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A lattice path (or simply a path) is a ﬁnite sequence of points p0 , p1 , . . . , pn in Z × Z. A step
of the path is the diﬀerence between two of its consecutive points, i.e., pi −pi−1 . The lattice path
can also be represented by the initial point p0 and the sequence of its steps s1 , s2 , . . . , sn , which
uniquely determine the remaining points of the path. For instance, the path from Figure 1 is
(

)
(0, 0), (1, 3), (2, 1), (3, 1), (4, 0), (5, −1), (6, 1), (7, 1), (8, 0) ,

whose step representation is the initial point (0, 0) and the following sequence of steps:
(

)
(1, 3), (1, −2), (1, 0), (1, −1), (1, −1), (1, 2), (1, 0), (1, −1) .

Figure 1: A lattice path running from (0, 0) to (8, 0).

The literature on lattice paths is very rich. Humphreys [13] refers to more than two hundred
crucial articles. Most of them are related to path counting problems and relationships with other
structures.
Some of the most well-known families of lattice paths are those that consist of two types of
steps: (1, 1) and (1, −1). These paths are called Dyck paths. In 1878, Whitworth [22] used them
to describe various combinatorial problems. In 1887, Bertrand [3] formulated the famous ballot
problem, which can be translated into a question about the number of Dyck paths running
from (0, 0) to (u + d, u − d), where u > d, and that do not touch the x-axis except at the initial
point. André [1] solved this problem and showed that the number of such paths is equal to
(u+d−1)
(u − d)/d. Therefore, the number of Dyck paths running from (0, 0) to (2n, 0) and that
u
( )
never go below the x-axis is equal to the Catalan number Cn = 2n
n /(n + 1).
Simple generalizations of Dyck paths are Motzkin paths [17], which consist of three types of
steps: (1, 1), (1, 0), and (1, −1). Donaghey and Shapiro [7]) provided a representative selection of
14 situations wherein Motzkin numbers occur in connection with other combinatorial structures
such as Dyck paths, sequences of parentheses, trees with loops, and bipartite graphs. The
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number of Motzkin paths running from (0, 0) to (n, 0) that do not go below the x-axis is called
∑⌊n/2⌋ ( n )
the nth Motzkin number and it is equal to k=0 2k
Ck .
Lukasiewicz paths [11, Sec. I.5.3], named after the Polish logician Jan Lukasiewicz (18781956), represent another generalization of Dyck paths. A Lukasiewicz path is a lattice path in
which the set of allowable steps contains all steps of the form (1, k) for k ≥ −1. The number
of Lukasiewicz paths running from (0, 0) to (n, 0) that never go below the x-axis is equal to the
Catalan number Cn (see Flajolet and Sedgewick [11]). These paths are useful in the analysis
of algorithms because of their close relationship with plane trees, which will be discussed in
Chapter 3 of this thesis.
Weighted (or colored) paths are used in several applications. Weighted Motzkin paths were
studied by, among others, Deutsch and Shapiro [6], Chen et al. [4, 21]. They established several
connections between weighted Motzkin paths, Schröder paths, partitions of sets, and other graph
counting problems. Weighted Lukasiewicz paths were studied by Varvak [20]. She showed that
there are several one-to-one correspondences between appropriate weighted Lukasiewicz paths
and multipermutations, partitions of sets, idempotent functions, and trees. The main tool that
she used was a connection between weighted Lukasiewicz paths and continued fractions (see
also Flajolet [10]). Hennessy [12, Sec. 5.3] showed that there are bijections between certain
families of Lukasiewicz, Schröder, and Motzkin paths.
The structure that generalizes all the above-mentioned paths is lattice paths that consist of
steps (1, k) for any k ∈ Z. They are called simple directed paths (see, e.g., Banderier and Flajolet
[2]). They are used as models in the analysis of algorithms and dynamic data structures [18].
A uniﬁed approach to simple directed paths was developed by Banderier and Flajolet [2]. They
showed that the counting generating functions of such paths are algebraic functions. They also
described the asymptotic behavior of these numbers using the method of singularity analysis.
In Chapter 3, we use lattice paths to study the combinatorial and statistical properties of
plane multitrees. Plane trees are well-known structures in combinatorics [5, 6, 14, 16]. There
are several equivalent deﬁnitions of plane trees, but they are mostly deﬁned as unlabeled rooted
trees in which the order of sons is signiﬁcant. For instance, all plane trees with four nodes are
given in Figure 2.

