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Abstract
Background: As suggested by the origin of the word, sphingolipids are mysterious molecules with various roles in
antagonistic cellular processes such as autophagy, apoptosis, proliferation and differentiation. Moreover, sphingolipids
have recently been recognized as important messengers in cellular signaling pathways. Notably, sphingolipid
metabolism disorders have been observed in various pathological conditions such as cancer and neurodegeneration.
Results: The existing formal models of sphingolipid metabolism focus mainly on de novo ceramide synthesis or are
limited to biochemical transformations of particular subspecies. Here, we propose the first comprehensive
computational model of sphingolipid metabolism in human tissue. Contrary to the previous approaches, we use a
model that reflects cell compartmentalization thereby highlighting the differences among individual organelles.
Conclusions: The model that we present here was validated using recently proposed methods of model analysis,
allowing to detect the most sensitive and experimentally non-identifiable parameters and determine the main
sources of model variance. Moreover, we demonstrate the usefulness of our model in the study of molecular
processes underlying Alzheimer’s disease, which are associated with sphingolipid metabolism.
Keywords: Sphingolipid metabolism, Kinetic model, Sensitivity analysis

Background
Sphingolipids (SL) are a class of complex lipids with a sphingoid base (Sph) [1]. Modifications of this basic structure
that consist in the addition of an amide-linked fatty acid
or phosphorylation lead to the formation of bioactive sphingolipids such as ceramide (CER), ceramide-1-phosphate
(C1P), sphingosine-1-phosphate (S1P) or sphingomyelin
(SM) [2, 3]. Ceramide is a recognized branching point
in the metabolism of various sphingolipids subspecies.
There are three major pathways of ceramide synthesis. In de novo synthesis pathway ceramide is created
from less complex molecules [4]. The second pathway is
the catabolism of complex sphingolipids, mainly sphingomyelin [5]. Ceramides can also form through the breakdown of complex sphingolipids that are ultimately broken
down into sphingosine in the acidic environment of the
lysosome. In this pathway, known as salvage pathway, sphingosine is then reused, it is reacetylated to form ceramide
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again [6]. At the same time, ceramide may serve as a substrate in the synthesis of SM, C1P, and Sph which, in turn,
can be phosphorylated to S1P [7–11]. For a long time,
sphingolipids were believed to serve mainly structural
purposes and have only been recognized as important
messengers in cellular signaling pathways [12, 13] in the
last two decades.
A notable body of work has been devoted to studying
the influence of sphingolipid metabolism on cellular fate:
autophagy, apoptosis, proliferation or differentiation [14,
15]. Importantly, individual sphingolipid species appear
to have an antagonistic effect on cell growth and survival. The dynamic balance between proapoptotic (e.g.
CER and Sph) and antiapoptotic (prosurvival) molecules
(e.g. S1P and C1P) is termed sphingolipid rheostat [16].
Disruptions in the metabolic pathways involved in the regulation of this balance are believed to underlay various
diseases. Indeed, sphingolipids are known to have critical
implications for the pathogenesis and treatment of diverse
conditions such as cancer [17–20] and neurodegenerative
disorders (e.g. Alzheimer’s disease) [21–25].
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Related research

Formal modeling appears to be an excellent tool to predict
the response of a system to a wide range of both external
and internal factors in different scenarios. However, due
to the complexity of the sphingolipid metabolome and the
paucity of data, not much research has been performed
in the field of computational sphingolipidome modeling.
Only few models of SL metabolism are available in literature. The model provided by Vasquez et al. [26] refers to
de novo ceramide synthesis in yeast. It contains all essential elements of ceramide synthesis from nonsphingolipid
metabolism. However, no further steps involving the recycling of ceramides and other more complex sphingolipids
(such as the SM catabolic pathway and salvage pathway)
are considered. The model proposed by Gupta et al. [27]
describes the C16-branch of sphingolipid metabolism in
RAW264.7 cells. An advantage of this model is that it
combines the lipidomics and transcriptomics data provided by the LIPID MAPS Consortium. However, the
model applied here is restricted to the closest metabolites
of C16 ceramide. None of the proposed models contain
cell compartmental division despite the fact that ceramide
metabolism is known to differ depending on the cell compartment such as the mitochondrion, the nucleus and the
cell membrane. Therefore, we found it appealing to create a computational model for the metabolism of complex
sphingolipids in human tissues.
Our results

We propose a formal model of regulatory processes that
contain sphingolipid metabolism pathways. Computational modeling is based on ordinary differential equations
(ODEs) that describe the evolution of species concentration. The kinetics of our model is based on Mass Action
Law (MAL) for molecular transport reactions and the
Michaelis Menten (MM) approach for enzymatically catalyzed reactions. The model also covers the potential
inhibitory effects of some species on the synthesis of other
species.
To the best of our knowledge, this is the first computational model of sphingolipid metabolism that includes
compartmentalization based on the typical structure of
a nondifferentiated eukaryotic cell. Reaction parameters
were estimated on the basis of publicly available literature data and some default assumptions based on experience with Biochemical Systems Theory [28], whereas
the initial concentrations of particular sphingolipd species
in each organelle were obtained from the LIPID MAPS
database [29]. To validate our model, we applied both
standard and novel methods of analysis, i.e. local sensitivity analysis [30], variance decomposition [31] and clustering of model parameters based on sensitivity indices [32].
Finally, we demonstrate the utility of our model to
study the molecular events underlying Alzheimer’s disease

Page 2 of 16

(AD). The proposed model provides comprehensive, functional integration of experimental data and will contribute to the understanding of the interrelationships
between sphingolipid metabolism and various diseases
that remain elusive. Moreover, this is the first time that
two recently published methods of computational model
analysis (i.e. variance decomposition [31] and sensitivity clustering [32]) are applied in a medium-size realistic
biochemical model.

Results and discussion
Model of sphingolipid metabolism

Our model captures all essential elements of the complex
network of sphingolipid metabolism excluding de novo
ceramide synthesis which has been described by Vasquez
et al. [26]. It illustrates the general behavior of selected
subspecies in unspecified human tissue in nine subcellular compartments. These compartments represent the
following organelles or their parts: the outer and inner
layer of the cell membrane, the cytoplasm, the endoplasmic reticulum, the cytoplasmatic and lumenal face of the
Golgi apparatus, the nucleus, the mitochondrion and the
lysosome. Our model includes 69 reactions of molecular
transport and biochemical transformation (Fig. 1).
Transport

We applied the Mass Action Law principle to describe
transport kinetics. Particular equations simulate different
transport pathways which are determined by the specific
biophysical properties of particular sphingolipids [33]. It
is worth highlighting that most of these molecules [i.e.
CER, SM and glycosphingolipids (GSL)] are restricted to
biological membranes. These can be transported between
organelles only in the form of complexes with lipid transfer proteins [34], e.g. the CER transfer (CERT) protein
binds to CER. In addition, sphingolipids may change their
location in the form of vesicles, i.e. as an integral part
of biological membranes [35]. For example, the translocation of SM and GSL from the Golgi apparatus to the
outer membrane is associated with exocytosis. Furthermore, SL may move into the lysosome when the endocytosis complex is formed. SL species may also diffuse
along the membranes of interlinked organelles, as is the
case with ceramide that floats between the endoplasmic
reticulum and the nucleus [36]. On the other hand, Sph,
S1P and C1P are sufficiently hydrophilic to diffuse freely
from membranes to the cytosol, and similarly from the
outer membrane to the external environment [37]. However, it has been reported that the transport of C1P from
the Golgi apparatus to other cellular compartments may
also occur in association with specific transporter proteins
such as C1P transfer protein (CPTP) [38]. Water solubility also determines a molecule’s ability to flip between
membrane leaflets. CER has a relatively rapid flip rate and
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Fig. 1 The sphingolipid metabolism diagram. Network of the SL metabolism system. Diagram was generated in Matlab Simbiology software. The full model contains 69 reactions, 39 modeled species
and 37 reaction catalyzing enzymes. Oval boxes denote reacting molecule species, diamond boxes denote enzymes, circles denote reactions (small circles – transport, bigger circle metabolic reaction).
Solid lines connect reactants with reaction, short dash lines connecting diamonds to reactions denote enzymatic catalyzing influence. Long dash lines connecting ovals to reactions denote inhibition
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Sph is sufficiently amphipathic to move between membrane layers [39, 40]. Finally, S1P requires specific lipid
transporters to traverse membranes [41, 42]. Complex
sphingolipids are unable to cross membranes without the
aid of specific flippases such as four-phosphate adaptor
protein 2 (FAPP2) which draws glucosylceramide from the
outer surface to the inner surface of Golgi cisterns [43].
Ceramide synthesis and degradation

The majority of reactions depicted in Fig. 1 are enzymatic. The Michaelis Menten model and simplified kinetics were applied to describe different pathways of synthesis and degradation of the selected SL species, including
ceramids. There are three major pathways of ceramide
synthesis. CER synthesis via de novo pathway is described
as the inflow of these molecules into the endoplasmic
reticulum. CER may also by generated through the acetylation of Sph. This reaction is catalyzed by different types
of ceramide synthases (CerS) [44] and is the final step of
the salvage pathway [6]. Notably, the endoplasmic Sph
metabolized in this pathway may be generated from the
degradation of S1P which is catalyzed by specific phosphatases (SPP1 and SPP2) [45] or from the lysosomal
degradation of complex SL species. This pathway is initiated by acidic sphingomyelinase (aSMase) and is critical
to maintain proper concentrations of cellular SL [46, 47].
In addition to the abovementioned endoplasmic route
of CER synthesis, a similar subset of reactions occcurs
in the mitochondria. The reactions of mitochondrial SL
metabolism have not yet been completely understood. In
particular, enzyme specificity and the values of reaction
rate parameters are often unknown [48, 49].
The third route of CER synthesis is through the hydrolysis of SM. The enzymes responsible for catalyzing these
reactions, sphingomyelinases (SMases) are classified into
three categories based on their optimum pH values and
subcellular distribution. The degradation of SM is essential for the homeostasis of cell membranes; it has also been
reported to be strongly associated with stress induced
apoptosis [14, 50, 51].
Finally, we describe CER hydrolysis. Ceramidases
CDase, seven of which have been described in humans,
catalyze the cleavage of fatty acids from CER which leads
to the production of Sph [52].
Synthesis of complex SL

The most complex SL are SM and GSL which are even
more diverse. Although some enzymes responsible for the
synthesis of these complex SL have been detected in e.g.
the nucleus, this pathway is mainly localized in the Golgi
apparatus. In both cases, the CER is used as a backbone
molecule. However, its conversion into either SM or GSL
depends on the transport pathway from the endoplasmic reticulum. A CER transported in the complex with a
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CERT protein moves into the cis-Golgi where SM is generated in a reaction catalyzed by an SM synthase [53, 54].
On the other hand, CER must move into the trans-Golgi
via a vesicle-dependent pathway to form GSL in a series of
reactions [55].
S1P and C1P metabolism

Our model includes reactions of CER and Sph phosphorylation. The resulting S1P and C1P, unlike CER and
Sph, promote cell growth and have anti-apoptotic properties [16, 56]. The effect of these metabolites is regulated
by the activity of several enzymes: (i) ceramide kinase
(CERK) responsible for the synthesis of C1P in the Golgi
apparatus and the plasma membrane [57]; (ii) sphingosine
kinases (SK1 and SK2) which catalyze the phosphorylation of Sph in different subcellular locations [58, 59];
and (iii) phosphatases that hydrolyze S1P and C1P. Phosphatases include both lipid phosphate phosphatases of
broad specificity [Phosphatidic acid phosphatase types
2a (PAP2a), 2b (PAP2b) and 2c (PAP2c)] and S1P specific phosphatases (SPP1 and SPP2) [45, 60]. All of these
enzymes with their isoforms differ in substrate specificity, optimum pH values and subcellular localization.
Our model illustrates the majority of their known properties. For detailed characteristics see the reviewed articles [7–11]. It is worth highlighting that both S1P and
C1P have been identified as inhibitors of enzymes responsible for CER synthesis, such as acidic sphingomyelinase
(aSMase) and serine palmitoyltransferase (SPT), the key
regulatory enzyme of de novo synthesis pathway. In our
model, inhibitory kinetics were used to describe this
inhibitory activity of S1P (see Additional file 1: Table S1).
Finally, our model includes the reaction of irreversible S1P
degradation. Catalyzed by sphingosine-1-phosphate lyase
(SPL1), this reaction of S1P hydrolysis to hexadecenal and
phosphoetanolamine allows to remove the sphingoid base
from the pool of SL metabolites [60, 61].
Model parameters

In conclusion, our model consists of 39 variables that
represent molecular species concentrations (some of
these are the same compounds but localized in different compartments, cf. Fig. 1). The metabolic reaction network covers 69 biochemical reactions (enzymatic
and transport-related) between the reacting species. The
model is implemented in the form of a system of 69
ordinary differential equations (ODEs) that model the
dynamics of the reaction network. The 129 parameters of
inhibition and reaction rates in the stationary state that
represent the conditions of homeostasis constitute the relevant input of the model and are presented in Additional
file 1: Table S1 while the 38 initial values of species
concentrations are presented in Additional file 1: Table
S2. To achieve conditions that resemble the intracellular
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environment during homoeostasis we stabilized species
concentrations to the stationary state of the system. The
initial values of lipid levels were obtained from the LIPID
MAPS [26]. In the following part of this article, the model
was validated by local sensitivity analysis, variance decomposition and clustering analysis.
Computational validation of the model

Biochemical models are characterized by a substantially
larger number of parameters relative to size of available experimental data. Therefore, the exact estimation of
model parameters is highly difficult [62]. Thus, we used
mathematical modeling to analyze the interrelationships
between parameters and model dynamics. To verify the
assumptions of our model, several methods were applied
to obtain a broad view of the behavior of the modeled system in normal and stress conditions. Validation methods
were based on recently proposed and classical approaches
that engage exact mathematical methods.
Local sensitivity analysis

For the outcome of the local sensitivity analysis [30] performed for the system in stationary state homeostasis, see
Fig. 2 and Additional file 1: Figures S1-S3. The following
conclusions were drawn.
• The highest sensitivity indices among ceramide
species were assigned to mitochondrial and lysosomal
CER associated with the activity of ceramide synthase
(CerS) in the mitochondrion and sphingomielynase
(SMase) in the lysosome. The widest range of
sensitivity was observed for CER in the endoplasmic
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reticulum, especially for the parameters of exogenous
CER inflow through the outer membrane and
endogenous CER via de novo synthesis in the
endoplasmic reticulum. Notably, CER in the
endoplasmic reticulum is also highly sensitive to the
parameters of reactions catalyzed by SMase in the
outer membrane. High sensitivity to the parameters
of exogenous inflow of CER and C1P show
membrane CER species, which are also sensitive to
the membrane reactions catalyzed by SMases (Fig. 2).
• For the sphingosine species, the greatest instability
behavior shows the mitochondrial Sph, that is highly
sensitive to the model’s inflows parameters as well as
the parameter of reaction catalyzed by the enzyme
CerS in the mitochondrion. Moreover, mitochondrial
Sph is sensitive to the SMase catalyzed reactions in
membrane (Additional file 1: Figure S1). In contrast,
concentration of Sph localized in cytosol is practically
invariant to parameters.
• Mitochondrial S1P shows the greatest instability
within the S1P species, not only for the model’s
inflows parameters and CerS in mitochondrion, but
also for parameters of reactions catalyzed by SMase in
membrane and lysosome. For the other S1P species,
the the mostly important is sphingosinokinase (SK) in
the reticulum, inner membrane and nucleus,
respectively. The cytoplasmic S1P is the most stable
S1P species (Additional file 1: Figure S2).
• Sphingomyelin in the outer membrane is the
dominant species within all other species;
consequently, the exogenous inflow of SM by outer
membrane is the most significant parameter for the

Fig. 2 The local sensitivity analysis of the CER species to the highly significant parameters
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SM species. This parameter does not play a
noticeable role for other species that are sensitive for
model’s inflows parameters by outer membrane
(exogenous: C1P, CER, Sph and S1P). Another
interesting feature is that the nuclear SM is the most
stable within SM species (Additional file 1: Figure S3).
Variance decomposition - homeostasis

The variance decomposition method enables to decompose noise associated with uncertainty of the modeled
output into components related to different reactions
[31, 63]. The application of this method to our model
principally indicates the reactions corresponding to edges
in Fig. 1 incident to investigated species as the highest
noise generators. Nevertheless, some reactions were more
significant for investigated species than other incident
reactions, whereas for some other species, variances are
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distributed equally among all reactions. To find the distinctive reactions, we calculated the mean variance for
each investigated species and set the threshold to 110 %
of the mean variance. The results for CER species are
depicted in Fig. 3 and those for Sph, S1P and SM are
depicted in Additional file 1: Figures S4, S5 and S6,
respectively.
• Within the ceramide species, the highest variance
shows the mitochondrial and lysosomal CER. For
CER, the threshold set on 110 % of average variance
was exceeded only by the reactions catalyzed by
ceramide synthase (CerS) and acid ceramidase
(ACDase) in mitochondrion. The membrane CER
species interact together; hence, for inner membrane
CER not only incident reactions exceeded the
threshold but also reaction incident with outer

