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In this thesis we consider languages of innite words or trees dened by
automata of various types or formulas of various logics. We are interested in
the highest possible position in the Borel or the projective hierarchy inhabited
by sets dened in a given formalism.

Introduction
The theory of denability, as stated by J.W. Addison [Add04], studies the
complexity of concepts by looking at the grammatical complexity of their definitions. Measuring such a complexity is the main interest of this thesis. The
concepts that we consider are properties of innite words or innite labeled
trees, while as grammars we take automata models, logics or descriptive
set theoretical constructions.
While innite objects occur naturally in mathematics, it may require explanation why should they be considered on the ground of computer science.
Innite words are used e.g. in formal verication to model potentially innite
runs of systems, like an operating system or a server interacting with clients
(see e.g. [JGP99]). In such a context system can be modeled as an automaton, while a specication of a system can be expressed in an appropriate
logic.

Innite trees occur e.g. when we need to reason about all possible

computations of a nondeterministic system (see e.g. branching time concept
[Eme90]).
By considering innite structures we gain a variety of complexity measures that come from descriptive set theory. A set of all words or all trees
over a nite alphabet is, from the topological point of view, equivalent to
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the Cantor spaceone of the two main spaces of interest of descriptive set
theory (the other being the Baire space). The measures provided by this discipline include: the Borel hierarchy, the projective hierarchy, and the Wadge
hierarchy. A hierarchy is here understood as an increasing, with respect to
inclusion, sequence of classes of sets.

Hierarchies implement the following

way of measuring complexity. The higher a set is located in the hierarchy,
the more complex the set is.
Hierarchies can also be used to measure complexity of formalisms.

We

ask how the class of all sets denable in a given formalism, e.g. a model of
automata, embeds into the Borel or the projective hierarchy (see Figure 1).
Such a complexity analysis usually boils down to answering one of the two
following questions.

Question 1 (topological complexity)

What level of the Borel and the

projective hierarchies do the sets denable in a given formalism reach?
Or a more detailed one:

Question 2

What levels of the Borel and the projective hierarchies are in-

habited by the sets denable in a given formalism?
The rst researchers to investigate the questions in the context of formal language theory were Büchi and Landweber [BL69]. They have shown
denable in monadic second order (MSO) logic are
0
boolean combinations of Π2 (or Gδ ) Borel sets. The class of MSO-denable
sets of ω -words, called ω
, gained interest several years
that all sets of

ω -words

-regular languages

earlier, when Büchi [Büc62] introduced a certain model of nite automata,
later called Büchi automata, that were able to recognize exactly languages
from this class.

Since this model, as many other automata models, came

with a straightforward algorithm deciding emptiness, it was used to prove
decidability of

MSO

logic over

ω -words.

Similar methodthrough introduc-

tion of an appropriate model of automatawas used by Rabin [Rab69] to

MSO logic is decidable also over innite binary labeled trees.
denable in MSO logic are called regular tree languages.

prove that
of trees

Sets

Until now several models of automata equivalent to the Rabin's one were
developed.
tomata.

In this thesis, we concentrate on one of them: parity tree au-

We also consider parity automata on

ω -words.

This is because

Rabin-

those are the ones that give rise to a hierarchy, namely so called

Mostowski index hierarchyanother descriptive complexity measure.
The class of

ω -regular

languages is already well understood:

as noted
Π02 sets

above, topologically, it reaches the class of boolean combinations of
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Figure 1: Embedding of the class of sets denable in a given formalism into
the Borel and the projective hierarchy.
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and not beyond [BL69]; the Rabin-Mostowski index hierarchy for nondeterministic automata collapses on the level of

(1, 2),

i.e. each

ω -regular

lan-

guage is recognized by a Büchi automaton [Büc62]; the Rabin-Mostowski
index hierarchy for deterministic automata is known to be strict and for a
given language one can eectively compute its position in the index hierarchy
[NW98].
Robustness and tractability of the class of