Figure 2: All plane trees with four nodes.

There is a bijection between the family of all plane trees with n nodes and the set of
Lukasiewicz paths running from (0, 0) to (n − 1, 0) that do not go below the x-axis (see Flajolet
and Sedgewick [11, Sec. I.5.1]). This bijection implies that the number of plane trees with n
nodes is equal to the Catalan number Cn−1 . It is also well known that the number of plane trees
( )(n−1)
with n nodes and k leaves is equal to the Narayana number n−1
k
k−1 /(n − 1) (see Dershowitz
and Zaks [5]). Dershowitz and Zaks [5] also showed that the expected number of leaves in a
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plane tree with n nodes is n/2 and that the expected number of outcoming edges from the root
in this tree is 3(n − 1)/(n + 1). Plane trees are used in computer science due to their close
relationship with Lukasiewicz codes and polish preﬁx notation (see, e.g., Sedgewick i Flajolet
[11, Sec. I.5.3]). Computer compilers use such trees as structures to parse expressions (see
Knuth [15, Sec. 2.3]).
A plane tree in which every edge has assigned a positive integer, called weight, is called the
plane multitree. The ﬁrst mention of such trees is credited to R. Bacher (see the description
of the sequence A002212 in OEIS [19]). He showed that the number of plane multitrees with
( )
∑
n edges is equal to nk=0 Ck n−1
k−1 . A plane multitree, in which outdegree (the sum of weights
of outgoing edges from a node to its sons) of every internel node is not greater than N will be
called the N -ary plane multitree. For instance, all 2-ary plane multitrees with four nodes are
given in Figure 3, where the weighted edges are represented by multiple edges.

Figure 3: All 2-ary plane multitrees with four nodes.

Basic definitions
Throughout the thesis, we will consider lattice paths that consist of steps V = (0, −1) and
Sk = (1, k) for k ∈ Z. Let N ≥ 0 and Σ ⊆ {V, SN , SN −1 , . . .}, then a Σ-path is a ﬁnite sequence
of points p0 , p1 , . . . , pn in Z × Z such that pi − pi−1 ∈ Σ for i ∈ {1, . . . , n}. We will consider the
following three types of paths:
• An m-primary Σ-path is a Σ-path running from (0, 0) to some (n, −m), with n ≥ 0 and
m ≥ 0, whose all points, except the possibly last one, lie on or above the horizontal axis.
We will denote by PΣ (n, −m) the family of all m-primary Σ-paths running from (0, 0) to
(n, −m).
• A free Σ-path is a Σ-path running from (0, 0) to some (n, −m) with n ≥ 1, m ∈ Z. We
will denote by FΣ (n, −m) the family of all free Σ-paths running from (0, 0) to (n, −m).
• An N -Raney path of length n is a lattice path running from (0, 1) to (n, 0) in which the
set of allowable steps is {SN , SN −1 , . . .} for N ≥ 0, and only the ending point of the path
lies below the line y = 1. We will denote by RN (n) the family of all N -Raney paths of
length n.
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Results of the first part of the thesis
The ﬁrst part of the thesis (Chapter 2) is devoted to the study of two families of primary and
free Λ-paths, where Λ is an arbitrary set of lattice steps satisfying Λ ⊆ {V, SN , SN −1 , . . .} and
SN , V ∈ Λ for any ﬁxed N ≥ 0. The results of this part originate from the paper [9].
The main result of this part of the thesis is to show (Theorem 2.10) that there is a bijection between the family PΛ (n, −m) of m-primary Λ-paths and the family of properly weighted
m-primary Γ-paths from PΓ (n, −m), where Γ = (Λ \ {V }) ∪ {SN , SN −1 , . . . , S−1 }. This implies
that the additional vertical steps V in the paths of PΛ (n, −m) can be coded using the weights of
steps in paths without V . From the combinatorial point of view, Γ-paths from PΓ (n, −m) have a
simpler structure than do the paths in PΛ (n, −m). Recall that the paths of PΓ (n, −m) are simple directed paths, and note that they are essentially one-dimensional objects. There are many
results for simple directed paths that have already been described in the literature. The classical
work here is the paper of Banderier and Flajolet [2]. Therefore, using the bijection mentioned
above, we can apply some of these results to Λ-paths. For instance, simple directed paths can be
easily decomposed into shorter subpaths, and this decomposition property provides a straightforward method of calculating generating functions that count these paths. In Section 2.6, we
∑
derive a functional equation for the generating function PΛ,m (x) = n≥0 |PΛ (n, −m)|xn . We
show (Theorem 2.27) that for m ≥ 1,
PΛ,0 (x) = 1 + δΛ,0 xPΛ,0 (x) + xPΛ,0 (x)