Fig. 3 The variance decomposition of ceramide concentrations into components steaming from all model reactions. The red lines denote the
average variance components of the investigated species. The red bars denote the variance components that exceeded the threshold of 110 % of
average. The x-axis denotes reactions numbers and y-axis denotes the size of variance components
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membrane CER catalyzed by aSMase. For the outer
membrane CER, the highest variance component
stems from the reactions incident with outer
membrane C1P and transport reaction of C1P from
Golgi apparatus to outer membrane. For the other
CER species the highest variance is caused by the
incident reactions.
• Within the sphingosine species, the highest variance
similarly to CER species falls to the mitochondrial
Sph, whereas contrary to the mitochondrial CER for
the mitochondrial Sph, all reactions’ noise
components are near to average. Interesting is that
two incident reactions connecting mitochondrial Sph
with mitochondrial CER exceeded threshold and two
other incident reactions connecting mitochondrial
Sph with mitochondrial S1P are significantly below
average. Similarly, nuclear and endoplasmic Sph have
high and almost equally distributed noise with most
significant incident reactions. For nuclear Sph the
threshold was exceeded also by reactions
non-incident with nuclear CER. For the membrane
Sph species, highly influential reaction was the Sph
membrane diffusion. For the inner membrane Sph
except the incident reactions, the high noise
components steams from reactions connected with
outer membrane CER (between outer membrane SM
and Sph). The outer membrane Sph significant
reactions include transport reaction of C1P from
Golgi apparatus to outer membrane and reactions
connected with outer membrane CER and outer
membrane S1P. For the lysosomal Sph, except
incident reactions, the high noise component steams
from reaction catalyzed by aSMase in lysosome. For
the cytoplasmic Sph except incident reactions the
threshold was exceeded by the reaction catalysed by Al
kaline Ceramidase (AlkCDase) in Golgi apparatus. For
Golgi apparatus Sph the noise was mainly
decomposed by incident reactions.
• The highest variability within S1P species has the
mitochondrial S1P; all its variance components
showed near to average noise and none of the
reactions exceeded the threshold of 110 %. Variance
of all other S1P species steams principally from the
incident reactions with an exception of cytoplasmic
S1P, in which noise is generated mainly by lysosomal
reaction catalyzed by aSMases.
• The SM species have the highest noise among all
species and, contrary to most other species, the
variance of SM species steams almost equally from all
reactions.
Sensitivity-based parameter clustering (homeostasis)

Due to its complex structure, our model is perfectly
suited to test the applicability of the new method of
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clustering mutually compensative parameters to detect
mutual relationships between them [32]. In general,
parameters sets are not pairwise independent and biochemical models are often sensitive to linear combinations of parameters, which makes them non-identifiable
[62, 64].
Through sensitivity clustering of parameters (see
Section Methods) we obtained a dendrogram where four
clusters may be clearly distinguished (Fig. 4). These clusters may be interpreted as specific functional modules.
Our results are compatible with the theoretical compartments recognized by Rao et al. [65], who presented the
sphingolipid metabolism pathway as a combination of the
following units: (i) the C1 compartment that represents
the de novo biosynthesis of CER, (ii) the C2 compartment
that reflects the conversion of CER into complex sphingolipids such as SM and GSL, (iii) the C3 compartment
that represents the hydrolysis of SM to CER and (iv) the
C4 compartment that reflects the conversion of CER into
bioactive molecules such as C1P and S1P.
Ceramide phosphorylation

In our model, the brown cluster includes reaction parameters from the endoplasmic reticulum, the Golgi apparatus,
the nucleus and the cytoplasm. The strong redundancy
among parameters reflects their functional correlation.
This cluster is primarily related to the conversion of Sph
to S1P and vice versa. Beyond sphingolipid phosphorylation and dephosphorylation, it also contains reactions of
sphingosine acetylation and CER deacetylation. This cluster corresponds to the C4 compartment described by Rao
et al. [65] to some extent. However, our cluster fails to
include reactions that occur in the cell membrane; these
form part of the blue and green clusters. However, we
found the reaction that reflects the endogenous inflow
of ceramides into the endoplasmic reticulum (simulating the de novo synthesis pathway) to be a part of the
brown cluster. Notably, our analysis shows that reactions
in the endoplasmic reticulum are in functional unity with
nuclear reactions. This may be due to the fact that the
membranes of the reticulum are structurally linked with
the nuclear envelope.
Complex SL synthesis

The blue cluster contains reaction parameters associated with the molecular composition of the outer membrane. Since the cell membrane is the biggest reservoir
of sphingolipids, particularly complex sphingolipids such
as sphingomyelin and glycosphingolipids, this cluster has
a strong influence on the overall balance of cellular sphingolipids. The reactions from the pathway of CER production via SM hydrolysis (which was mentioned above)
are localized in this cluster. This was confirmed by local
sensitivity analysis, the reaction catalyzed by aSMase in
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Fig. 4 a Dendrogram obtained by hierarchical clustering of parameters based on their functional redundancy. Identifiability analysis yielded 37
unidentifiable parameters (marked in red).The labels and corresponding names of parameters are provided in Additional file 1. b Clusters of reactions
induced by hierarchical grouping. The colors of connections between species are compatible with the colors of clusters in the dendrogram. Color
intensity within the cluster corresponds with the level of redundancy between reaction parameters and other parameters in the cluster

the outer membrane has a strong influence on the stability of several modeled species. As a consequence, the
pathways responsible for the synthesis of complex sphingolipids (SM and GSL) are localized in this cluster. These
reactions strongly affect the stability of endoplasmic CER
and subsequently, cytoplasmatic Sph. The blue cluster is
comparable to the C2 compartment as denoted by Rao
et al. [65] in that it reflects complex SL synthesis. However, extending the results given by Rao et al. [65], we
show that it is in functional unity with the reactions of

the outer cell membrane. It is worth highlighting that the
results of our simulations are consistent with literature
reports because SM metabolism in the plasma membrane
is known to have strong implications for the balance of
bioactive sphingolipids [66].
Sphingolipds degradation

The yellow cluster is related to the degradation of complex
sphingolipids in the acidic environment of the lysosome.
It includes the starting point of the salvage pathway, i.e.
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SM transport and degradation in the lysosome and, to
some extent, it resembles the C3 compartment described
in [65]. According to the local sensitivity analysis, two
reactions from this cluster that represent the transport
of SM from the outer membrane to the lysosome and
ceramide synthesis from SM in the lysosome may affect
the concentration of different molecular species in the
model, such as: the lysosomal and outer membrane CER,
SM and Sph, endoplasmic CER or mitochondrial S1P and
Sph. However, this influence is not very strong. This finding may be explained by the relatively low activity of the
lysosomal degradation pathway in cells that develop in
favorable conditions. It should be mentioned that according to the clustering analysis, the lysosome belongs to the
intersection of the yellow and blue clusters. This seems
biologically appropriate because this organelle links the
synthesis and degradation pathways of complex SL.
Inner membrane balance

The black cluster reflects the molecular balance of the
inner membrane and contains reaction parameters that
are not mutually related to other compartments, but have
a specific effect on the behavior of other pathways. For
instance, this cluster contains the reaction catalyzed by
nSMase in the inner membrane which, on the basis of
local sensitivity analysis, appears to slightly impact the
stability of CER, Sph and S1P in the entire model.
Application of the model: case study of Alzheimer’s disease

Our model not only represents the functional integration of experimental data but may also be used for the
computational verification of molecular changes known
to cause various human diseases. In recent studies, it has
become evident that sphingolipids play important roles in
the trafficking and metabolism of AD - related proteins.
Thus, these are now acknowledged as crucial molecules
in the etiology of AD [23, 67]. This devastating neurodegenerative disorder is characterized by the accumulation
of intraneuronal and extracellular protein aggregates and
progressive synapse loss. The pathological hallmarks of
AD include the extracellular deposition of a peptide called
β-amyliod (Aβ), and neurofibrillary tangles. The inability
to catabolize aggregates of abnormally folded Aβ leads to
neuronal degeneration and a subsequent decline in cognitive processes. On the level of sphingolipid metabolism,
the most frequently reported hallmarks of the disease are
ceramide accumulation in the endoplasmic reticulum and
lysosome, and sphingosine accumulation in the cytoplasm
accompanied by decreased levels of cytoplasmic S1P and
C1P [21–25].
Interestingly, Aβ has been reported to induce increase
in CER level through activation of nSMase, resulting in
nerve cell death. On the other hand, CER has been shown
to alter amyloid-precursor protein processing and Aβ
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production. This mechanism was described as a CER
driven circulus vitiosus where increasing CER level leads
to an intensified Aβ production, whereupon Aβ is responsible for CER accumulation [24]. In this study, we applied
our model to determine whether changes in enzymatic
activity described by Rao et al. [65] lead to expected
changes in the concentration of observed SL species.
Currently our model allows to predict the fluctuations in the concentrations of the sphingolipid species
and the activity of the enzymes involved in sphingolipid
metabolism. Such analysis could be useful to investigate lipidomics aspect of development of various disease. Whereas present application of the model is limited
to analyze sphingolipid metabolism as a separate pathway, we plan to integrate our model with genome-scale
metabolic network.
Computational simulation of Alzheimer’s disease

In an attempt to simulate the cellular response to
metabolic disturbances of the SL pathway described
in [65], the values of selected reaction parameters necessary to achieve cell homoeostasis were changed. Detailed
information is provided in Additional file 1: Table S3.
We modified the parameters associated with ceramidase
(CDase) activity as well as the parameters corresponding
to the dynamics of sphingosine kinase (SK) and ceramide
kinase (CERK). Moreover, due to the down-regulation
of CERT expression we inhibited the transport of CER
to the Golgi apparatus. On the other hand, ceramide de
novo synthesis (represented by the inflow of CER into the
endoplasmic reticulum) was up-regulated. To test the system’s response in an AD scenario we simulated the time
evolution of species concentrations.
Preliminary simulations showed that when changes
were limited to those described by Rao et al. [65], some
modeled species quickly diverged to infinity. Namely, we
observed an unexpected, rapid accumulation of SM in
several cellular compartments (i.e. the lysosome, outer
membrane and endoplasmic reticulum). Another unforeseen system behavior was an increased rate of CER to GSL
conversion in the Golgi apparatus, followed by the accumulation of GSL. Since such events do not occur in AD
cells, we suggested that the initially introduced modifications should be accompanied by: (i) reduced transport
of CER to the Golgi apparatus via a CERT independent
pathway, and (ii) increased activity of sphingomyelinases
(SMase). We also introduced some minor changes in SM
transport between compartments. Our predictions were
confirmed by literature reports whereby impaired SM
metabolism is known to be linked with AD [68, 69]. These
findings emphasize the predictive value of our model.
Once these biologically justified modifications were
made, our results were coherent with experimental data:
we observed the accumulation of ceramides in cellular
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Fig. 5 Time evolution of molar concentrations of the following species (the dashed lines correspond to the homeostasis scenario and solid lines to
the AD scenario): (a) ceramide species; (b) sphingosine species; (c) sphingosine-1-phosphate species; (d) species functionally related to AD

compartments, particularly in the endoplasmic reticulum
(ER) and lysosome relative to homoeostasis levels [65, 67].
As far as the concentration of Sph species in the model
output is concerned, an immediate decline was observed
due to CDase down-regulation. This was followed by the
accumulation of Sph species in all compartments due to
increased concentrations of CER species, the substrates
for Sph synthesis. We also observed decreased concentrations of S1P species in the AD scenario (Fig. 5).
Local sensitivity analysis: AD scenario vs. homeostasis

Application of the AD scenario yielded slight changes in
local sensitivity parameters.
• For the CER species, in contrary to homoeostasis, the
most sensitive become ceramides in nucleus and
endoplasmic reticulum, which are sensitive basically
to endogenous CER in endoplasmic reticulum and
exogenous C1P, CER, Sph and S1P in outer
membrane inflow parameters as well as nSMase
reaction rate in outer membrane.
• The S1P in cytosol becomes sensitive to the SK2 in
cytosol , analogously S1P in inner membrane

becomes sensitive to SK1 in inner membrane and S1P
in outer membrane is more sensitive to inflow
parameter of exogenous S1P in outer membrane.
However, the mitochondrial S1P becomes invariant
to parameters changes.
• Sph species remains largely unchanged with most
sensitive mitochondrial S1P.
• Similarly SM species show an unchanged sensitivity
with the dominant species SM in outer membrane as
most sensitive.
Parameter clustering: AD scenario vs. homeostasis

Clustering analysis of AD model resulted in new parameter dendrogram, with only two clusters in comparison to
four clusters obtained in homoeostasis (Fig. 6 vs Fig. 4).
Clusters distinguished in AD simulation can be described
as follows.
Complex sphingolipid metabolism

Parameters that are strongly associated with the
metabolism of complex sphingolipids and glycosphingolipids were included in the green cluster. Our results
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Fig. 6 a Dendrogram obtained for AD scenario by hierarchical clustering of parameters based on their functional redundancy. Model contains 36
non-identifiable parameters. b Clusters of reactions induced by the hierarchical grouping

show that changes in SM balance are of great importance
for cellular metabolism in AD. This cluster includes
ceramide formation via SM hydrolysis, and the catabolism
of SM and GSL in the lysosome (salvage pathway). Similarly to the results obtained for the state of homoeostasis,
simulations in the AD scenario confirm that the hydrolysis of SM in the cell membrane and lysosome strongly
influence the level of cytoplasmic Sph. This cluster also
includes the parameters related to the synthesis of GSL
and SM in the Golgi apparatus. To conclude, this cluster
can be viewed as a combination of the green, yellow and
part of the blue homeostatic clusters and is formed as a
result of increased SM transport and degradation during
neurodegeneration.

Ceramide synthesis and accumulation

The red cluster includes reactions affected by the
inflow of ceramides from the de novo synthesis pathway. According to [70], the endoplasmic accumulation of
ceramides from this source is an important step in AD
development. Clustering analysis confirmed a strong correlation between de novo synthesis and concentration of
CER in the endoplasmic reticulum and subsequently in
the mitochondrion, nucleus and Golgi apparatus.
Predictive power of the model

In this section we explore the issue of experimental validation of our model. We decided to propose first comprehensive model of sphingolipid metabolism in unspecified
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human tissue being aware of the scarcity of experimental data. Previous models were based on yeast and mouse
datasets and were more specific, see e.g. [27] that models
the C16-branch of sphingolipid metabolism in RAW264.7
cells. On the other hand most datasets for human samples come from mass spectrometric analyses of complex
body fluids [71]. Such lipidomics data would be of crucial
importance while studying the secretion of SL species to
these fluids. However for this kind of analysis the intracellular model should be designed first. We would like to
emphasize, that almost all model parameters were based
on experimental measurements. Particularly the rates for
transport reactions were estimated according to experimental data stored in LIPID MAPS database.
Summarizing, the predictive power of our model can be
assessed only in a qualitative way, as there are no experimental data available to whose it can be fitted. Therefore
we argue, that the computational analysis that reproduces
the outcomes from [65] at the moment is the only method
available to verify the suitability of the model. Of course,
the experimental validation of model predictions would
be a subject of follow up research. Currently our collaborators from Mossakowski Medical Institute PAS carry
out experiments on SH-SY5Y cell lines and we hope that
obtained data would be useful to evaluate the predictive
power of our model.

Conclusions
In the present study, an original model for sphingolipid
metabolism in non-specified human tissue was proposed.
To the best of our knowledge, this is the most comprehensive model thus far and also the first to explicitly comprise compartmentalization. What is important, we have
managed to achieve balance between the complexity and
biological soundness of the model and its computational
tractability.
Our results demonstrate that this model is an excellent
tool to predict the response of the SL pathway to perturbations in the activity of particular enzymes as well as
the up- or downregulation of the modeled species. Therefore, the model is perfectly suited to simulate molecular
behavior in various scenarios as in this case study of AD.
Moreover, the implementation of semi-independent
compartments allows more subtle manipulations of the
reaction parameters for specific organelles. Finally, our
model enables not only the integration but also validation
of experimental data by verifying their cross-compliance
in a complex network of interactions.
In addition, the computational validation of the model
was performed using recently proposed, sophisticated
approaches [31, 32]. Mathematically elegant methods
of variance decomposition and sensitivity clustering
of parameters revealed non-trivial biological outcomes.
Furthermore, the application of the abovementioned
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approaches in our model served as the perfect validation
of their usefulness in realistic size problems.

