.1.3 Gate idea
To introduce the idea of a quantum gate, it is essential to include the quantum statistics and the spin state of the atomic pair in our considerations. In the case of identical
fermions, the wave function consists of the spatial and spinor part and it has to be globally
antisymmetric. We identify
√ qubit spin states with |↑i and |↓i. The√basis of spin states
is |↑↑i, |↓↓i, (|↑↓i + |↓↑i)/ 2 = |χT i (symmetric) and (|↑↓i − |↓↑i)/ 2 = |χS i (antisymmetric). For the spatial part in the lowest energy sector [Hayes 2007, Foot 2011] one may
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consider only the two lowest eigenstates of the trap, an odd and an even state |ψo i and
|ψe i. If the barrier height is suciently large, those states will have approximately
√ the
2 and
same energies. One may
then
construct
two
localized
solutions
|Li
=
(|ψ
i
−
|ψ
i)/
e
o
√
|Ri = (|ψe i + |ψo i)/ 2, which will be approximate eigenstates of the Hamiltonian (5.1).
Within this assumption, there are six antisymmetric low energy states (in the absence
of interactions): √1 (|LRi − |RLi) |↑↑i, √1 (|LRi − |RLi) |↓↓i, √1 (|LRi − |RLi) |χT i,
2

√1 (|LRi
2

+ |RLi) |χS i,

2

√1 (|LLi
2

+ |RRi) |χS i,

2

√1 (|LLi
2

− |RRi) |χS i.

Now let us add the Feshbach resonance to our considerations. We will work with an
s-wave resonance, where only the singlet spin state is coupled to the molecular channel.
The idea of how the gate will work is as follows (see Figure 5.1): we start with two
fermions in separate wells. An external eld is then applied, inducing transition between
the ground states and an excited trap state |Ei with Rabi frequency Ω. Due to the
Pauli blocking, which forbids occupation of the same trap state by symmetric spin states,
the symmetric and antisymmetric states will evolve dierently and accumulate dierent
phases φs and φa during the process. The phase depends only on the state symmetry as
the pulse is assumed to couple only to the spatial part of the wave function. A phase
gate between states of dierent symmetry will then be realized when the pair will return
to its initial trap state with relative phase φs − φa = (2n + 1)π , n ∈ N. In the computational basis this results in a SWAP gate. An entangling gate is realized if we choose
the phase to be equal to (n + 1/2)π . The truth table for this operation is |00i → |00i,
|11i → |11i, |10i → √1 (eiπ/4 |10i + e−iπ/4 |01i), |01i → √1 (eiπ/4 |01i + e−iπ/4 |10i). This

√2

2

gate belongs to the SW AP universality class and allows for universal quantum computation [Zhang 2003, Müller 2011]. The state readout can be achieved using subwavelength
imaging techniques [Gorshkov 2008]. One potential source of errors is that for the singlet
spin state the particles can end up in the same potential well. This problem is avoided
by the resonance, which shifts the energy of such state and thus decouples it from the
transitions. By analyzing Figure 5.3 one can conclude that the optimal choice is to work
at elds slightly lower than the position of the resonance, where the energy shift of the
bound levels is large. In this case particles in the same well form a far detuned bound
state.
Creating coupling between the trap states can be achieved using various methods, such
as Raman transitions or radio-frequency pulses. Ideally it could be desirable to couple only
to a single target state |Ei, chosen in such a way that it is energetically separated from other
trap states and that the Franck-Condon factors hE| eikx |Ri, hE| eikx |Li (further denoted
by ηL(R)E ) are large. However, other trap states will also unavoidably get populated during
the gate process, unless the Rabi frequency to trap frequency ratio Ω/ω  1 (equivalent to
the Lamb-Dicke regime in ion trapping experiments [Leibfried 2003]). On the other hand,
keeping Ω low will result in long operation times, so one can expect that a shaped pulse
will be needed to operate at high Rabi frequencies while maintaining high delity. To
minimize the transitions to levels other than the rst excited one, we will work at barrier
height b = 36 and width w = 1.5 in oscillator units. This choice of trap parameters gives
two almost degenerate lowest states, while the rst excited state is already separated from
the next one. In the high barrier regime the Franck-Condon factors are equal for the states
localized in left and right potential wells, ηLE = ηRE = η .
It is also important to choose the value of the magnetic eld at which the errors will be
avoided and the eective dynamics will be possibly simple. By analyzing Figure 5.3 one
may conclude that the optimal choice is to work at elds slightly lower than the position
of the resonance, where the energy shift of the bound levels is large. Calculations show
that in this case particles in the same well form a deeply bound state, far detuned from
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Figure 5.4: Time evolution of the real (left) and imaginary (middle) parts of the initial
trap state during the gate operation with optimized pulse shape. For the singlet spin state
(black lines) the initial spatial part of the wave function is 12 (|LRi + |RLi), while for the
triplet state (red (grey) lines) we start from 21 (|LRi − |RLi). Right: the optimized pulse
shape.
the transitions driven by the external eld.