k
N ∑
∑

|HΛ (0, d, k)|

PΛ,m (x) = δΛ,m x + x

|HΛ (m, d, k)|

d
∑∏

PΛ,mj (x),

M j=1

k=1 d=1
N ∑
k+1
∑

d
∑∏

PΛ,mj (x),

M j=1

k=0 d=1

for some constants δΛ,m and |HΛ (m, d, k)| depending on Λ.
In Section 2.4, we establish the following connections between 1-primary Λ-paths and free
Λ-paths. We prove (Theorem 2.17) that for n ≥ 1, we have
|PΛ (n, −1)| =

)
1(
FΛ (n, −1) − FΛ (n, 0) .
n

Further, we show (Theorem 2.19 and 2.20) that for n ≥ 1,
#Steps(V ∈ PΛ (n, −1)) = |FΛ (n, 0)|,
#Steps(Sk ∈ PΛ (n, −1)) = |FΛ (n − 1, −k − 1)|,

(Sk ∈ Λ),

#Steps(PΛ (n, −1)) = |FΛ (n, −1)|,
where #Steps(S ∈ PΣ (n, −1)) denotes the number of all occurrences of the step S in all paths
of PΣ (n, −1) and #Steps(PΣ (n, −1)) denotes the number of all steps in all paths of PΣ (n, −1).
In Section 2.5, we provide various results for Λ-paths. We show (Theorem 2.22) that the
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numbers of free and 1-primary Λ-paths are given by the following formulas:
( ∑
)n
1
N −k
x
,
(1 − x)n+1
Sk ∈Λ
( ∑
)n
1 N n+1
1
N −k
|PΛ (n, −1)| = [x
]
x
,
n
(1 − x)n

|FΛ (n, m)| = [xN n−m ]

(n ≥ 1, m ∈ Z),
(n ≥ 1).

Sk ∈Λ

We also derive certain statistical properties of Λ-paths. Any Γ-path running from (0, 0) to
(n, m) has exactly n steps. The number of steps in a Λ-path running between the same points
is equal to or greater than n. We show (Corollary 2.23) that the expected number of steps in a
1-primary Λ-path running from (0, 0) to (n, −1) is equal to
n

|FΛ (n, −1)|
|FΛ (n, −1)| − |FΛ (n, 0)|

(n ≥ 1).

In Sections 2.7 – 2.9, we consider three cases for the set of steps Λ. These examples are
connected with the well-known families of lattice paths from the literature. We apply to them
the general results from the previous sections and see that several of the examples take on a
simple form. Namely, for ﬁxed N, K ≥ 0, we consider
• Λ1 = {V, SN , SN −1 , . . . , S−1 } and Γ1 = {SN , SN −1 , . . . , S−1 } (Lukasiewicz paths),
• Λ2 = {V, SN , SN −1 , . . .} and Γ2 = {SN , SN −1 , . . .} (Raney paths),
• Λ3 = {V, SN , S−K } (generalized Dyck paths) and Γ3 = {SN , SN −1 , . . . , S−1 , S−K }.
In particular, we show (Theorem 2.30), that for m ∈ {0, 1}, the equation for the generating
function PΛ1 ,m (x) that counts paths in PΛ1 (n, −m) according to n is
PΛ1 ,0 (x) = 1 + xPΛ1 ,0 (x)