Methods
All molecular reactions within a system of interacting species S1 . . . SN may be presented in the following
manner:
Rj :

kj

ν 1j S1 + · · · + ν Nj SN −→ ν 1j S1 + · · · + ν Nj SN ,

where ν nj and ν nj denote amounts of molecules of nth species that are respectively substrate and product of
this reaction and the coefficient kj denotes reaction rate
(speed) of the reaction.
The Mass Action Law kinetics

In case of non-enzymatic transport kinetics we used the
Mass Action Law (MAL) principle. The time derivative of
each species concentration is the sum of in- and out-fluxes
of all neighboring reactions. Here the one reaction flux is
equal kj [S1 ]ν 1j · · · · · [SN ]ν Nj . Hence, ODEs derived from
the MAL can be expressed as follows:
R

d[ Sn ] !
snj kj [S1 ]ν 1j · · · · · [SN ]ν Nj
=
dt
j=1

n = 1...N

where snj = ν nj − ν nj denotes a stoichiometric coefficient of n-th species in j-th reaction and [ Sn ] denotes the
concentration of n-th species.
The Michaelis Menten kinetics

Majority of the reactions depicted in the diagram 1 are
enzymatic reactions. For this kind of reactions we used
Michaelis Menten model (MM) and simplified kinetics
derived by the MM model:
Vmax [ S]
d[ P]
=
,
dt
Km +[ S]
where P denotes reaction product, S denotes reaction
substrate and Vmax , Km are constant reaction parameters.
Ordinary differential equations

Equivalently the ODEs can be expressed in the matrix
form:
dS(t)
= Mv(S(t)),
dt
where the system state is represented by the time dependent state vector S(t) of species concentration, M denotes
the stoichiometry matrix and v(S(t)) denotes a vector of
reaction fluxes (in our model, according to MAL or MM
kinetics including inhibition rates) [30].
Local sensitivity analysis

Local sensitivity analysis shows how the uncertainty of
parameters of the model can influence the model output. Sensitivity may be measured by monitoring changes
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in the output by e.g. partial derivatives of the modeled
species to the single parameters. This appears to be a logical approach because any change observed in the output
will unambiguously be due to the single variable changed.
To compare the sensitivity of the model to the single
parameters we constructed the sensitivity indices by time
integration of partial derivatives:
#
" T#
# ∂Sn (t) #
#
#
dt
sn,i =
# ∂θ #
i
0
θ=θ0

where Sn are different species concentrations, θ is the vector of parameters and θ0 is some fixed point in parameters
space.
Variance decomposition

The deterministic approach that represents the mean
behavior of the system can also be generalized to a
stochastic mode by meaning of Stochastic Differential
Equations (SDE), both of which can be represented in a
discrete Markov Chain or a continuous Markov Process.
Below we sketch the method of variance decomposition as
presented by Komorowski et al. [31].
Stochastic differential equations

Modeling the system behavior in a stochastic manner
means the examination of not only the evolution of the
average system state that represents a possible trajectory, but examination of the evolution of the probability
distribution over all possible system states.
The most popular approach to describe discrete
stochastic model of biochemical pathway is Chemical Master Equation (Chapman-Kolmogorov equation of
Markov chain modeling the evolution of the system):
!
pP(x, t) !
=
aj (x−mj )P(x−mj , t)−
aj (x)P(x, t),
dt
j

j

where the system state is denoted by the vector X(t) ∈ NN
of numbers of molecules each row for one of N reacting species, mj denotes the j-th column of stoichiometry
matrix M = (m1 , . . . , mR ) and P(x, t) denotes the timeand state-dependent distribution of system being in state
X(t) = x and finally aj (X(t)) denotes the propensity
function associated with the j-th reaction [30].
One of the possible simplifications of the above equation
is Linear Noise Approximation, where the dynamic is
modeled with Poisson process:
⎛ t
⎞
"
R
!
mj Nj ⎝ fj (X(τ ), τ )dτ ⎠
X(t) = X(0) +
j=1

0

where Nj (X(t), t) denotes Poisson process dependent on
time and a system state X(t), corresponding to occurrence
of j-th reaction. The probability that j-th reaction occur

during the time interval [ t; t + dt) equals fj (x, t)dt, where
the fj (x, t) is called the transition rate.
Although accurate discrete models describe the exact
evolution of probability distribution of the system with
the assumption that in one time point at most one reaction can occur, they are computational not efficient, as
simulations require significant resources. Consequently,
it is more efficient to transit from discrete to continuous
process. Starting from deterministic approximation:
&(t) = &(0) +

R
!
j=1

mj

"t

fj (&(s), s)ds

0

where &(t) is the mean system state being the solution of
the ODEs that can describe the system state evolution by
dividing it into deterministic and stochastic part:
x(t) = ξ(t) + &(t)

where &(t) is the deterministic part and ξ(t) is the Winer
process describing stochastic noise of a system state [72].
The next step of stochastic noise decomposition is to
divided noise linearly into noise steaming from separate
reactions. The fact, that the total variance:
((t) = ⟨(x(t) − ⟨x(t)⟩)(x(t) − ⟨x(t)⟩)T ⟩

is described by the differential equation
d(
= A(t)( + (A(t)T + D(t),
dt
where
r
!
∂fj (&, t)
{A(&, t)}ik =
mij
∂&k

(1)

j=1

and D(t) denotes diffusion matrix, can be represented as
the sum of individual contributions,
((t) = ( (1) (t) + . . . + ( (r) (t).

(2)

results directly from
of the diffusion
(r the decomposition
(j)
matrix D(t) =
j=1 D (t) and the linearity of the
equation for ((t). Komorowski et al. [31] By decomposing
variance into the components from individual reactions,
we are able to determine the variability that the model has
from each reaction, and therefore we are able to assess and
weigh the uncertainty of the model in division into single
reactions.
Parameter clustering

Nienałtowski et al. [32] proposed the concept of functional redundancy and used it as a dissimilarity measure
in a hierarchical clustering algorithm. Let us define the
model in Bayesian approach by the distribution of data
(X ∈ Rk ) given parameters (θ ∈ Rl ) as P(X|θ), together
with a priori distribution P(θ). Let us assume that θ =
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(θA , θB ) corresponds to the division of parameters in two
independent sets, then [73]:
H(X) = I(X, θA ) + I(X, θB ) + I(θA , θB |X) + H(X|θ),
(3)
where H denotes here the entropy and I is the mutual
information between random variables. Here, I(θA , θB |X)
measures the part of entropy that is shared by both sets of
parameters and is equivalent to redundant knowledge of
the model, which is owned by θA and θB .
The computation of I(θA , θB |X) requires calculation
integral over all possible outcomes of the model, which is
highly inefficient; hence, this notion was replaced with the
local redundancy measure, which substitute assumption
of knowledge regarding the model X with information
regarding initial parameters θ ∗ . Thus, functional redundancy is equal to I(θA , θB |θ ∗ ) and is calculated according
to a given formula [74]:
I(θA , θB |θ ∗ ) = −

1
2

min(|θ
A |,|θB |)
!
i=1

log(1 − ρj2 ),

(4)

where ρi stands for the canonical correlation obtained
from the Fisher information matrix of θ ∗ (FIM(θ ∗ )).
Moreover, to indicate non-identifiable parameters, the
authors defined (δ, ζ ) - identifiability using the idea of
functional redundancy [32]. In this terminology, θi is (δ, ζ )
– identifiable if FIMii (θ) > ζ and ρ(θi , θ−i ) < 1 − δ, where
θ−i represents all parameters except θi .
Using functional redundancy, we can cluster parameters
according to a hierarchical algorithm (i.e. in every turn of
the loop we merge two sets of parameters with the biggest
redundancy measure and remove all non-indentifiable
parameters from further analysis) and visualize it on a
dendrogram.

Note
SMBL file with the model implementation of homoeostasis and model implementation of AD are provided as
Additional file 2 and Additional file 3.
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Additional file 3: SMBL file with the model implementation of AD.
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RNA microarrays and RNA-seq are nowadays standard technologies to study the transcriptional activity of cells. Most studies
focus on tracking transcriptional changes caused by specific experimental conditions. Information referring to genes up- and
downregulation is evaluated analyzing the behaviour of relatively large population of cells by averaging its properties. However,
even assuming perfect sample homogeneity, different subpopulations of cells can exhibit diverse transcriptomic profiles, as they may
follow different regulatory/signaling pathways. The purpose of this study is to provide a novel methodological scheme to account
for possible internal, functional heterogeneity in homogeneous cell lines, including cancer ones. We propose a novel computational
method to infer the proportion between subpopulations of cells that manifest various functional behaviour in a given sample. Our
method was validated using two datasets from RNA microarray experiments. Both experiments aimed to examine cell viability in
specific experimental conditions. The presented methodology can be easily extended to RNA-seq data as well as other molecular
processes. Moreover, it complements standard tools to indicate most important networks from transcriptomic data and in particular
could be useful in the analysis of cancer cell lines affected by biologically active compounds or drugs.

1. Introduction
RNA microarrays and RNA-seq are one of the most popular high-throughput methods used in the advanced medical diagnostics, personalized medicine, and basic research.
Although an application of these methods provides an insight
into the full transcriptome of examined sample, the knowledge gained in this way is based upon an averaged gene
expression in a bulk population. This fact introduces a specific
bias into the outcome of gene expression measurements,
especially, because a biological material is rarely homogeneous. A sample heterogeneity is either due to the diversity
of cell types in case of tissue samples, or due to minor
gene expression differences in samples obtained from cell

lines. In both cases an observed average expression level
may conceal relevant, cell-specific properties or mechanisms
activated only in subpopulations of cells [1, 2]. Therefore,
we have developed a novel computational method to infer
the contribution of cell subpopulations to the observed
expression of genes. We call the proposed method MPH after
Molecular Process Heterogeneity. So far, a couple of methods
were proposed to deal with the problem of mixed cell types
in biological samples, that is, tissues. Mostly they are based
on the expression matrix decomposition and yield the information about (i) proportions of different cell types in a given
sample and (ii) expression profiles specific for each detected
cell-type. As an example, in [3], authors introduce the method
based on the least squares nonnegative matrix factorization
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for discovery of cell-specific marker genes with noisy signals
because of varying cell-type proportions in a sample. The state
of the art in computational methods for determination of
sample cellular content and cell-specific expression profiles
is summarized in [4]. However, not only the subpopulationspecific behaviour, but also limited information about gene
regulatory networks reduces the possibility of a meaningful
inference from the transcriptomic data.
A closely related topic refers to the reconstruction of gene
regulatory networks from mRNA expression data. A plethora
of methods were proposed, but none of them brought a
spectacular success. In particular, Zhang et al. [5] presented
a method considering the path consistency algorithm based
on the conditional mutual information. Also some improvements of the standard path consistency algorithms have
already been proposed, such as the elimination of the gene
ordering problem [6]. The other approach proposed by Dojer
et al. [7] successfully applies dynamic Bayesian networks for
the gene regulatory network inference based on the perturbed
gene expression data.
Here, we decided to explore the already existing knowledge on the regulome and the signalome to provide an insight
into the heterogeneity of molecular processes in a cell population under study. Therefore, the proposed methodology complements the above-mentioned procedures for inferring gene
regulatory networks. Our method explores the functional
heterogeneity of a given cell population sample through
the quantification of the intensity of molecular processes
occurring in it.
The proposed approach was tested using the data from
two independent in vitro experiments. The first one was
aimed to assess the global transcriptomic changes occurring
in the ovarian cancer cell line SKOV3 upon paracrine signaling present in the peritoneal cavity. The second one was aimed
to decipher how the ceramide induced pathways are affected
by the inhibition of poly(ADP-ribose) polymerase (PARP)
in the neuroblastoma cell line SH-SY5Y. In both test-case
studies the MPH method was used on microarray expression
data to estimate the changes in the viability of variously
treated populations of cells. The obtained computational predictions were validated with the results of additional wet-lab
assays.
The paper is organized as follows. In the next section
we present the workflow of the MPH method and validation
strategies that are applied. Materials and Methods contains
the description of the biological experiments and the detailed
presentation of the computational method. In Results an
insight into the final outcomes from the MPH method is
provided and in Discussion we elaborate about the compatibility of computational and experimental results as well as the
method effectiveness. Finally, in Conclusions we summarize
our work and point out the future steps that we plan to
undertake.

2 . Overview of the MPH Method
Our goal is to estimate the proportion of different cell subpopulations existing in the analyzed sample being a typehomogeneous population of cells. We assume that there exist
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at least two different molecular processes manifested by
different transcriptional activity of a specific cell subpopulation. Specifically, the proportion should be understood
as a qualitative contribution of each subpopulation into the
transcriptomic signal observed in the data retrieved from the
whole sample.
Along with the proportions, we determine transcription
patterns specific for each subpopulation. Again, it should be
mentioned that values assigned to the expression of each
gene in the patterns are not strictly levels of transcription,
but rather correspond to the trends observed in detected
subpopulations. The MPH method described below was validated using the gene expression data from two case studies
described in detail in Materials and Methods.
To quantify the composition of the sample, we adapted
the computational framework designed originally for the deconvolution of a gene expression matrix from heterogeneous
samples [8]. The method decomposes an expression matrix
into components representing the description of different
tissues that were mixed in the sample. Here, since we assume
the sample homogeneity (as we study the cell lines), the
deconvolution is expected to reveal the heterogeneity at
molecular processes level; that is, different expression profiles
are inferred for cell subpopulations that proliferate and those
that remain in a dormant state (case study 1) or proapoptotic
condition (case study 2). Figure 1 presents the outline of the
MPH method.
The procedure starts with the routine processing of
the raw data from the microarray experiments resulting in
normalized, filtered (i.e., quality controlled) expressions for
each experimental scenario. Then, for the further analysis
we select only these genes that differentiate the experimental
conditions in the considered study in a statistically significant
manner.
The next step is the DSection algorithm (i.e., an unsupervised matrix decomposition method) [9]. It requires the
starting proportions as a priori knowledge for Bayesian
model and provides information about specific gene profiles detected during the decomposition of the expression
matrix. Intuitively, one can think of this step as the form
of a clustering procedure; the algorithm points out samples
described by similar transcription patterns and consequently
by potentially similar functional activity, given the expected
proportion, which can be randomly or uniformly distributed
if no additional knowledge is provided. From these gene profiles statistically significant genes are selected, then annotated,
and validated using DAVID tool [10], to finally constitute
a marker list per profile describing specific functions and
pathways currently active in the cells under the study.
The lists of marker genes are used as an input to the
second decomposition phase called ssKL which is a modified
version of the algorithm proposed in [11]. The outcome of
this step is twofold: the estimated proportions of functionally
homogeneous cell subpopulations and the gene expression
profiles specific for these subpopulations, thus also for the
molecular processes taking place in them.
Results of this step are validated using the dedicated
in vitro wet-lab assay (in our case studies the Resazurin
Reduction Assay and the MTT assay, resp.). Finally, marker
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Figure 1: An overview of the concept of the article: (a) an insight into the workflow of the MPH algorithm; (b) the general use case of our
algorithm.

genes from the previous step were assessed to find out
whether they characterize specific functions.
The MPH framework was used to verify two hypotheses
that were addressed in the conducted experiments. First, we
want to assess and compare the putative paracrine influence
of K21 fibroblasts and SKOV3 cells on ovarian cancer cell
proliferation. It is presumed that, despite serum-free conditions, secretion products of both cell types are able to prompt
SKOV3 cell divisions and that the stromal signaling exerts a
stronger effect.
In the second case, we want to computationally quantify
the influence of PJ34-PARP inhibitor on the viability of the
C2-ceramide treated cells. The hypothesis claims that PJ34
poses a cytoprotective character. For detailed description
of the biological background of both case studies see
Appendix A.
Finally, thanks to our approach that determines functionspecific transcriptomic profiles, we provide the most important markers characterizing concrete cellular functions. Here,
it should be emphasized that the knowledge about gene
regulation in cancerous cells is still quite vague and selection
of novel biomarkers for specific cellular processes might
improve our understanding of cancer development mechanisms.

3 . Materials and Methods
3.1. Cell Culture Experiments. The ovarian cancer cell lines
SKOV3 (HTB-77) and the human neuroblastoma cell line
SH-SY5Y were obtained from American Type Culture Collection (ATCC); healthy fibroblast cell line K21 was a gift from

Dr. Barbara Tudek (Institute of Genetics and Biotechnology,
Polish Academy of Science). Cells were maintained at 37∘ C in
a humidified incubator containing 5% CO2.