5.1.4 Implementation and optimization of the gate
We will now consider more specically the gate implementation with 40 K atoms, for
which an s-wave Feshbach resonance occurs at about 202G [Chin 2010]. When trying to
nd optimal and realistic experimental parameters which will give shortest operation times,
one nds two interesting tradeos. Firstly, higher Rabi frequency (more laser power) leads
to faster dynamics but also introduces losses via leakage to highly excited states. Secondly,
large trapping frequencies reduce the characteristic timescales, but at the same time lower
the Franck-Condon factors as the trap becomes smaller while the laser wavelength stays
constant. Thus the time needed for the operation does not scale linearly with the trapping
frequency. For the Raman transition the achievable wavenumbers are of the order of
0.03nm−1 . Using UV transitions would allow to improve it by around 50%, but we will
assume optical transitions which are far more convenient experimentally.
The target state after the operation is to have particles in the lowest trap states
again (|LRi ± |RLi depending on the spin state), but with relative phase π between
the symmetric and antisymmetric spin states. The delity of the gate can be dened as
f = |hψout | ψtarget i|2 , where |ψi contains both internal and trap states. We choose the
initial pulse to have the form Ω(t) = Ω0 t/τ (1 − t/τ ), where τ is the operation time. The
Rabi frequency of the pulse Ω does not exceed 1.8 ω ≈ 2π × 9 MHz, which is a reasonable
value for 40 K and needs much less laser power than the plasmonic trap itself [Gullans 2012]
and τ = 2000/ω ≈ 65 µs. To optimize the pulse and achieve high delity we applied the
CRAB optimization method [Caneva 2011]. This algorithm looks for an optimal correction
C(t) to the initial pulse shape Ωin . We write the C function as a Fourier series truncated
to k = 3 terms

1
C(t) =
λ(t)

1+

k
X

!
Ai cos (2πi(1 + ri )t/τ ) + Bi sin (2πi(1 + si )t/τ ) ,

(5.12)

i=1

where λ(t) → ∞ at t → 0 and t → τ and is close to unity otherwise, ri and si are random
numbers and the amplitudes Ai and Bi are optimization parameters. After optimization
the delity of the solution reached over 99.8%. The gate operation corresponding to it is
given on Figure 5.4. The procedure is robust with respect to the initial guess Ωin as long
as it already gives some reasonable delity. We notice that the pulse shapes obtained by
CRAB are not very complicated due to low frequencies present in the series expansion and
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it should be possible to implement such a pulse in experiment. The obtained gate time
is limited by the value of Ω and does not reach the quantum speed limit [Caneva 2009].
However, using stronger pulses makes the leakage eects stronger and would require adding
more driving elds.