ω -regular

languages have en-

couraged Boja«czyk and Colcombet [Boj04, BC06, Boj11, Boj10] to look for
extension of this class of sets that would maintain some of the good properties. One of the approaches [Boj04] was to add to
called

unbounding quantier,

the formula

UX ϕ(X)

MSO+U.

a

in a word is unbounded. The

Formally, the quantier is dened so that

is equivalent to writing:

 ϕ(X) is satised by nite sets
Similar

logic a quantier,

that allows for expressing properties like

the length of blocks of consecutive letters
extended logic is called

MSO

quantitative

extensions

X
of

of arbitrarily large cardinality
Büchi

automata

[BC06]. Automata with bounding condition, called

were

considered

ω B-automata,

are able

to recognize languages like

LB = {an0 ban1 ban2 b . . . | lim sup ni < ∞} ,
while automata with strongly unbounding condition, called

ω S-automata,

are able to recognize languages like

LS = {an0 ban1 ban2 b . . . | lim inf ni = ∞} .
Automata combining features of the two above models are called

ω BS-autoω B-au-

mata. In the thesis we calculate the exact topological complexity of
tomata,

ω S-automata, ω BS-automata

and

MSO+U

logic, what is described

in details in the next section.
On the other hand, the class of regular languages of innite trees is still a
bit mysterious. Its topological complexity is non-Borel, namely regular tree
1
languages reach the level ∆2 of the projective hierarchy. The computability
of nondeterministic Rabin-Mostowski index is proven only if as an input
one provides a language recognized by a deterministic automaton, called a
deterministic language [NW05], or a language recognized by a so-called game
automaton [FMS16].

Also the shape of the embedding into the Borel and

projective hierarchies (see Question 2) is better understood for deterministic
than for all regular languages. Niwi«ski and Walukiewicz [NW03] have shown
1
that each deterministic language is either Π1 -complete or is at most at the
4

level

Π03

of the Borel hierarchy. It is clear, for the cardinality reasons, that

some gap of this type exists also for the full class of regular languages, but
the question what levels does the gap embrace remains open. Skurczy«ski
[Sku93], Duparc and Murlak [DM07] have given an answer to Question 2
for another subclass of regular tree languages.

Namely, they have shown

that weakly recognized languages inhabit exactly all nite levels of the Borel
hierarchy.
The complexity of the class of regular tree languages encourages one to
look for subclasses that would be simpler to tackle. Since the best understood
subclass corresponds to deterministic automata, in the thesis we consider a
natural extension of this model

unambiguous automata.

An important

characteristic of deterministic automata is that they admit only one run on
each input. Unambiguous automata, in a way, preserve this characteristic by
having at most one accepting run on each input while syntactically preserving
nondeterminism.

It is known that the class of tree languages recognized

by unambiguous automata is a strict extension of the class of deterministic
languages and a strict subclass of the class of regular languages [NW96, CL07,
CLNW10].
The class of unambiguous tree languages is not well understood yet. For
instance, it is not known if the following question is decidable. Given a regular
language of innite trees, is the language recognized by some unambiguous
automaton? Before results obtained by the author of this thesis, it was not
even known whether topological complexity of this class is any greater than
the complexity of deterministic languages, which, as noted above, are known
1
to be co-analytic (i.e. Π1 ). It occurred to be greater [Hum12]. The thesis
presents results that lift lower topological complexity bound for unambiguous
languages, but no upper bound is given. In particular, it is still not known
whether for each regular language there exists an unambiguous language that
is topologically harder.

Results for Languages of ω-words
Languages recognized by
tomata) are called

ω BS-automata

ω BS-regular

ω B-automata, ω S-auω B-regular, ω S-regular).

(respectively

(respectively

Theorem 3

The topological complexity of the class of ω B-regular languages
0
0
is Σ3 . The topological complexity of the class of ω S-regular languages is Π3 .
More specically, the rst of the above statements is equivalent to saying
that:
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1. each

ω B-regular language is in Σ03

ity bound), and

2. each set from
(the

Σ03

(the

upper topological complex-

is continuously reducible to a

lower topological complexity bound).

ω B-regular

language

The second statement in Theorem 3 is interpreted analogously.