Case Study 1. SKOV3 and K21 cells were cultivated in a high
glutamine RPMI (Cytogen), supplemented with 10% FBS
(Cytogen), 20 mM HEPES (Cytogen), and 1% PenicillinStreptomycin solution (Cytogen). To obtain conditioned
media, cells were cultivated up to 80% confluence, washed
three times with PBS solution, and incubated in the serumfree culture media. Following the 72-hour growth, the conditioned media (CM) were collected and filtered (0,22 um) to
remove cellular debris.

Case Study 2. The SH-SY5Y (Sigma-Aldrich) cells were cultured in MEM/F-12 Ham Nutrient Mixtures (1 : 1) (Biowest)
supplemented with 15% heat-inactivated FBS (Cytogen),
1% penicillin/streptomycin, and 2 mM glutamine (SigmaAldrich). Prior to treatment, the cells were cultivated in low
serum medium (2% FBS).
3.2. Microarray Experiments
Case Study 1. For the microarray experiments, SKOV3 cells
were cultured up to 70% confluence, washed twice with
PBS, and incubated for 48 hours in media conditioned by
SKOV3 cells (CM-SKOV3) or K21 (CM-K21). Following CM
culture, mRNA was isolated using Trizol reagent followed by
DNase treatment (Roche) and purification using RNAeasy
extraction kit from Qiagen. Samples of 200 ng of total RNA
were analyzed on Affymetrix GeneChip Human Genome

4

BioMed Research International

U133 Plus 2.0 Array. We analyzed three RNA samples per
condition.
Case Study 2. SH-SY5Y cells were cultivated for 3, 6, and 24
hours in the following experimental settings supplied with
(i) 25 𝜇M C2-ceramide d18:1/2:0 (Enzo Life Sciences); (ii)
25 𝜇M C2-eramide d18:1/2:0 (Enzo Life Sciences) and 20 𝜇M
PARP-1 inhibitor PJ-34 (Sigma-Aldrich); (iii) pure medium
for control samples. The experiment was done in three
replicates. After 3, 6, and 24 hours of cultivation cells were
collected and RNA was purified using Affymetrix PrepEase
RNA Spin Kit. The whole-transcript analysis was conducted
using Affymetrix Human Gene 2.1 ST Array Plates.
Gene lists were annotated and analyzed using Qiagen’s
Ingenuity Pathway Analysis tools (https://www.qiagen.com/
ingenuity, IPA!, Qiagen Redwood City).
3.3. Cell Proliferation Assay
Case Study 1. Cell proliferation was performed in six repeats
by Resazurin (Sigma-Aldrich) Reduction Assay. Briefly, 2000
SKOV3s/well were seeded in 96-well plate. Following treatment for the indicated time, 10 𝜇l of 0,01% resazurin solution
was added to each well and incubated at 37∘ C for up to 72 h.
The fluorescence was measured at different time points with
a Multimode Microplate Readers (BioTek) at a wavelength of
590 nm. Proliferation curves were analyzed using GraphPad
Prism software (version 5, GraphPad Software, Inc.).
Case Study 2. After treating SH-SY5Y cells with different compounds, cell viability was evaluated using 2-(4,5-dimethylthiazol-2-yl)-2,5-diphenyltetrazolium bromide assay (MTT;
Thermo Fisher Scientific). Representative samples were collected from each experimental setting, MTT was added to all
of the wells. The cells were incubated at 37∘ C for 2 h, followed
by cell lysis and spectrophotometric measurement at 595 nm.
3.4. Computational Method. In our work we applied the
matrix deconvolution algorithms that originally were used
in the analysis of heterogeneous samples being composed
of different cell types in some proportions. In general, these
methods cover a wide range of approaches which try to
decompose a gene expression matrix 𝑋 (rows represent genes;
columns represent samples) into the product of two matrices
𝑊 and 𝐻 of given rank 𝑘 (the rank corresponds to the number
of expected cell types in a sample):
𝑋 = 𝑊𝐻 + 𝜖,

(1)

where 𝑊 is a matrix with a cell-specific transcriptome (rows
represent genes and each column corresponds to one of the
expected cell types), 𝐻 is a matrix with proportions of cells in
each sample (rows represent the expected cell types; columns
represent samples), and 𝜖 models the error/noise.
In this study we are especially interested in two algorithms: DSection and ssKL. DSection algorithm [9] is
an unsupervised approach to the matrix decomposition
problem. The only knowledge, that is expected as an input,
is the initial, a priori proportion of cell types. The algorithm

estimates both cell-specific transcriptome and cell proportions using the Markov Chain Monte Carlo approach.
In the context of our problem, assume we have 𝐽 cell-type
homogeneous samples; in each sample 𝑇 cell subpopulations
are involved in different molecular processes and 𝐶 experimental conditions. For each sample 𝑗 the a priori knowledge
p𝑗 = (𝑝1𝑗 , . . . , 𝑝𝑇𝑗 ) about proportions of cells with specific
function is also given. Then the expression 𝑦𝑖𝑗 of the 𝑖th gene
in 𝑗th sample is described as
𝑇

𝑦𝑖,𝑗 = p𝑗 x𝑖,𝑐(𝑗) = ∑𝑝𝑡,𝑗 𝑥𝑡,𝑖,𝑐(𝑗) + 𝜖𝑖,𝑗 ,

(2)

𝑡=1

where x𝑖,𝑐(𝑗) = (𝑥1,𝑖,𝑐(𝑗) , . . . , 𝑥𝑇,𝑖,𝑐(𝑗) ) represents the contribution of different cell subpopulations (i.e., different molecular
activities of cells) to the observed 𝑖th expression profile
and 𝜖𝑖,𝑗 is a normally distributed noise reflecting replication
noise with variance 1/𝜆 𝑖 , for some constant 𝜆 𝑖 . Hence, the
likelihood of 𝑦𝑖,𝑗 can be described as
𝑇

𝑦𝑖,𝑗 | p𝑗 , x𝑖 , 𝜆 𝑖 ∼ N (∑𝑝𝑡,𝑗 𝑥𝑡,𝑖,𝑐(𝑗) ,
𝑡=1

1
).
𝜆𝑖

(3)

Note that the replication variance, 1/𝜆 𝑖 , is heteroscedastic
across probes and homoscedastic across cell subpopulations
and experimental conditions. Finally, assuming i.i.d. measurements (which may not always be the case) a factorized
form for the joint data (D) likelihood can be written as
𝐼

𝐽

𝑓 (D | 𝜃) = ∏∏𝑓 (𝑦𝑖,𝑗 | p𝑗 , x𝑗 , 𝜆 𝑖 ) ,
𝑖=1 𝑗=1

(4)

where 𝜃 represents all model parameters; that is, 𝜃 = (p, x, 𝜆).
More detailed description of prior specifications, sampler
construction, and posterior sampling, that is, probability
of acceptance of one step in constructed mixed Gibbs and
Metropolis-Hastings sampler, can be found in [9].
On the other hand, ssKL is an approach that is based on
iteratively computed approximation of a desired decomposition. In our case it is supported by a list of marker genes
characterizing molecular functions that are active in the
sample of interest and regulate its observed transcriptome.
Specifically, the factorization 𝑋 ∼ 𝑊𝐻, given a desired rank
𝑘 (i.e., number of expected cell subpopulations/activities),
starts with a random initialization of 𝑊 and 𝐻 matrices
which are then updated to minimize a divergence functional:
F (𝑋, 𝑊, 𝐻) = ∑𝑋𝑖,𝑗 log (
𝑖,𝑗

+ (𝑊𝐻)𝑖,𝑗 .

𝑋𝑖,𝑗

(𝑊𝐻)𝑖,𝑗

) − 𝑋𝑖,𝑗

(5)

The approximation in the algorithm is performed in two steps
using the coupled divergence equations:
𝐻𝑖,𝑗 ← 𝐻𝑖,𝑗
𝑊𝑡,𝑖 ← 𝑊𝑡,𝑖

∑𝑡 𝑊𝑡,𝑖 (𝑋𝑡,𝑗 / (𝑊𝐻)𝑡,𝑗 )
∑𝑘 𝑊𝑘,𝑖

∑𝑗 𝐻𝑖,𝑗 (𝑋𝑡,𝑗 / (𝑊𝐻)𝑡,𝑗 )
∑𝑙 𝐻𝑖,𝑙

,

.

(6)
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It should be emphasized that even though the algorithm does
not need to necessarily converge to the same solution on
each run (see [11] for details), in our case study the method
turns out to provide consistent and robust results throughout
repetitive runs.
Both presented algorithms originally referred to the identification of cell-type specific transcriptomic profiles composing the investigated sample. However, in the next section
we will show that these methods can be successfully applied
to determine the activity-related proportions and markers
in cell-type homogeneous samples that are characterized
by the heterogeneity of undergoing molecular processes.

4 . Results
Here, we assume that the expression level for each gene is
the result of an expression activity in two distinct cell subpopulations. In our case studies one of them consists of
actively dividing cells and the second one consists of cells
with activated specific signaling pathways of the other type.
Building on this premise, the decomposition of the expression matrix yields the proportions of the characterized cell
subpopulations.
4.1. Marker Genes Selection. In order to assure the computational efficiency of used algorithmic solutions, we first reduce
the number of analyzed genes. We use only genes that differentiate experimental conditions in a statistically significant
way according to the two-sample 𝑇-test with 𝑝 value less than
0.05. Such filtering resulted in 3946 and 3983 genes, respectively, per case study, that were used in further decomposition
analysis.
According to the presented workflow, we first answered
the question if samples’ profiles for such selected genes exhibit
any specific inner structure. Application of DSection algorithm determined a decomposition of the expression matrix.
Taking into consideration the character of our experimental
data and provided assays, in both our case studies we set the
prior knowledge as a uniform proportion of two functional
subpopulations.
In each case study, annotation of the genes that differentiate well between two obtained profiles (i.e., top 500 genes
with the highest fold change) was performed using DAVID
tool [10, 12]. It provides groups of marker genes characteristic
for each profile based on the functional enrichment analysis.
This classification was systematically verified using literature
reports on each gene function. For the subsequent analysis only genes known to enhance particular process were
selected.
In the first case study we end up with the marker genes for
(i) the proliferation activity composed of 12 genes, CDC20,
TK1, KNL1, CENPE, STIL, ANLN, NDC1, NUF2, KIF20A,
PLK4, CCNB1, and CCNA2, and (ii) the quiescence state
composed of 12 genes: COL5A1, TGFBI, TCEA2, WNT9A,
MMP11, LAMB1, KRT14, LTBP1, PHLDB1, TIMP3, LRP1, and
COL18A1.
On the other hand, in the second case the following
marker genes are described: (i) proliferation regulation
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including 11 genes, CD24, NRP1, TNS3, MYC, CD38, CCNA2,
FGF7, MST1R, MYCN, ETS1, and EDNRA, and (ii) cell death
related regulation including 12 genes: DDIT3, ERN1, JUN,
SQSTM1, SMPD1, TGFB1, PRNP, CEBPB, NQO1, NR4A1,
CTSB, and ZMAT3.
The expression patterns of all selected marker genes
can be investigated in Figure 2, while their full names are
given in Appendix B (Tables 3 and 4). Additionally, we have
performed a bunch of tests to detect how the outcome of the
MPH method is dependent on the number of marker genes
used in the ssKL step. It turned out that a set of 10–12 genes
is sufficient to keep the percentage results robust. Moreover,
we verified how the average fold change of selected marker
genes influences the final predicted proportions in the ssKL
algorithm; see Appendix C.
4.2. Estimation of Functional Heterogeneity. During the next
phase, the obtained marker genes sets were used for ssKL
method to predict the final proportion of different cell
activities in the analyzed samples. In both case studies we
observed significant differences in fractions of cells exhibiting
investigated behaviours (see Figure 3).
In order to validate presented methods and significance
of their outcomes we have performed the log-likelihood ratio
test. It was measured how much the complex model with
more degrees of freedom (assuming functionally heterogeneous population) fits the data better than the hypothesis
assuming homogeneous population (𝐻0). In each experimental condition 𝐻0 was rejected in favor of 𝐻1 (see
Appendix C).
In most of the analyzed experimental variants our results
were consistent with the results of biological assays and the
literature based predictions. Our analysis indicate that secretion products of both SKOV3 cells and the fibroblast cell line
K21 are able to activate cellular proliferation. However, the
effect of stromal cells is much more pronounced. The results
of predictions based on MPH method have been completely
confirmed by Resazurin Reduction Assay.
Concerning the neuroblastoma cell line we have shown
that in the control environment the fraction of proliferating
cells is higher than in both experimental conditions, which
was expected and consistent with MTT assay. Moreover, we
observe that the reaction to external treatment is the strongest
in the 6-hour time frame and seems to stabilize around 24th
hour.
Interesting fact is related to our results concerning C2ceramide and C2-ceramide + PJ34 experiments on the fraction of proliferating cells, since it varies from the results
obtained using the MTT assay. Our computational method
suggests that PARP inhibition along with C2-ceramide supplementation results in lower proliferation abilities than in
experiment without the inhibition. This fact was not detected
in our MTT assay probably due to its limitations, as well as in
the analogous experiment presented in [13].
The predicted proportions for each sample are presented
in Table 1. What is worth emphasizing is the behaviour of
replicates for given time and setting which is stable (i.e.,
average standard deviation ≈ 0.01).
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Figure 2: Expression patterns of marker genes for each case study. The (a) panel describes 12 genes that regulate proliferation and 12 genes
that regulate maintenance/survival functions. On the other hand, the (b) panel describes 12 genes related to positive regulation of the cell
death processes (blue stripe) and 11 genes related to positive regulation of proliferation mechanisms (red stripe).
Table 1: The proportion of cells exhibiting specific molecular processes estimated by the ssKL method.
(a) Case study 1

Proliferation
Quiescence

K21
0.518
0.482

0.518
0.482

0.525
0.475

SKOV
0.415
0.585

0.408
0.592

0.396
0.604

(b) Case study 2

6h
Proliferation
Cell death

0.521
0.479

Control
0.526
0.474

0.525
0.475

0.458
0.542

4.3. Functional Validation. The additional validation of our
results was performed using the classical approach to the
functional analysis of transcriptomic data. We intend to
verify if profiles detected by application of the MPH method
are consistent with general, average tendencies indicated by
functional analysis tools. In order to identify molecular and
cellular functions altered by treatments we performed core

C2–cer
0.458
0.542

0.469
0.531

0.404
0.596

C2–cer + PJ34
0.423
0.577

0.422
0.578

analysis using Ingenuity Pathway Analysis tool (IPA). The
statistics for the most influenced functions reported in this
section are listed in Table 2.
In the first case study we selected 3946 differentially
expressed genes based on 𝑝 value and cut off the number
to 2238 based on the fold change. In the second case 3983
genes were selected for further analysis as distinguishing
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Figure 3: The comparison of the experimental results (left) with the theoretical estimation of functional proportions in subpopulations (right)
for both analyzed case studies: (a) compares proliferation activity in the 48th hour of SKOV3 experiment; (b) compares behaviour in the 6th
hour of the SH-SY5Y neuroblastoma experiment.

three experimental conditions, that is, control, C2-ceramide
treated, and both C2-ceramide and PJ34 treated.
For the cells treated with fibroblast enriched medium
(CM-K21) in the first case study, the top molecular and
cellular function detected by the disease and function (IPA
tool) was cellular growth and proliferation with 827 molecules
involved. Within this cluster the highest activation was
reported to proliferation of cells and cell proliferation of carcinoma cell lines. For the treatment with ovarian cancer
enriched medium (CM-SKOV3), the most altered functions
were cell death and survival and cell cycle, but in this case they
were both reported as decreased. The representative clusters
are cell death and M phase. The following top changed function was cellular development including downregulated clusters of differentiations and senescence. Clearly, the inhibition
of cellular death, cell cycle, and differentiation indicate the
cell quiescence.
In the second case study IPA analysis revealed significant
enrichment in the cellular growth and proliferation in both
C2-ceramide and C2 with PJ34 treated cells and this category
was on the second position after cellular movement in C2

variant and cellular development. According to the 𝑝 value in
cells treated with C2 and PJ34 proliferation of tumor cell lines
was the first affected function and proliferation of neuronal
cells was on the third position. In the C2-ceramide treated
cells proliferation of cells was on the second position. It should
be emphasized that in both variants proliferation scored very
low 𝑝 value what indicates high data enrichment. On the
basis of 𝑍-score its activation was decreased in comparison
to control samples. According to activation 𝑍-score in C2ceramide treated cells the highest decrease was designated
for the functions related to the organization of cytoskeleton
and cytoplasm; however proliferation of cancer cells was the
third decreased function. While increased activation was
predicted for the functions as morbidity or mortality and
organismal death, apoptosis was the fourth function. In the
second experimental variant (C2-ceramide with PJ34) in the
top of the relevant decreased functions were those related
to cellular movement and development of neurons (e.g.,
formation of cellular protrusions, development of neurons).
However activation of cell survival and proliferation of cells
was predicted to be decreased in comparison to control cells.
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Table 2: Levels of statistical significance of each molecular function
that was detected by IPA in each case study.