N
∑
(1 + PΛ1 ,1 (x))k ,
k=0

PΛ1 ,1 (x) = x

N
+1
∑

(1 + PΛ1 ,1 (x))k .

k=0

We show (Theorem 2.34), that for n ≥ 1, we have
N j+1
⌋
( )(
)
n ⌊∑
N +2
∑
(−1)k+n−j j
(N + 2)(j − k)
n
|PΛ1 (n, 0)| = (−1) +
,
j
k
2j − 1

j=1

k=0

( )(
)
1 ∑
(N + 2)(n − k)
k n
|PΛ1 (n, −1)| =
(−1)
.
k
2n − 1
n
⌋
⌊ NNn+1
+2

k=0

In Section 2.8 we show (Theorem 2.37), that
(
)
1 (N + 2)n
|PΛ2 (n, −1)| =
n 2n − 1
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(n ≥ 1).

We show that the expected number of vertical steps V in a path in PΛ2 (n, −1) is equal to
(N n + 1)/2 and that the expected number of all steps in a path in PΛ2 (n, −1) is equal to
((N + 2)n + 1)/2. In Section 2.9, we show (Theorem 2.40) that
n+1
⌊N
⌋
)
N +K ( )(
n n(N + 1) − k(N + K)
1 ∑
|PΛ3 (n, −1)| =
n
k
n−1

(n ≥ 1).

k=0

Results of the second part of the thesis
The second part of the thesis (Chapter 3) is devoted to the study of the combinatorial and
statistical properties of plane multitrees. The results of this part originate from the paper [8].
The main tool that will be used in this chapter is a bijection between plane multitrees and
Raney paths. Namely, in Section 3.2, we show (Theorem 3.8) that for all N ≥ 0 and n ≥ 1,
there is a bijection between the family RN (n) of N -Raney paths of length n and the family
TN +1 (n) of (N + 1)-ary plane multitrees with n nodes. From the combinatorial view of point,
Raney paths have a simpler structure than do plane multitrees. Therefore, the obtained results
for Raney paths will be translated to the corresponding properties of plane multitrees.
In Section 3.3, we deﬁne a bijection between N -Raney paths of length n and the so-called
(N −1, n, 1)-Raney sequences (Lemma 3.23). Using this bijection, we show (Theorem 3.24) that
the number of N -ary plane multitrees with n nodes is equal to
(
)
1 Nn
|TN (n)| =
(N ≥ 1, n ≥ 1).
n n−1
In Sections 3.4 – 3.7, we use the two above-mentioned bijections to obtain certain results
for plane multitrees. Namely, for the family TN (n) of all N -ary plane multitrees with n nodes,
we consider the following numbers:
1. LN (n, k) = number of such trees with exactly k leaves,
2. EN (n, k) = number of such trees with exactly k edges,
3. GN (n, d) = number of such trees in which the root has d outgoing edges, and
4. MN (n, d) = total number of nodes that have d outgoing edges in all such trees.
We show that
( ) n−k
(
)(
)
N (n − k − s)
1 n ∑
s n−k
(−1)
,
LN (n, k) =
n k
s
n−1
s=0
( )( )(
)(
)
n−1 i
1 ∑∑
i
k−i
k − jN − 1
j n
EN (n, k) =
(−1)
,
n
i
j
n−i−1
i−1
i=1 j=0
(
)
N −1+d
N (n − 1) + d − 2
GN (n, d) =
,
(N − 1)(n − 1) + d
n−2
(
)
N (n − 1) + d − 1 + 0d
MN (n, d) =
,
n − 2 + 0d
6

(Th. 3.26)

(Th. 3.28)
(Th. 3.30)
(Th. 3.31)

where 0d = 0 for d > 0, and 00 = 1.
In Section 3.7, we study the statistical properties of plane multitrees. We prove (Theorem 3.34) that
MN (n, 0)
MN (n, 0)
1
lim lim
= lim lim
= .
n→∞ N →∞ nTN (n)
N →∞ n→∞ nTN (n)
e
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