Theorem 4

The topological complexity of the class of

ω BS-regular languages

0
is Σ4 .

Next we consider an alternating variant of

ω BS-automata,

and prove the

following.

Theorem 5

For each n < ω , there is an alternating
0
nizing a Π2n -hard language.

ω BS-automaton

recog-

The following corollary provides a negative answer to the question stated
by Boja«czyk and Colcombet [BC06, Chapter 6], whether nondeterministic

ω BS-automata

Corollary 6

are equivalent to their alternating form.

Alternating

ω BS-automata are more
ω BS-automata.

expressive than boolean

combinations of nondeterministic
Languages

Ln

hard for respective nite levels of the Borel hierarchy used

in the proof of Theorem 5 are also proven to be denable in

MSO+U.

How-

ever, the results for the logic go much higher.

Theorem 7

For every

the language

L (ϕi )

is

i > 0, there
Σ1i -hard.

exists an

MSO+U

Since it is straightforward that each language of
denable in

MSO+U

Theorem 8

ω -words

ϕi

such that

or innite trees

is in the projective hierarchy, we get the following.

The topological complexity of

innite trees is the class of

Corollary 9

formula

MSO+U

all projective sets.

logic over

ω -words

or

There is no model of deterministic, nondeterministic, alternat-

ing, or nested automata with an accepting condition on a xed level of the
projective hierarchy that can capture the whole expressive power of
on

MSO+U

ω -words.
All the mentioned results on the topological complexity of

ω S-automata, ω BS-automata,

and

MSO+U
6

ω B-automata,

were published [HMT10, HS12].

Results for Languages of Innite Trees
A language

L

is

bi-unambiguous if L is unambiguous and L is unambigu-

ous.

Theorem 10

There is a bi-unambiguous language of innite trees that is
1
Σ1 -complete (analytic-complete).

Corollary 11

Unambiguous languages are topologically more complex than

the deterministic ones.
The language

G

used to prove Theorem 10 is recognized by a nondeter-

ministic Büchi automaton.

Corollary 12

There is a language of non-Borel topological complexity that

is on one hand unambiguous, and on the other hand recognized by a nondeterministic Büchi automaton.
The above may be considered interesting because Finkel and Simonnet [FS09,
Corollary 4.14] have proven that each tree language recognized by an unambiguous Büchi automaton is Borel.
All the above results on the topological complexity of unambiguous tree
languages were published [Hum12] together with a note that building on the
language

G one can construct an unambiguous language that is topologically

harder than any countable boolean combination of analytic sets.
The results to be presented in the sequel are not published yet.
We introduce operation

σ on tree languages, with the following properties.

Theorem 13
then

σ (L)

Let L ⊆ TA . If L is hard for a topological complexity class
1
is hard for the sigma-algebra σ ( ).

Theorem 14

K

If a language

L ⊆ TA

is bi-unambiguous then

σ (L)

K,

is bi-un-

ambiguous.

Denition 15 ([AN07])
X

is

stretching of

L

Let

(X, d)

be a metric space.

A language

L ⊆

stretchable if for each sequence {a } of natural numbers, there is a
n

L

{an } , i.e. a mapping s : X → X
each k>0 and each t1 , t2 ∈ X :

with respect to

to itself and satises for

d(t1 , t2 ) 6 2−k =⇒ d(s(t1 ), s(t2 )) 6 2−ak
1 Extension

of the notion of the sigma-algebra generated by

instead of a set is explained formally in the thesis.
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K

, to

K

that reduces

(1)
being a class

We note that many example tree languages considered in literature are
stretchable. This includes game tree languages

Lemma 16
stretchable

A is a nite nonempty alphabet
then σ (L) is also stretchable.
If

Below, symbol
that a set
reducible

<W

then, for each

and a language

stands for strict Wadge quasiorder, i.e.

If A is a nite nonempty
n>0, σ n (L) <W σ n+1 (L).

alphabet and

σ ω , that
operation σ .

We also construct another operation,

ω 'th

[AN07].

L is continuously reducible to a set M , while M
to L.