Table 3: List of the functional marker genes that were used in the
first case study.

Molecular function

Symbol

Name
Proliferation
Cell Division Cycle 20
Thymidine Kinase 1
Kinetochore Scaffold 1
Centromere Protein E
SCL/TAL1 Interrupting Locus
Anillin Actin Binding Protein
NDC1 Transmembrane Nucleoporin
Cell Division Cycle-Associated Protein 1
Kinesin Family Member 20A
Polo Like Kinase 4
Cyclin B1
Cyclin A2

CM-K21
Cell survival
Cell viability
Cell viability of tumor cell lines
Proliferation of carcinoma cell lines
Formation of cellular protrusions
CM-SKOV3
Interphase
M phase
Differentiation
Senescence
Assembly of cells
Cell death
Necrosis
C2
Proliferation of cells
Proliferation of cancer cells
Apoptosis
C2 + PJ34
Proliferation of tumor cell lines
Proliferation of neuronal cells
Cell survival
Proliferation of cells
Necrosis
Cell death
Apoptosis

𝑍-score

𝑝 value

3.264
3.196
3.312
1.292
−1.757

1.08𝐸 − 22
3.84𝐸 − 20
1.63𝐸 − 11
1.86𝐸 − 07
5.08𝐸 − 07

CDC20
TK1
KNL1
CENPE
STIL
ANLN
NDC1
NUF2
KIF20A
PLK4
CCNB1
CCNA2

−2.520
−3.136
2.039

4.97𝐸 − 11
2.26𝐸 − 05
2.07𝐸 − 04

COL5A1
TGFBI
TCEA2
WNT9A
MMP11
LAMB1
KRT14

−2.656
−1.789
−1.278
−0.978
1.534
−0.437
−0.712

−0.760
−1.808
−2.661
−2.417
2.482
3.338
3.777

1.46𝐸 − 14
2.42𝐸 − 12
4.52𝐸 − 07
2.65𝐸 − 06
1.20𝐸 − 07
5.56𝐸 − 24
2.65𝐸 − 23

7.34𝐸 − 09
4.70𝐸 − 08
1.87𝐸 − 03
1.77𝐸 − 06
1.34𝐸 − 04
6.48𝐸 − 03
7.44𝐸 − 04

What is more, in this experimental variant necrosis, cell death,
and apoptosis were in the top of activated functions.
On the basis of the above findings, we conclude that the
effect of the C2-ceramide enhanced by the PARP inhibition
affects the ability of cells to divide and cellular viability as
well as genetically controlled reorganization of cellular shape.
This intriguing discovery should be subjected to the further
analysis.
4.4. New Marker Genes. In the last step of the MPH method
we selected new markers which characterize cellular subpopulations of our interest. New markers were selected according
to the top differences in genes involvement in the functional
expression profiles supported by biological knowledge. In
the ovarian cancer case study the method revealed the two
additional genes characteristic for the cellular quiescence:
PI16 and WNT7A. Peptidase inhibitor 16 (PI16) was reported
to inhibit cell migration and proliferation and determine
cellular quiescence [14]. WNT7A maintains stemness [15,
16] and exerts an antiproliferative effect [17, 18]. The top
distinctive genes for the proliferation metaprofile include,
besides previously used markers, numerous genes related to
malignancy and ovarian cancer progression, in particular
cytokines and their receptors: CXCL1, IL1A, CXCL8, IL1B,
IL1R1, and IL1R2 [19–22].

LTBP1
PHLDB1
TIMP3
LRP1
COL18A1

Quiescence
Collagen Type V Alpha 1 Chain
Transforming Growth Factor Beta Induced
Transcription Elongation Factor A2
Wnt Family Member 9A
Matrix Metallopeptidase 11
Laminin Subunit Beta 1
Keratin 14
Latent Transforming Growth Factor Beta Binding
Protein 1
Pleckstrin Homology Like Domain Family B
Member 1
TIMP Metallopeptidase Inhibitor 3
LDL Receptor Related Protein 1
Collagen Type XVIII Alpha 1 Chain

On the other hand neuroblastoma cells which entered the
cell death pathway are characterized by activation of EGR1,
VEGF, and GDF15. While the EGR1 is known to possess
proapoptotic properties [23], VEGF and GDF15 are usually
described as prosurvival proteins [24, 25]. Nevertheless,
recently it was reported that overexpression of GDF15 (which
is also observed in our experiment) induces apoptosis of
breast cancer cells [26]. There is also some evidence that
VEGF stimulates apoptosis through the ERK1/2 signaling
pathway [27]. We believe that these three proteins provide
unique markers for the ceramide induced death of the neural
cancer cells.
Top genes characterizing each functional profile determined by the MPH method are listed in Appendix D along
with their raw expression levels and fold changes.

5. Discussion
In this article, we propose a novel approach to the analysis
of transcriptomic data from cellularly homogeneous samples
aiming to describe their functional heterogeneity. The main
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Table 4: List of functional marker genes that were used in the
second case study.
Symbol
DDIT3
ERN1
JUN
SQSTM1
SMPD1
TGFB1
PRNP
CEBPB
NQO1
NR4A1
CTSB
ZMAT3
CD24
NRP1
TNS3
MYC
CD38
CCNA2
FGF7
MST1R
MYCN
ETS1
EDNRA

Name
Cell death
DNA Damage Inducible Transcript 3
Endoplasmic Reticulum To Nucleus Signaling 1
Jun Proto-Oncogene, AP-1 Transcription Factor
Subunit
Sequestosome 1
Sphingomyelin Phosphodiesterase 1
Transforming Growth Factor Beta 1
Prion Protein
CCAAT/Enhancer Binding Protein Beta
NAD(P)H Quinone Dehydrogenase 1
Nuclear Receptor Subfamily 4 Group A Member 1
Cathepsin B
Zinc Finger Matrin-Type 3
Proliferation
CD24 Molecule
Neuropilin 1
Tensin 3
V-Myc Avian Myelocytomatosis Viral Oncogene
Homolog
CD38 Molecule
Cyclin A2
Fibroblast Growth Factor 7
Macrophage Stimulating 1 Receptor
V-Myc Avian Myelocytomatosis Viral Oncogene
Neuroblastoma Derived Homolog
ETS Proto-Oncogene 1, Transcription Factor
Endothelin Receptor Type A

innovation of our idea is based on the assumption that in
a population of cells each individual cell conducts its own
molecular function. Moreover, each cell in the population
may respond in a different way to an external stimuli.
These observations resulted in the development of the MPH
method that estimates the proportion of cell subpopulations
conducting specific cellular functions along with their transcriptomic description.
The above description of our results proves that our
function characteristic profiles derived from the computational interpretation of transcriptomic data are functionally
consistent. We have concluded that they actually correspond
to the molecular subpopulations of both ovarian cancer and
neuroblastoma cells that were studied.
Ovarian Cancer Cell Line. Based on the literature, both
healthy fibroblasts (K21) and ovarian cancer cell line (SKOV3)
were expected to boost cancer cells proliferation via paracrine
manner. We found that conditioned media were sufficient
to trigger ovarian cancer cell divisions regardless of serum
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depletion. Both in vitro experiments and microarray analysis prove that fibroblasts stimulate proliferation extensively,
while ovarian cancer secreted factors exert a more subtle
effect. This is consistent with the metaprofile results showing
that percentage of proliferating cells is significantly higher in
the culture with fibroblasts enriched medium. The in vitro
experiments support the hypothesis that fibroblasts stimulate
proliferation extensively, while ovarian cancer secreted factors exert a more subtle effect. These results are fully consistent with the conclusions based on the output provided by
the MPH method. Based on the transcriptomic profiles we
identified two cellular activities in the analyzed sample, that
is, proliferation and quiescence, while the calculated proportions show that the percentage of proliferating cells is
significantly higher in the culture with fibroblasts enriched
medium.
The core analysis (IPA tool) of the significantly altered
genes revealed the activation of cell cycle related genes in
the CM-K21 condition. In parallel, in CM-SKOV3 treatment, we observe downregulation of differentiation, proliferation, senescence, and cell death suggesting cell dormancy.
Although proliferation was clearly determined in both the
first functional profile from the MPH algorithm and the
raw transcriptomic data, the opposite process was not automatically defined. None of the commonly used programs
(DAVID, IPA, Molgen) managed to identify dormancy or cell
quiescence. However, 8 out of 12 of the most differentiating
genes for the second functional profile were linked to quiescence in various studies. The MPH method requires manual
analysis, but it allows more profound insight and identification of the nontrivial processes and corresponding markers.
In order to additionally verify the outcome of the MPH
method for the ovarian cancer case study we have selected the
third group of genes related to the cell signaling processes. It
turned out that the final proportions are consistent with the
two subpopulations case and the method predicts relatively
low level of signaling activity (see Appendix E).
Neuroblastoma Cell Line. Similarly, in the second case study
the MPH results support the C2-ceramide related hypotheses
based on the literature. Both experimental and computational
experiments confirm that in the presence of C2-ceramide the
cell death processes increase their activity and the fraction
of proliferating cells is lower than in the control sample. The
same trends were detected between the control and second
experimental condition (C2-ceramide + PJ34). The control
sample manifests higher proliferation activities and repressed
cell death processes. However, our computational analysis
suggests that the PARP inhibitor (PJ34) does not increase the
cell viability in populations supplied with the C2-ceramide.
This fact is not consistent with the results from the MTT assay
reported in [13].
However, since the functional analysis provided in the
results section supports our computational results we suppose that the cause for this inconsistence may be the assay
used to measure cells viability. The MTT assay depends on
concentration and activity of NAD(P)H-dependent cellular
enzymes [28], while PARP actively reduces the concentration
of NAD(P)H [29]. We suspect that the discrepancy between
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the results of the MPH method and the MTT assay may
result from PARP dependent changes in NAD(P)H balance
or PARP related silencing of cellular oxidative stress or might
have other unknown causes. We suggest further verification
of PJ34 effect on ceramide induced cell death.
Summarizing, in both case studies the MPH method provides insightful interpretation of transcriptomic data, which
is consistent with literature and functional analysis performed by IPA tools. However, in addition it expands our
knowledge on the composition of the measured transcriptomic signal by the microarray experiments. We approximate
the differences in gene expression levels for cells performing
various molecular process and the proportions in which they
are mixed.
The successful functional validation justifies the applicability of the proposed novel approach to the analysis of transcriptomic data retrieved from homogeneous samples. We
illustrate that the methods, used previously at the cellular
level to determine the input of each cell-type on the finally
observed transcriptome, can be applied to the problem of a
subcellular, regulatory nature. The method itself is stable and
computationally efficient and provides statistically significant
outcome.
Finally, it should be noted that methods that engage
the nonnegative matrix factorization (NMF) techniques are
also applicable in case of RNA-seq data analysis. Various
modifications of NMF have been lately used for the inference
from the RNA-seq results. For simple detection of the most
differentiating genes between experimental and control ones,
a method called discriminant NMF (DNMF) was suggested.
The DNMF incorporates the Fisher’s criterion into NMF by
maximizing the distance among any samples from different
experimental conditions, meanwhile minimizing the dispersion between any pairs of samples in the same class [30].
Additionally, the already presented DSection method
was used by Dozmorov et al. [31] to describe the contribution
of different cell types in systemic lupus erythematosus (SLE)
pathogenesis where transcriptomic data were provided from
RNA-seq experiments. Also, it should be mentioned that
apart from the NMF there are other approaches to determination of cell-specific transcriptome, for example, quadratic
programming approach suggested by Gong et al. [32]. Nevertheless, none of these techniques were used to attempt the
subcellular task that we address in this paper. That is why we
believe that the MPH approach not only is novel, but also
highlights the fact that transcriptome analysis usually is based
on multilevel assumptions and simplifications, which may
obfuscate some subtle facts important in many biomedical
aspects (e.g., diagnosis, drug resistance).

6. Conclusions
In this study we presented a novel methodological approach
to quantify the functional heterogeneity of a homogeneous
cell population based on transcriptomic data. To this aim
we adopted the method proposed for quantification of cell
proportions in heterogeneous tissue samples (e.g., mixed
tissues) from expression data. Our model framework exploits
the methodology designed for RNA expression microarrays
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applied for heterogeneous tissues. However, it should be
emphasized that our novel approach can also be effectively
applied to RNA-seq data by adapting the procedures proposed in [33, 34].
The presented case studies were focused on the effect of
peritoneal paracrine signaling in ovarian cancer cells and the
role of ceramide in mediating cell death in neuroblastoma
cells. With the MPH method, in the ovarian cancer study,
we identified two cellular activities, that is, proliferation
and quiescence mixed in the proportion consistent with the
experimental data. Our computational method also quantified the activity of C2-ceramide in time and its influence on
cell metabolic activity in a consistent way with the MTT assay.
Finally, the method allowed obtaining biologically relevant
results describing the biologically meaningful interdependence between C2-ceramide and the PJ34 compound. In this
case the specificity of molecular experiment requires the use
of additional methods to verify the results of the MTT assay
referring to cells viability.
Here, it should be mentioned that the presented framework could be further improved. Both DSection and ssKL
procedures are characterized by the bias towards discrimination based mainly on fold changes in a given expression
dataset. One should note that in the current implementation
the ssKL method prevents the use of markers that differ
on the direction of expression changes. The appropriate
improvement of the decomposition method can constitute a
very useful strategy for further research.

Appendix
A. Biological Background
A.1. Case Study 1: Peritoneal Microenvironment. This study
focuses on the microenvironmental effect of the peritoneal
cavity on prometastatic properties of ovarian cancer cells.
Progression of malignant tumors does not depend exclusively
on autonomous properties of the cancer cells but is deeply
influenced by tumor stroma reactivity and undergoes a strict
microenvironmental control [35]. Ovarian tumors heavily
contribute to the peritoneal microenvironment and affect
floating cancer cells in both autocrine and paracrine manner. Stroma cells enhance carcinomatosis of many kinds of
cancer by promoting the epithelial-mesenchymal transition,
a phenotypic switch resulting in enhanced tumor cell motility
and invasiveness, increased metastatic propensity, and resistance to chemotherapy [35, 36]. Ovarian stromal cell-type
is critical in determining whether metastasis occurs [21]. It
was observed that fibroblasts derived from the omentum,
the richly vascularized fatty subperitoneal layer draping the
ovaries, augmented ovarian cancer cell adhesion and invasive
behaviour [37, 38], whereas omentum-derived mesothelial
cells functionally inhibited ovarian cancer cell aggressiveness
[37]. We scrutinized the influence of secretion of the two
kinds of cells, fibroblasts and ovarian cancer cells, which are
known for their stimulating paracrine activity.
We cultured epithelial ovarian cancer cell line SKOV3
with media enriched by secretion products of the SKOV3
cells and the healthy fibroblast cell line K21. The treatment
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alternates transcriptomes and biological properties of the
cells in regard to proliferation, migration, chemoresistance,
and anoikis survival. The output of our research will be
described within a separate publication.
A.2. Case Study 2: C2-Ceramide and PARP Inhibition. Microarray experiment was designed to study the role of ceramide, bioactive sphingolipid in cancer signaling [39]. In particular, we studied the influence of C2-ceramide and PJ34,
which is the inhibitor of PARP on viability of the neuroblastoma SH-SY5Y cell line. According to the literature we expected C2-ceramide to stimulate the cell death and suppress
the cell proliferation [40, 41]. The role of PARP in this process
was reported in [13]. However, the literature reports on the
influence of PARP inhibition on the cell viability are contradictory [42, 43]. PARP1 is an abundant nuclear enzyme. It
belongs to nucleosome-binding architectural proteins that
promote structural alterations in chromatin and modulate
transcriptional responses [44–46]. PARP1 catalyzes the polymerization of ADP-ribose units from donor NAD+ molecules
on target proteins involved in DNA repair [47]. The activation
of PARP1 was observed during necrotic cell death [48, 49].
What is more, the inhibition of this enzyme is known to
switch the cell death from the necrotic mode to the apoptotic
one, which might be related to the availability of cellular reductive power (NAD+ ) [42]. PARP was also reported to
induce caspase independent cell death called parthanatos
[50–52].
Although the molecular basis of C2-ceramide and PARP1
induced cell death remain vague, it is not in the scope of this
paper to explain the biological principles of this process. With
this paper our main aim is to present a novel computational
method for transcriptome analysis of homogeneous samples,
to get a quantitative insight into ongoing molecular processes.

B. Marker Genes Characteristics
Tables 3 and 4 contain full names of genes composing functional fingerprints used in the second stage of the MPH
method.