5.2 Conclusions.
We proposed a new scheme for realizing a quantum gate with ultracold atoms which
does not need access to individual particles. We discussed the implementation of our
method in a tight nanoplasmonic trap for realistic experimental conditions and showed that
it is possible to obtain a high delity gate with operation times considerably shorter than in
previous proposals. Our scheme does not crucially depend on the details of the trapping
potential or internal structure of the atoms. Quantitative corrections to energy levels
originating from trapping and interaction potential details would be important in practical
implementation, but can be taken into account or tackled by means of closed-loop optimal
control [Rosi 2013]. While solid state gates operate on sub-µs timescales [Sank 2014b],
predicted operation to decoherence time ratio in such systems is of the order of 10−3 - to
be compared against roughly 10−4 here. This makes our proposal a competitive candidate
for the realization of quantum processors.
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Conclusions and outlook
Experiments with ultracold atoms, molecules and ions in various congurations are
developing very quickly. Predicting the collisional properties in these systems and designing new methods of controlling them with external elds is thus an important, but very
challenging task. The main goal of the present thesis was to develop collision models sufciently general to describe the physical phenomena taking place in ultracold gases while
still being possibly simple. Quantum defect theory provides ideal tools to fulll these
requirements, allowing to broaden our understanding of cold collisions in a way complementary to ab initio calculations. The main achievements presented in this work can be
summarized as follows.

• A general quantum-defect model of chemical reactions has been developed. The
formulation bases on separation of length scales between the short-range chemical
eects and long-range interaction. The model is formulated for particles interacting
via arbitrary isotropic power-law potential at long range and works at any collision
energy. It is also suitable for extensions such as including more terms in the interaction potential with possible anisotropies. Testing the model on real experimental
data showed that it correctly describes Penning ionization rates at low temperatures.

• The reaction model has been extended to include external traps that reduce the
dimensionality of the system. Modications to Wigner laws resulting from external
connement have been discussed. In particular, in one dimension the reaction rates
go to zero with vanishing collision energy. Including dipole-dipole interactions in
the calculations induces further modications to the threshold laws and allows for
signicant suppression of reaction rates.

• Quantum defect theory has also been used to derive a general formula for the scattering length in the presence of many overlapping Feshbach resonances. The results
of comparison with numerical calculation showed excellent agreement.

• A simple two-channel model with short range coupling (which can also be regarded
as an extremely simplied quantum defect model) has been introduced to describe
Feshbach resonances in external traps which can induce coupling between center of
mass and relative motion. Using the derived formalism, a new quantum gate scheme
working in a tight nonseparable trap has been proposed.
There are several possible extensions of these results. Firstly, it would be a natural step
to include closed channels in the reaction model to account for the possibility of Feshbach
resonances inuencing the decay rates. Numerically, this would be a pretty straightforward
procedure. The resonance parameters for modeling particular systems would have to come
from ab initio calculations, but a simple parametrization in terms of resonance position
and coupling strength would allow for basic understanding of the process.
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Recent experiments with lanthanide atoms [Frisch 2014, Baumann 2014] found out that
the number of Feshbach resonances in such systems can be extremely large, with densities
higher than a resonance per gauss. In this case the resonance mechanism comes from
short-range anisotropies which induce mixing of many partial waves [Petrov 2012]. The
measured statistics of the resonance spacings provided signatures of correlations between
them similar to the ones predicted by Random Matrix Theory, which is a signature of
the possibility of quantum chaos [Frisch 2014]. It would be very interesting to apply the
model of overlapping Feshbach resonances developed in Chapter 2 with some statistical
assumptions about the coupling strengths to describe similar systems.
It is of great general interest how to control the dynamics of chemical reactions in
space and time. Designing external traps is one way to do it. In particular, a numerical
implementation of reaction taking place in a shallow optical lattice, extending the results
of the third chapter, could be of practical importance.
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Bohr radius
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atomic, molecular and optical

BEC

Bose-Einstein condensate

BCS

Bardeen-Cooper-Schrieer
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conguration interaction
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WKB

WentzelKramersBrillouin
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