Theorem 17

of

W(ι,κ)

iteration of application of

Theorem 18
then, for each

If A is a nite nonempty
n>0, σ n (L) <W σ ω (L).

Theorem 19

If

stretchable then

Theorem 20

A is a nite
σ ω (L) is also

If a language

L

L ⊆ TA

L <W M

is

means

is not continuously

L ⊆ TA

is stretchable

is intended to play a role

alphabet and

L ⊆ TA

is stretchable

nonempty alphabet and a language

L ⊆ TA

is

σ ω (L)

is

stretchable.
is bi-unambiguous then the language

bi-unambiguous.
Using the two operations we can dene the following sequence of languages.

∅ <W σ (∅) <W σ 2 (∅) <W σ 3 (∅) <W . . .
<W σ ω (∅) <W σ (σ ω (∅)) <W σ 2 (σ ω (∅)) <W σ 3 (σ ω (∅)) <W . . .
<W σ ω (σ ω (∅)) <W σ (σ ω (σ ω (∅))) <W σ 2 (σ ω (σ ω (∅))) <W . . .
..
.




<W (σ ω )k (∅) <W σ (σ ω )k (∅) <W σ 2 (σ ω )k (∅) <W . . .

(2)

<W (σ ω )k+1 (∅) <W . . .
..
.
The length of the above sequence is

ω2.

All languages in the sequence are

bi-unambiguous, recognized by unambiguous parity tree automata of index

{(0, 1), (1, 2)}.

It means that each strongly connected component of states in
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such an automaton uses only

2 priorities.

On the other hand, no language in

the sequence, except the rst two, is recognized by an alternating automaton
using

2

priorities.

For another illustration of the topological complexity of the languages in
σ (∅) is Π11 -complete.

the sequence we note that already

Note that an increasing sequence of bi-unambiguous languages similar to
the one shown in (2) can be built starting from any stretchable bi-unambiguous language.

Applications of the Results
The topological complexity of

MSO+U

was used by Boja«czyk, Gogacz,

Michalewski and Skrzypczak [BGMS14] to prove that the logic is almost
undecidabile. Precisely, they have shown that no algorithm which decides
the

MSO+U

theory of the full binary tree has a correctness proof in ZFC.

The technique used in this proof became a model example of utilization of
relation between topological complexity and decidability. One year later Boja«czyk, Parys and Toru«czyk [BPT16] gave undecidability proof that did
not use topology.

However, the topological results have given a direction

towards a solution of the decidability question that was open for a decade.
While working on the topological complexity of unambiguous languages,
the author have consulted Duparc to nd out how operations introduced
by Wadge and Duparc, and then transferred to trees by Murlak [Wad72,
Wad84, Dup01, Mur06, DM07], t the unambiguous world. The cooperation
resulted in a paper [DFH15], coauthored also by Fournier, about the Wadge
hierarchy of unambiguous languages. The result used language

G mentioned

above. The result is not included in this thesis.

Credits
The lower complexity bounds stated in Theorems 3 and 4 were proven using
the example languages provided by the authors of

ω B-automata

and

ω S-au-

tomata models, Mikoªaj Boja«czyk and Thomas Colcombet [BC06].
upper topological complexity bound for

ω BS-automata

The

stated in Theorem

4 was proven by Szymon Toru«czyk using the proof of Theorem 3 by the
author of the thesis.
A sequence of

MSO+U

denable languages

Ln

hard for respective nite

levels of the Borel hierarchy was given by Michaª Skrzypczak. The author of
this thesis have proven that the languages are recognized by an alternating
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variant of

ω BS-automata

(Theorem 5).

The results concerning projective topological complexity of

MSO+U were

obtained together with Skrzypczak (Theorem 7). The presentation of one of
the parts of the proof was improved in cooperation with Toru«czyk.
At an early stage of the construction of the operation

σ

the author have

obtained support from Skrzypczak, that made the operation simpler, clearer
and more general.
The notion of stretchability (Denition 15) and the way how it can be
used to prove that a set is not continuously reducible to itself, was borrowed
from André Arnold and Damian Niwi«ski [AN07].
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