C. Statistical Significance of Results
The log-likelihood ratio test was performed to statistically
validate our outcome. We decided to perform the validation
only for the larger dataset, that is, the second case study.
It was measured how much the complex model with more
degrees of freedom (assuming heterogeneous population) fits
the data better than the hypothesis assuming homogeneous
population (𝐻0). Namely, assuming that 𝑋 is a vector of gene
expression levels our null and alternative hypotheses are 𝐻0:
𝑋 ∼ N(𝜇1 , 𝜎12) and 𝐻1 : 𝑋 ∼ 𝑝 ⋅ N(𝜇1 , 𝜎12) + (1 − 𝑝) ⋅N(𝜇2, 𝜎22).
We used the Expectation-Maximization (EM) algorithm
to estimate the best parameters and calculate the likelihood
for both models.
Since there are only 3 measurements per experimental
condition, statistical confirmation of our results is hard to
provide (i.e., on three samples there is no basis for rejection of null hypothesis: sample represents unimodal normal
distribution). Nevertheless, in order to provide at least partial
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Table 5
Symbol
POSTN
ABCA1
HMGA1
IL1B
DDR2
CEBPB
YARS

Cell signaling
Name
Periostin
ATP Binding Cassette Subfamily A Member 1
High Mobility Group Protein A1
Interleukin 1 Beta
Discoidin Domain Receptor Tyrosine Kinase 2
CCAAT/Enhancer Binding Protein Beta
Tyrosyl-TRNA Synthetase

statistical justification of our results, using 𝑘-means algorithm, for each experimental condition we have clustered all
genes that were used in the analysis. Such clustering provided
larger samples with common expression pattern that could
have been analyzed with EM algorithm. An effective size of
the sample for EM algorithm was set to 100, determining the
number of expected clusters in 𝑘-means equal to 40.
In each experimental condition for most of the clusters
the likelihood ratio test rejected 𝐻0 in favor of the 𝐻1 . For
C2-supplied experiment 𝑀0 was rejected 37 (with mean 𝑝
value: 6.6 ⋅ 10−4), 39 (1.2 ⋅ 10−3), and 39 (4.4 ⋅ 10−4) times
(out of 40 cases) for 3rd, 6th, and 24th hour of experiment,
respectively. Similarly, for the above time points in PJ34 + C2supplied experiment 𝑀0 was rejected in 36 (3.8 ⋅ 10−4), 39
(3.4 ⋅ 10−4), and 38 (8.0 ⋅ 10−4) cases and for control samples
in 38 (8.2 ⋅ 10−4), 39 (1.0 ⋅ 10−3), and 39 (1.5 ⋅ 10−3).
In case of C2-supplied experiment the hypothesis of the
𝑀0 model was rejected in favor of the 𝑀1 model in 798 (3 h
of experiment), 824 (6 h), and 759 (24 h) out of 1000 cases,
with mean 𝑝 values 4.244 ⋅ 10−3, 3.883 ⋅ 10−3, 5.720 ⋅ 10−3 in
respective time points.
Same verification procedure was performed for the control samples and PJ34 + C2-supplied experiments, all resulting in 751 up to 811 rejected 𝑀0 models in all time points, with
mean 𝑝 values from (4.224 ⋅ 10−3, 4.851 ⋅ 10−3) interval.
These results suggest that, indeed, in each experimental
condition, it was reasonable to expect that the observed
expression level is a composition of signals from different
sources.
Marker Genes and Proportions Prediction. AppendixC
Influence of marker genes.xlsx file contains results for
various group of genes to determine such properties as robustness of outcome and its correlation with the fold change.

D. Functional Profiles Characteristics
The file AppendixD Top profiles.xlsx contains lists of
top 50 genes characterizing all functions from analyzed case
studies.

E. Three Subpopulations’ Detection in
the Ovarian Cancer Case Study
For the ovarian cancer case study we have selected an additional group of genes related to the cell signaling processes as
shown in Table 5.
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Table 6

Proliferation
Quiescence
Signaling

0.4549
0.4531
0.0920

K21
0.4544
0.4537
0.0919

Considering the same groups of genes for proliferation
and quiescence processes as before, we have obtained the
following preliminary results from the MPH method as
shown in Table 6.
The main observation here is the fact that these proportions are consistent with the main result from the manuscript
for two subpopulations; that is, in K21 samples the proliferation activity is higher. Next, when it comes to the signaling
processes it is of low percentage and at the similar level in
each of the six samples, which means that it does not necessarily differentiate the analyzed samples and is of quite low
importance in the context of our study. However, it should be
noted that this process is quite general and thus has nonempty
molecular overlap with other functional subpopulations. In
our case, when functional subpopulations are defined it is
the best practice to keep then mutually exclusive if possible.
Nevertheless, we believe that the consistency fact additionally
proves that considering two processes in our case studies was
justified.
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W. Wronowska, A. Charzyńska, K. Nienałtowski, and A. Gambin, “Computational modeling of sphingolipid metabolism,”
BMC Systems Biology, vol. 9, article 47, 2015.
M. Fillet, M. Bentires-Alj, V. Deregowski et al., “Mechanisms
involved in exogenous C2- and C6-ceramide-induced cancer
cell toxicity,” Biochemical Pharmacology, vol. 65, no. 10, pp.
1633–1642, 2003.
B. Ramos, J. M. Lahti, E. Claro, and S. Jackowski, “Prevalence
of necrosis in C2-ceramide-induced cytotoxicity in NB16 neuroblastoma cells,” Molecular Pharmacology, vol. 64, no. 2, pp.
502–511, 2003.
K. Ye, “PARP inhibitor tilts cell death from necrosis to apoptosis
in cancer cells,” Cancer Biology & Therapy, vol. 7, no. 6, pp. 942–
944, 2008.
M. T. Mathews and B. C. Berk, “PARP-1 inhibition prevents
oxidative and nitrosative stress-induced endothelial cell death
via transactivation of the VEGF receptor 2,” Arteriosclerosis,
Thrombosis, and Vascular Biology, vol. 28, no. 4, pp. 711–717,
2008.
R. Krishnakumar and W. L. Kraus, “The PARP side of the
nucleus: molecular actions, physiological outcomes, and clinical
targets,” Molecular Cell, vol. 39, no. 1, pp. 8–24, 2010.
N. Happel and D. Doenecke, “Histone H1 and its isoforms: contribution to chromatin structure and function,” Gene, vol. 431,
no. 1-2, pp. 1–12, 2009.
R. P. Strosznajder, K. Czubowicz, H. Jesko, and J. B. Strosznajder,
“Poly(ADP-ribose) metabolism in brain and its role in ischemia
pathology,” Molecular Neurobiology, vol. 41, no. 2-3, pp. 187–196,
2010.
D. D’Amours, S. Desnoyers, I. D’Silva, and G. G. Poirier,
“Poly(ADP-ribosyl)ation reactions in the regulation of nuclear
functions,” Biochemical Journal, vol. 342, part 2, pp. 249–268,
1999.

14
[48] H. C. Ha and S. H. Snyder, “Poly(ADP-ribose) polymerase-1 in
the nervous system,” Neurobiology of Disease, vol. 7, no. 4, pp.
225–239, 2000.
[49] W. Zong and C. B. Thompson, “Necrotic death as a cell fate,”
Genes & Development, vol. 20, no. 1, pp. 1–15, 2006.
[50] A. A. Fatokun, V. L. Dawson, and T. M. Dawson, “Parthanatos:
mitochondrial-linked mechanisms and therapeutic opportunities,” British Journal of Pharmacology, vol. 171, no. 8, pp. 2000–
2016, 2014.
[51] Y. Wang, V. L. Dawson, and T. M. Dawson, “Poly(ADP-ribose)
signals to mitochondrial AIF: a key event in parthanatos,”
Experimental Neurology, vol. 218, no. 2, pp. 193–202, 2009.
[52] R. Strosznajder and B. Gajkowska, “Effect of 3-aminobenzamide
on Bcl-2, Bax and AIF localization in hippocampal neurons
altered by ischemia-reperfusion injury. The immunocytochemical study,” Acta Neurobiologiae Experimentalis, vol. 66, no. 1, pp.
15–22, 2006.

BioMed Research International

4

Biologically sound formal model of Hsp70 heat induction

Accepted Manuscript

Biologically sound formal model of Hsp70 heat induction
Grzegorz Dudziuk, Weronika Wronowska, Anna Gambin,
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Abstract
A proper response to rapid environmental changes is essential for cell survival and
requires efficient modifications in the pattern of gene expression. In this respect, a
prominent example is Hsp70, a chaperone protein whose synthesis is dynamically regulated in stress conditions. In this paper, we expand a formal model of Hsp70 heat
induction originally proposed in previous articles. To accurately capture various modes
of heat shock effects, we not only introduce temperature dependencies in transcription
to Hsp70 mRNA and in dissociation of transcriptional complexes, but we also derive
a new formal expression for the temperature dependence in protein denaturation. We
calibrate our model using comprehensive sets of both previously published experimental
data and also biologically justified constraints. Interestingly, we obtain a biologically
plausible temperature dependence of the transcriptional complex dissociation, despite
the lack of biological constraints imposed in the calibration process. Finally, based on
a sensitivity analysis of the model carried out in both deterministic and stochastic settings, we suggest that the regulation of the binding of transcriptional complexes plays
a key role in Hsp70 induction upon heat shock. In conclusion, we provide a model
that is able to capture the essential dynamics of the Hsp70 heat induction whilst being biologically sound in terms of temperature dependencies, description of protein
denaturation and imposed calibration constraints.
Keywords: System Biology, Heat Shock Response, Sensitivity Analysis, Parameter
Estimation, Hsp70
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1. Introduction
The proteome is a dynamic entity, constantly changing in response to external stimuli
in a genome-dependent manner. To maintain their homeostasis, cells use a variety of
signalling molecules, protein chaperones, folding factors and degradation components.
A prominent family of proteins whose most of members act as molecular chaperones
are heat shock proteins (HSP). HSP act by binding to unfolded proteins as well as to
denatured ones, promoting their proper folding (or refolding), disaggregating stresslabile proteins, or targeting misfolded proteins towards degradation [28, 60, 70]. In
proteotoxic conditions—like heat stress or exposure to heavy metals, alcohol or oxidative agents—efficient folding of polypeptides becomes more difficult and the activity
of molecular chaperones such as HSP is then particularly important. This is when
cells activate the heat shock response (HSR), a process including synthesis of new HSP
molecules. HSP synthesis is regulated by the heat-shock factor (HSF). Upon activation,
HSF binds to regulatory sequences of DNA called heat shock elements (HSE), forming
transcriptional complexes, triggering subsequent HSP mRNA transcription and thus
leading to HSP synthesis. HSP are the key players of HSR preventing cells from lethal
damage and increasing cell survival. Lack of HSP synthesis is associated with exponential cell death [21]. Apart from stress conditions, protein misfolding is believed to be
involved in many diseases, including cancer, neurodegenerative disorders and metabolic
diseases [9]. An increase in the amount of misfolded proteins activates HSP. In consequence, as a potential target for therapeutic interventions, HSP signalling pathways
have attracted attention of scientists of various background [11].
In recent years, several formal models have been proposed to elucidate the mechanism of HSR, particularly the Hsp70 induction [36, 44, 46, 48, 52, 53, 55, 59, 64]. One
of the main goals of HSR models is to capture fundamental consequences of the heat
shock, such as incorrect folding of native proteins. In 1998, Peper et al. [44] proposed
a model where the rate constant of native proteins misfolding was explicitly expressed
as a continuous function of the temperature. However, this function was based on
experimental data concerning the fraction of denatured proteins with a dependence on
temperature [30] (unitless) and thus its interpretation as the rate constant of protein
misfolding (reciprocal time units) was not legitimate. This misinterpretation was also
used in some other papers focused on HSR modelling [36, 46, 53, 55, 59, 64]. Interestingly, using data on HSR dynamics, the authors of [59] estimated a scale factor
for the function of [44], which potentially increased its relevance as a model of the
denaturation rate constant despite the misinterpretation adopted from [44].
In the vast majority of works, the heat shock impacts the modelled system only via
the rate of proteins misfolding. In 2015, Scheff et al. [55] introduced a model capturing
various effects of the heat shock by assuming that not only the protein denaturation is
a temperature-dependent reaction. Both HSP transcription and translation as well as
HSF activation were assumed temperature-dependent. This allowed fitting of model
curves against a large, heterogeneous set of literature data for various types of measurements in HeLa cells, exhibiting HSR dynamics which probably would be hard to
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capture without these additional temperature dependencies. The use of large extent of
data for model calibration in [55] is in contrast to other works with curve-fitted HSR
models [46, 47, 52, 53, 59, 61], where the calibration bases mainly on data concerning
HSF phosphorylation or its interactions with HSE from [24] or [1].
In this paper, we propose an extension of the Hsp70 heat induction model from [53,
64]. In order to adapt the model to human tissue, we calibrate the model based on
data from HeLa cells whenever they are available. We follow the modelling approach
of [55] in the positive aspects discussed above, i.e. we take into account various modes
of heat shock effects by introducing additional temperature dependencies and estimate
the model parameters based on a large set of experimental data on HSR dynamics.
However, we push the matter of parameter estimation further and, besides the data
on model dynamics, involve data on model parameters; in particular, on reaction rate
constants and on amounts of species. We collect a large set of biologically justified
constraints on values of the parameters to ensure their biological adequacy. As a side
effect, our curve-fitting procedure becomes a more challenging optimization problem
with nonlinear constraints. Importantly, compared to previous works, we derive a more
reasonable relation between the fraction of denatured proteins and the rate constant of
protein misfolding, instead of using the fractional denaturation function that was not
suitable in this respect.
Given the described assumptions, we obtain a good fit of model curves to the
experimental data. We think that our model—exhibiting accordance with data under
realistic parameters values—is a step forward from qualitative to quantitative modelling
of HSR. Notably, we obtain our fitting results using different temperature dependencies
than those proposed in [55]. It is thus an open question to identify properly which
temperature dependencies should be taken into account in HSR models in the first
place, at the same time skipping superfluous temperature dependencies leading to
overfitting. In this respect, this is interesting that as a result of model calibration
we obtain a biologically plausible temperature dependence in the rate constant of
transcriptional complexes dissociation, i.e. first decreasing and then increasing, despite
the monotonicity pattern of this temperature dependence was not enforced neither in
the calibration nor in the model itself. In addition, by means of sensitivity analysis, we
identify both association and dissociation of transcriptional complexes as key reactions
of our HSR model, in the sense that the variability of rates of these reactions generates
strong variability of the state of the model.
The structure of the paper is as follows. In Section 2 we introduce the biochemical
model of Hsp70 induction and discuss the temperature dependencies of model parameters. Section 3 describes the formalization of modelled biochemical process together
with parameter estimation method. Section 4 discusses the dynamics of the resulting
model and its biological significance. Finally, in Section 5 we present the outcome
of sensitivity analysis of the model. Section 6 provides conclusions and directions for
further research.

3

84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125

2. Biochemical model
Chaperone HSP, as a large family of proteins, consists of members with notably different activity profiles. The family members are classified into sub-families according to
their molecular mass (110, 90, 70, 65, 40, 27 kDa and the small HSP). Recently, two of
them gained a lot of attention: Hsp90, a highly abundant and ubiquitous chaperone,
which has become an important therapeutic target for cancer; and the highly heatinducible chaperone Hsp70. There are 13 members of the Hsp70 family discovered in
human genome. Both Hsp70 and Hsp90 are stable with respect to thermal stress with
denaturation starting above human tissue temperatures [6, 17, 43].
In this section we propose a biochemical model of Hsp70 induction under heat shock
conditions, extending the model from [53, 64]. The heat shock response in eukaryotic
cells is regulated by a transcription factor known as heat-shock factor 1 (HSF; usually
referred in the literature as HSF1). We assume that in unstressed cells HSF is maintained in the non-active monomeric form due to its complexation with various HSP.
Among the most abundant HSP, the complexation with HSF was experimentally confirmed for Hsp70; its constitutive form Hsc70; and Hsp90 [3, 5, 41, 58, 72]. Therefore,
for modelling purposes, we assume that Hsp70, Hsc70 and Hsp90 form the HSP family.
Although these three proteins all sequester HSF, they differ in their properties. Hsp70
is a stress-inducible protein whereas Hsc70 is constitutively expressed [12], meaning
that its expression remains almost unchanged in stress conditions. The synthesis of
Hsp90 upon stress increases more than that of Hsc70, still the Hsp90 excitation is small
compared to Hsp70 [14]. We hence assume that Hsp90, similarly as Hsc70, is a constitutive protein. In consequence, we split the description of HSP synthesis in our model
into two components. The first one, which is of major interest for us, represents the
synthesis of Hsp70 and encompasses direct modelling of its signalling pathway, subject
to stress response. The second one is the synthesis of Hsc70 and Hsp90, assumed to
be constant upon stress, which we represent by a source with constant flux. Separate
paths for heat-induced and constitutive HSP synthesis were not taken into account
in many previous models, see e.g. [53, 55, 64], despite the fact that the presence of
constitutively expressed HSP may affect HSR dynamics.
Different types of environmental stress, including heat shock, affect cells mainly
by the denaturation of key proteins (we further refer the denatured proteins also as
substrate). One of the HSP roles in cellular maintenance is to assist in substrate
refolding or degradation [28]. In the present work, similarly as in e.g. [53, 64], we
focus only on the refolding, neglecting the HSP-mediated degradation. For a model
taking both refolding and degradation of substrate into account see [59]. We also do
not take the denaturation of HSP into account, due to its stability in the temperature
range characteristic for human tissue. To describe consecutive stress-induced events,
we base on the conceptual model discussed in [38]. Namely, we assume that in stress
conditions cellular HSP pools are insufficient to handle elevated substrate levels and
thus excessive substrate displace HSF from the HSP:HSF complexes. The released HSF
molecules activate by assembly into trimers; bind to heat shock elements (HSE), the
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promoter sites of the Hsp70 genes, forming transcriptional complexes; and so trigger the
Hsp70 mRNA transcription, leading to elevated Hsp70 synthesis. When the amount
of Hsp70 is sufficiently increased to handle substrate, the excessive Hsp70 sequesters
HSF again, inactivating it and closing the negative feedback loop. We represent HSF
inactivation in our model by trimer breakdown in the presence of HSP. Note also that
actual formation of active transcriptional complexes involving HSF requires activation
and binding of various other proteins (see Section 2.1). However, for the sake of
simplicity, we represent the transcriptional complexes as active HSF bound to HSE.
Moreover, evidences indicate that the total amount of intracellular HSF molecules
remains almost unchanged in course of heat shock experiments [54]. Therefore, we do
not consider HSF production and degradation.
Given the above, we formulate the following biochemical model with 10 species
(cf. Table 1) and 12 reactions, among which 3 are reversible:
HSF activation (trimerisation)
HSF3 -to-DNA interactions
transcription
HSF inactivation
HSP-to-substrate interactions
HSP-to-HSF interactions

3 · HSF

HSF3 + HSE
HSE:HSF3
HSP + HSF3

HSP + S
HSP + HSF

HSP degradation

HSP

protein refolding

HSP:S

protein denaturation
translation
Hsp70 mRNA degradation

P
mRNA
mRNA

constitutive HSP production
137
138
139
140
141
142

143
144
145

ÿ
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HSP.

(2.12)

The scheme of the model is depicted in Figure 1. For the reaction (2.12), describing
constitutive HSP production, we assume a constant rate, given by the parameter k6 .
For the remaining reactions, i.e. (2.1)–(2.11), we assume mass action kinetics. The parameters given alongside the arrows in (2.1)–(2.11) denote rate constants of particular
reactions. The superscript „T” at some reaction rate constants indicates dependence
on temperature, which we will discuss now.
2.1. Temperature-dependent reaction rate constants
In our model, we assume temperature dependence in the rate constants for dissociation
T
of HSF trimer from DNA (lT
7 in Eq. (2.2)), HSP transcription (k8 in Eq. (2.3)) and
5
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•
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Figure 1: Scheme of the HSR model (2.1)–(2.12). Squares represent species and black dots denote
reactions. The solid arrows represent the flow of1reactants and products, with stoichiometric number given alongside the arrows, if different than 1. The dashed arrows represent the reactions of
transcription and translation. The dotted arrow represent the constant inflow of HSP.
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protein denaturation (kT
11 in Eq. (2.9)). We specify these temperature dependencies as
follows.
Model for HSF3 dissociation from DNA. According to estimates based on mFCS
measurements in U87 cells, the dissociation rate constant of activated HSF and DNA
binding is higher in 37 ¶ C than in a 43 ¶ C heat shock, while the forward binding rate constant is unaffected [25]. It is worth a remark, however, that the mFCS-based estimates
for association and dissociation are likely to measure directly only transient interactions of HSF with chromatin [20]. Nevertheless, we assume that the HSF interactions
with HSE follow a model analogous to HSF-chromatin interactions, with temperaturedependent dissociation, described in our model by lT
7 . Moreover, formation of active HSF-involving transcriptional complexes require the activation and recruitment
of many proteins including replication protein A (RPA), chromatin-remodelling complex BRG1, general transcription factors (GTFs), RNA polymerase II (PolII), histone
chaperones, FACT proteins and others [15, 16]. Temperature-dependent reorganisation of these multiprotein complexes and their postranslational modifications are also
important for the HSE:HSF3 dissociation [40]. Given this, above a certain threshold
temperature the decreasing model of lT
7 suggested by the results of [25] may be not
6

Species
HSP
HSF
S
HSP:HSF
HSP:S
HSF3
HSE
HSE:HSF3
mRNA
P

Description
heat shock proteins
heat shock factor 1
denatured proteins (substrate)
HSP:HSF complexes
HSP:S complexes
HSF trimers (active HSF)
heat shock elements
transcriptional complexes
mRNA of Hsp70
native proteins

Initial Condition Formula
5.206e+01
(B.3)
1.363e-03 (C.12.3)
8.122e-08
(B.5)
1.429e-02
(B.9)
5.268e-04
(B.6)
9.082e-06
(B.1)
3.996e-06
(B.10)
4.484e-09 (C.13.1)
4.946e-04
(B.2)
1.297e+03
(B.4)

Table 1: Species of the biochemical model (2.1)–(2.12). The ODE model proposed in Section 3.1
describes dynamics of each of the species. The column „Initial Condition” gives values for the initial
concentration of each of the species, for homeostasis at 37 ¶ C, resulting from parameter estimation
described in Section 3.2. All values are given in µM. The column „Formula” provides references to
formulas used to establish the initial values of the species in the run of parameter estimation.
163
164
165
166
167
168
169
170
171
172
173
174
175
176

applicable.
We thus expect that the temperature dependence in lT
7 may be relatively complex.
For this reason, we do not propose an explicit mathematical formula as a model of lT
7.
T
Instead, we assume that dependence of l7 on T is given by linear interpolation with
nodes T = 37, 41, 42, 43, 44, 45 ¶ C and we denote corresponding lT
7 values by l7,37 , l7,41 ,
l7,42 , l7,43 , l7,44 and l7,45 , respectively. These constitute additional model parameters to
be estimated along with other parameters of our model. The temperature nodes for lT
7
correspond to the heat shock data used for parameter estimation (see Table 2). Note
that the proposed lT
7 temperature dependence is defined only within the range T œ
[37, 45] ¶ C. However, this range covers the temperature values of practical importance.
Model for HSP transcription. Transcription diminishes at high temperatures [35].
We therefore represent the temperature dependence in the transcription rate constant
kT
8 with a sigmoid function, suppressing the transcription in high-temperature heat
shocks:
Q
R
1
max c
1
2d
kT
· a1 ≠
(2.13)
b.
8 = k8
1 + exp ≠Rk8 · (T ≠ Tk8 )
Parameters kmax
, Rk8 and Tk8 are new parameters to be estimated. We impose the
8
following constrains during the estimation procedure:
35 < Tk8 < 50 ¶ C,

177
178
179
180

Rk8 œ (0.01, 25) unitless.

Model for the denaturation rate constant. Previously, this task was only superficially treated in the literature. Many authors assumed that the denaturation rate
constant is proportional to the fraction of denatured proteins determined from experimental data [36, 44, 46, 53, 55, 59]. This assumption entails units incompatibility, since
7

181
182
183
184

185
186
187
188
189

the units of the denaturation rate constant are reciprocal time units and the fraction of
denatured proteins is unitless. Here we address this issue more rigorously and justify
that the denaturation rate constant kT
11 in the model (2.1)–(2.12) may be assumed to
follow the formula
T
Vden
T
k11 = k10 ·
,
(2.14)
T
1 ≠ Vden

which we use in our model, where k10 is the refolding rate constant from the reaction
T
(2.8) and Vden
denotes the fraction of denaturation-susceptible proteins denatured at
the temperature T. Note that Eq. (2.14) imposes correct time units.
To this end, we introduce the following simplistic model of protein denaturation
and refolding:
aT

aT

b1
2
Ô
P ≠≠1æ S ≠
Ó≠
≠
≠ HSP:S ≠≠æ P,
T
b2

(2.15)

T
T
T
T
T
where rates aT
1 , a2 and b2 depend on the temperature T. Let Pú , Sú , HSP:Sú and
T
HSP:HSFú denote equilibrium concentrations of P, S, HSP:S, and HSP:HSF, respectively, at a given temperature T. In addition, denote
T
T
ST
tot := Sú + HSP:Sú

T
T
T
PT
tot := Sú + HSP:Sú + Pú .

and

T
Using the introduced notation, the function Vden
is then precisely defined as
T
:=
Vden

ST
tot
.
PT
tot

Assuming mass action kinetics for the model (2.15), it is easy to prove that, in its
steady state, the following relations hold:
aT
1
190

191
192
193
194
195

T
Vden
= ” · b1 ·
T
1 ≠ Vden

where ” :=

aT
2+

aT
2
.
(b1 +bT2 )

min

ST
1
ú
≠ 1,
T =
”
HSP:Sú

and

≠1

Assume also that:

(i) Kinetics of denaturation and refolding in the model (2.1)–(2.12) can be approxiT
mated by those in the model (2.15), i.e. kT
11 ¥ a1 and k10 ¥ b1 .

(ii) In cellular conditions, and in the model (2.15) as well, for any viable temperature T, in the equilibrium, the vast majority of remaining misfolded proteins is
ST
ú
chaperoned, i.e. for some small ‘ we have HSP:S
T < ‘.
ú

196

(2.16)

Using the first part of (2.16) and the assumption (i) we have
kT
11 ¥ ” · k10 ·

8

T
Vden
.
T
1 ≠ Vden

197
198
199
200
201

Finally, by the second part of (2.16), the assumption (ii) and from the definition of ”,
1
it follows that 1+‘
< ” < 1 and, consequently, ” ¥ 1. Assuming that the resulting
S
T
approximation for k11 is sufficiently accurate for modelling purposes, we obtain (2.14).
T
As a model of the fraction of denatured proteins Vden
we choose the Hill function,
given by
Q
R
T
Vden

A

T ≠ T0
= 1 ≠ a1 +
T0.5 ≠ T0

BnV

≠1

b

,

(2.17)

where T0 , T0.5 and nV are new parameters of the model, subject to parameter estimation along with other model parameters. This function was chosen because it has
enough flexibility to reproduce real fractional denaturation data, and is in this respect
superior to the power-exponential function used in previous works on HSR modelling
(see Appendix A). The following constrains are assumed for the optimization purpose:
30 < T0 < 37 ≠ T‘ ¶ C,

37 + T‘ < T0.5 < 62 ¶ C,

202

where we fix T‘ as 0.01.

203

3. Mathematical model and parameter estimation

204
205
206
207
208
209
210

211
212
213
214

nV œ (1, 100) unitless,

In the following Section we introduce the mathematical model composed of ordinary
differential equations (ODE) and we describe the procedure of parameter estimation
of the model. The data involved in parameter estimation concern both HSR dynamics
and constraints for model parameters, including reaction rate constants, conserved
concentrations and some other quantities. To calibrate the model to the human cells,
all dynamical data concern HeLa cell line. The constraints data have diverse origins
but we made an attempt to base on HeLa data whenever they were available.
3.1. Mathematical model
Assuming mass action kinetics for reactions (2.1)–(2.11) and constant production rate
for the reaction (2.12), we transform the biochemical model (2.1)–(2.12) into the system
of ten ODEs:

9

HSPÕ = ≠ l3 · HSF3 · HSP ≠ k1 · HSP · S + l1 · HSP:S
≠ k2 · HSF · HSP + l2 · HSP:HSF
≠ k9 · HSP + k10 · HSP:S + k4 · mRNA + k6 ,
HSFÕ = ≠ 3 · k3 · HSF3 + 2 · l3 · HSF3 · HSP
≠ k2 · HSF · HSP + l2 · HSP:HSF,

(3.1)

(3.2)

SÕ = ≠ k1 · HSP · S + l1 · HSP:S + kT
11 · P,

(3.3)

HSP:SÕ = + k1 · HSP · S ≠ l1 · HSP:S ≠ k10 · HSP:S,

(3.5)

HSP:HSFÕ = + k2 · HSF · HSP ≠ l2 · HSP:HSF + l3 · HSF3 · HSP,

(3.4)

HSFÕ3 = + k3 · HSF3 ≠ l3 · HSF3 · HSP

(3.6)

HSEÕ = ≠k7 · HSE · HSF3 + lT
7 · HSE:HSF3 ,

(3.7)

≠ k7 · HSE · HSF3 +

lT
7

· HSE:HSF3 ,

HSE:HSFÕ3 = +k7 · HSE · HSF3 ≠ lT
7 · HSE:HSF3 ,
mRNAÕ = +kT
8 · HSE:HSF3 ≠ k5 · mRNA,
PÕ = +k10 · HSP:S ≠ kT
11 · P.

(3.8)
(3.9)
(3.10)

For the system (3.1)–(3.10), we have the following 3 independent linear conservation
laws:
Ptot := P (t) + S (t) + HSP:S (t) ,
HSFtot := HSF (t) + HSP:HSF (t) + 3 · HSF3 (t) + 3 · HSE:HSF3 (t) ,
HSEtot := HSE (t) + HSE:HSF3 (t) ,
215

216
217
218
219
220
221
222
223
224
225

(3.11)
(3.12)
(3.13)

for all t Ø 0, where Ptot , HSFtot and HSEtot are conserved and thus independent of t.
3.2. Parameter estimation
In order to estimate parameters of the model, we fitted the solutions of the system
(3.1)–(3.10) to experimental data on the dynamics of cellular HSP-associated species
under temperature stress. Table 2 summarizes used datasets together with the informations on applied heat shock protocols and experimental methods. Additionally,
Figure D.1 in Appendix D presents the data along with fitted curves of model observables.
Since the data concern experiments starting at homeostasis in unstressed conditions,
we set the initial conditions for the system (3.1)–(3.10) to a stationary state for T =
37¶ C, i.e.
f (x0 , kT ) = 0 for T = 37¶ C,
(3.14)
10

Source

Method

[1, Figure 8A]

gel-shift assay

[1, Figure 5A]

Observable
HSE:HSF3

run-on assay kT
8 · HSE:HSF3

[1, Figure 5B]

gel-shift assay

HSE:HSF3

[4, Figure 1A]
[4, Figure 1B]
[39, Figure 3]

Northern blot
Northern blot
S1 nuclease

mRNA
mRNA
mRNA

[66, Table 1]

Northern blot

mRNA

[66, Table 1]

S1 nuclease

mRNA

[62, Figure 2C] Western blot
[5, Figure 3]
gel-shift assay
[5, Figure 3]
PAGE
[5, Figure 3]
PAGE
[5, Figure 3]
PAGE

Hsp70tot
HSE:HSF3
HSF
HSP:HSF
HSF3tot

Heat shock
41¶ C, 285 min
42¶ C, 285 min
43¶ C, 285 min
42¶ C, 240 min
42¶ C, 40 min
42¶ C, 240 min
42¶ C, 40 min
42¶ C, 360 min
42¶ C, 120 min
42¶ C, 240 min
42¶ C, 120 min
43¶ C, 120 min
42¶ C, 120 min
43¶ C, 120 min
44¶ C, 15 min
45¶ C, 10 min
45¶ C, 10 min
45¶ C, 10 min
45¶ C, 10 min

R

+
+
+

+

No.
10
10
10
10
3
10
3
7
8
6
2
2
2
2
14
6
6
6
6

m.

+1
+1

+1
+1

Table 2: Summary of the data used for the parameter estimation of the system (3.1)–(3.10). All listed
data concern HeLa cells. We quantified the data from [1] with the use of DataThief III. The data
from [66] are already presented as numerical values in that work. For the rest of the data, we used
the quantification from MATLAB scripts attached to [55] as supporting material.
The „Observable” column presents the interpretation of data assumed in this work. In this column,
the notation is as in the system (3.1)–(3.10). Additionally, Hsp70tot denotes the total amount of Hsp70
molecules and HSF3tot denotes the total amount of HSF3 , both free and bound to DNA at HSE site,
see caption of Figure D.1 in Appendix D for details. The “Heat shock” column lists distinct heat shock
protocols for which measurements were presented in the corresponding papers. Different heat shock
protocols reported within a source correspond to separate data series. The “R” column indicates data
series for which at least a part of measurements was performed during recovery, i.e. after the heat
shock was terminated and the temperature was set back at 37¶ C. The “No. m.” column specifies
the number of measurements in particular data series. In Table 1 in [66] and Figures 5A and 5B
in [1], there are measurements shared between data series, i.e. performed for times t such that heat
shock conditions in particular data series coincide. Qualification of these measurements to specific
data series is arbitrary. These measurements are indicated by the extra „+n” entry in the “No. m.”
column.
In the parameter estimation, we assumed that some data series are given in the same scale. The
groups of data series for which distinct scales were assumed are separated in the table by horizontal
lines.
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Table 3: Values of kinetic parameters of the model (2.1)–(2.12) and the total concentrations of conserved species in (3.11)–(3.13), obtained by parameter estimation described in Section 3.2. For those
parameters which were subject to optimization constraints, range of values is given.
Parameter

k1
l1
k2
l2
k3
l3
k4
k5
k6
k7
lT
7 (l7,37 ,l7,41 ,...,l7,45 )
l7,37
l7,41
l7,42
l7,43
l7,44
l7,45
max
kT
, Rk8 , Tk8 )
8 (k8
kmax
8
Rk8
Tk8
k9
k10
T
kT
11 (k10 , Vden )
T0
T0.5
nV
Ptot
HSFtot
HSEtot

226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241

Description
HSP:S association rate constant
HSP:S dissociation rate constant
HSP:HSF association rate constant
HSP:HSF dissociation rate constant
HSF activation rate constant
HSF inactivation rate constant
translation rate constant
Hsp70 mRNA degradation rate constant
constitutive HSP production rate
HSE:HSF3 association rate constant
HSE:HSF3 dissociation rate constant
auxiliary parameter for lT
7
auxiliary parameter for lT
7
auxiliary parameter for lT
7
auxiliary parameter for lT
7
auxiliary parameter for lT
7
auxiliary parameter for lT
7
transcription rate constant
auxiliary parameter for kT
8
auxiliary parameter for kT
8
auxiliary parameter for kT
8
HSP degradation rate constant
proteins refolding rate constant
proteins denaturation rate constant
T
auxiliary parameter for Vden
T
auxiliary parameter for Vden
T
auxiliary parameter for Vden
total denaturation-susceptible proteins
total heat shock factor 1
all heat shock elements

Unit
µM≠1 min≠1
min≠1
µM≠1 min≠1
min≠1
µM≠2 min≠1
µM≠1 min≠1
min≠1
min≠1
min≠1
µM≠1 min≠1
min≠1
min≠1
min≠1
min≠1
min≠1
min≠1
min≠1
min≠1
min≠1
unitless
¶
C
min≠1
min≠1
min≠1
¶
C
¶
C
unitless
µM
µM
µM

In-text
Constraints
(C.2.1)
2.7e-02 – 2.0e+04
(C.3.1)
0 – 1.27e+05
(C.1.1)
0 – 6.0e+05
(C.11.1)
unconstrained
(B.8)
unconstrained
(C.1.1)
0 – 6.0e+05
(C.7.2)
7.5e-01 – 5.0e+01
(C.4.1)
1.15e-04 – 2.31e-02
(C.8.1)
unconstrained
(C.1.1)
0 – 6.0e+05
(C.9.1)
1.62e-02 – 1.62e+02
(C.9.1)
1.62e-02 – 1.62e+02
(C.9.1)
1.62e-02 – 1.62e+02
(C.9.1)
1.62e-02 – 1.62e+02
(C.9.1)
1.62e-02 – 1.62e+02
(C.9.1)
1.62e-02 – 1.62e+02
(C.9.1)
1.62e-02 – 1.62e+02
(2.13)
unconstrained
(2.13)
1.5e-02 – 1.5e+02
(2.13)
0.01 – 25.00
(2.13)
35.0 – 50.0
(C.5.1)
1.16e-04 – 5.02e-03
(C.6.1)
0 – 1.27e+05
(2.14)
> 0 at T = 37¶ C
(2.17)
30.00 – 36.99
(2.17)
37.01 – 62.00
(2.17)
1.0 – 100.0
(C.17.1) 7.67e+02 – 3.07e+03
(C.18.1)
1.56e-02 – 2.44e-02
(C.19.1)
4.00e-06

Value
1.260e+01
3.028e-03
2.180e-01
1.162e+00
4.465e+05
2.392e+00
1.885e+01
8.709e-04
8.899e-02
5.892e+03
Figure 2
4.768e+01
1.233e+00
6.628e-01
1.639e-02
5.001e+01
8.427e+01
Figure 2
9.607e+01
15.93
42.89
1.888e-03
9.813e-02
Figure 2
35.81
47.13
6.522
1.297e+03
1.568e-02
4.00e-06

where x0 represents initial conditions and f = f (x, kT ) represents the right-hand side
of (3.1)–(3.10), for species concentrations x and kinetic parameters kT , some of which
depend on temperature T. We were able to explicitly resolve the condition (3.14) augmented with the conservation laws (3.11)–(3.13), obtaining an explicit parametrization
of the model, see Appendix B. This allowed us to avoid including (3.14) to the parameter estimation problem as a nonlinear equality constraint and reduced the number of
free parameters to estimate. These free parameters of parametrization, denote them
q, determine both x0 and kT .
To ensure biological adequacy of kinetic parameters subject to the optimization
process, we performed an exhaustive literature search for biologically justified parameters values. As a result, we were able to impose constraints for most of the reaction
rate constants of the model (3.1)–(3.10) as well as for the conserved concentrations
Ptot , HSFtot and HSEtot and some other characteristic quantities, see Appendix C. In
summary, there were more constrained parameters than necessary to determine the
parametrization parameters q. Consequently, it was necessary to derive some of the
constrained parameters from others instead of optimizing them directly. This resulted
12

242

in an optimization problem with both box and nonlinear constraints:
min
J(p)
p

(3.15)

plow < p < phigh
C(p) < 0
243
244
245
246
247
248
249
250
251
252
253

where C is a nonlinear function. Above, the vector of optimized parameters p does
not coincide with the model parameters x0 and kT , however allows to derive the
parametrization parameters q and, subsequently, x0 and kT ; see Appendix C for details.
We now specify the target function J. We minimized the weighted sum of squared
residuals (RSS) between the data and respective observables of the system (3.1)–(3.10).
Since our data are given on arbitrary scales, the observables were scaled by suitable
scale factors s. We resolved the scale factors explicitly, avoiding adding them as free
parameters for optimization. To explain how this was done, we start with an auxiliary
target function J0 with unresolved scale factors s and next we show how these factors
were resolved in J. The auxiliary target function J0 is as follows:
J0 (p, s) :=

Kj
J ÿ
ÿ

j=1 k=1
254

255
256
257
258
259
260
261
262
263
264
265
266
267

268

269
270

1

A

yÁ
j,k ≠ sl(j) · yj,k (p)
‡j,k

B2

,

(3.16)

2

yj,k (p) := yj p, Tj , tj,k , x(p, Tj , tj,k ) ,
where yÁ
j,k are measurements from data series j = 1, . . . , J in given time points tj,k ,
for k = 1, . . . , Kj . The value ‡j,k denotes the standard deviation of the k-th point in
the j-th data series. The function yj denotes model observable corresponding to the
j-th data series (see Table 2). The values of yj are multiplied by the scale factor sl(j) ,
where l(j) denotes the index of the scale factor in the vector s corresponding to the
j-th data series. The indices l(j) are necessary because some of the data series share
the same scale factor (see Table 2). In the functions of observables yj , Tj = Tj (t) is
the time-dependent heat shock corresponding to the j-th data series (see Table 2) and
x(p, Tj , t) is the solution to the model (3.1)–(3.10) corresponding to the temperature
input Tj and parameters p.
Instead of directly minimizing the function J0 , we resolve the scales s in a way that
leads to an equivalent minimization problem. Namely, the new problem is to minimize
the target function J defined as

or, in other words,

J(p) := min
J0 (p, s),
s

(3.17)

J(p) := J0 (p, sú (p)),

(3.18)

where sú (p) is the vector of scale factors solving the minimization problem on the right
hand side of (3.17) for given p, i.e. we express the scale factors as functions of the
13

271
272
273
274
275
276
277
278
279
280

281

model parameters. Note that from the positivity of yj,k (p) (which can be shown for
our model given positive kinetic parameters and conserved quantities) it follows that
J0 (p, s) is quadratic and positive-definite w.r.t. scale factors s. In consequence, for
a given p, the vector of optimal scales sú (p) exists and is unique, making J(p) welldefined. An arbitrary local minimum (p1 , s1 ) of J0 determines a local minimum p2 of
J by the assignment p2 := p1 . Vice versa, a local minimum p2 of J gives a minimum
(p1 , s1 ) of J0 by assignments p1 := p2 and s2 := sú (p2 ). Thus, the minimization of J
is indeed equivalent to the minimization of J0 .
As J0 (p, s) is quadratic and positive-definite w.r.t. s, the vector of optimal scales
sú (p) is the solution of
Òs J0 (p, s) = 0.
(3.19)
By solving the Eq. (3.19) for s, we derive the vector sú (p) of optimal scale factors:
súl

282
283

(p) =

qJ

qKj

j=1 Nj,l ·
qJ
2
j=1 Nj,l

·

≠2
Á
j,k · yj,k (p)
k=1 ‡j,k · y
qKj ≠2
2
k=1 ‡j,k · yj,k (p)

for l = 1, . . . , L,

(3.20)

where súl (p) denotes the l-th component of sú (p) and Nj,l equals 1 for l = l(j) and 0
otherwise. Substituting (3.20) to (3.18), we obtain a more explicit form of J:
J(p) =

Kj 3 Á
J ÿ
ÿ
yj,k

j=1 k=1

≠ súl(j) (p) · yj,k (p) 42
.
‡j,k

(3.21)

288

The above method of removing scale factors from the parameter estimation problem
was already presented in [69] and, in a more general setting, in [32].
To fully specify J, it is necessary to define the standard deviations ‡j,k . We assumed
that the standard deviation ‡j,k of the k-th data point in the j-th data series is a sum
of absolute and relative error components, i.e.

289

‡j,k := ‡j,rel · yÁ
j,k + ‡abs · P Vj ,

284
285
286
287

290
291
292
293
294
295
296
297
298
299

(3.22)

where P Vj is the peak value computed for the j-th data series and ‡j,rel , ‡abs are relative
and absolute error parameters, respectively. The ‡abs parameter value was assumed to
be 3%, independently of the data series, and the value of ‡j,rel was assumed to be one of
15%, 20% or 25%, depending on the experimental method corresponding to particular
data series (see Table 2):
• 25% relative error — gel-shift assay experiments,

• 20% relative error — Northern blot, Western blot and PAGE experiments,
• 15% relative error — nuclear run-on and S1 nuclease experiments.

To compute the peak values P Vj , we assumed that the standard deviations ‡j,k for
measurements with the same observable and conditions should be computed using the
same peak value. We thus grouped the data series corresponding to the same model
14

300
301
302
303
304
305
306

curves, at least until some time t > 0. Next, we normalized the data series in each
group to have a common mean value for the measurements repeated in all series in the
group (i.e. measurements at the same time and temperature). After the normalization,
we computed the peak value P Vj for each data series as the maximal value of all data
series in the corresponding group. Details are available upon request. Moreover, as the
data from Fig. 2C in [62] represent means of n = 2Ô
or n = 3 repeated measurements,
the respective standard deviations were divided by n.
Symbol
x
x0
kT
q
p
s
J
Kj
yÁ
j,k
C
J0
J

Description
Dim/No.
vector of species of the model; x = x (t)
10
vector of initial conditions of x, i.e. x (0)
10
vector of kinetic parameters of the model
15
vector of parameters of parametrization
18
vector of directly optimized parameters
27
vector of scale factors
13
number of data series
19
number of data points in each series
from 2 to 14
data points; j = 1, . . . , J, k = 1, . . . , Kj
total: 127
nonlinear inequality constraints function C : R27 æ R17
target function
J0 : R27 ◊ R13 æ R
target function
J : R27 æ R

In-text
Table 1
Table 1
Table 3
Appendix B
Table C.1
Table 2
Table 2
Table 2
Table 2
Table C.2
(3.16)
(3.21)

Table 4: Summary of notation used in the description of the parameter estimation problem in Section 3.2. The column „Dim/No.” presents the dimensionality of particular vectors or functions; and
numbers of data series and data points. The column „In-text” provides cross-references to locations
in the text presenting more detailed specifications of components underlying particular symbols.
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323

Table 4 summarizes particular vectors and functions introduced above to set the
parameter estimation problem (3.15) up, along with their dimensions.
We performed the parameter estimation by solving the minimization problem (3.15),
with the target function J described above. To minimize J, we combined global and
local optimization methods. First, we launched 200 runs of global optimization with
use of the simulated annealing (SA) algorithm. Second, we fine-tuned the 50 best
results with use of the interior point (IP) algorithm for local optimization. Some of
the parameters in the vector p were optimized assuming logarithmic scale with base e.
The optimization was carried out with use of MATLAB software (simuannealbnd
and fmincon functions).
The IP algorithm is a local optimization method utilizing the gradient of the target
function. The gradient of J was obtained by differentiation of the formula (3.21), which
was possible because we derived the explicit form of súl(j) (p). The sensitivity coefficients ˆpˆ n x(p, Tj , t) resulting from the differentiation, and the solutions x themselves,
were computed with use of the CVODES solver from the SUNDIALS package [22],
accessed from MATLAB via the sundialsTB interface.
We would like to remark that the IP algorithm exhibited slow progress and stopped
15
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Figure 2: Temperature-dependent reaction rate constants in the model (2.1)–(2.12): HSE:HSF3 disT
T
sociation rate constant lT
7 , transcription rate constant k8 and denaturation rate constant k11 . Note
T
T
that k11 depends on temperature via the fractional denaturation Vden
, cf. Eq. (2.14). We depict the
T
temperature dependence in Vden in Figure 3.

328

due to either achieving maximal number of iterations or a very short step. Hence, the
50 resulting sets of parameters may be suboptimal. Moreover, optimized values of some
parameters were close to the constraints in many optimization runs, see Appendix E.
Nevertheless, we subjected these results to further examination, as described in Section 4.

329

4. Model selection and discussion

324
325
326
327

330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349

4.1. Fit selection based on temperature dependence in HSE:HSF3 dissociation
We considered 50 curve-fits resulting from the optimization procedure described in Section 3.2 as candidates for further model selection. In order to select the optimal model,
we scrutinize the biological relevance of the temperature dependence in the transcriptional complexes HSE:HSF3 dissociation rate constant lT
7 . This temperature dependence was defined without constraints on its monotonicity nor number of extrema,
potentially allowing non-biological profiles. Therefore, we find the discrimination of lT
7
profiles a reasonable selection criterion.
We assume that the profiles exhibiting complex behaviour, i.e. with several maxima or minima, are more likely to be biologically unreliable and just over-fitting results
than simple profiles with clear monotonicity. In none of the considered 50 fits a fully
monotone lT
7 profile was present, neither increasing nor decreasing. However, in 10 fits,
the profiles had one local minimum in the temperature range 37–45 ¶ C. These were
the simplest obtained profiles in the sense that the remaining profiles had more than
one minimum or maximum. We consider one-minimum profiles as simple enough to
be biologically plausible. Moreover, this kind of temperature-dependent profile is characteristic for many complex biological phenomena, as cellular respiration or enzymes
activity. We hence hypothesise that it may be the case for the stability of HSE:HSF3 ,
which is also maintained by a complex molecular mechanism (see Section 2.1). Therefore, we subsequently limited our attention to these 10 fits.

16

358

Interestingly, most of the 10 models with one-minimum lT
7 were in a group of fits
with best target function scores, see Figure E.1 in Appendix E. From these 10 alternative models, we choose the one with the best score as the optimal model. Table 1
and Table 3 present the values of initial conditions and kinetic parameters for the
the selected model, respectively. Figure 2 presents the corresponding lT
7 profile along
with other temperature-dependent reaction rate constants in the model. Figure D.1
in Appendix D presents the fit of model curves to all data used for parameter estimation. Below, in Section 4.2, we select and discuss some of the fitting results and model
predictions.
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4.2. Fitting results and model predictions

350
351
352
353
354
355
356
357

360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390

Fractional denaturation. We compared the predictions of the fractional denaturaT
tion model Vden
with the data and predictions of Lepock et al. [29]. Remark that the
T
data of [29] were used only to select the mathematical formula for Vden
and were not
involved in estimation of parameters for the model (3.1)–(3.10), including the paramT
T
eters of Vden
. It turned out that the predictions of Vden
are in accordance with the
predictions of [29] on denaturation of proteins critical for cell death rather than with
T
their data on overall protein denaturation (see Figure 3). Taking the meaning of Vden
into account, these findings indicate that, according to our model, the cellular HSR
mechanism responds primarily to the denaturation of critical proteins, with less pronounced response to denaturation of other proteins. This is consistent with literature
data for DnaK, a procatyotic Hsp70 homolog, according to which DnaK exhibits different affinity for different substrate peptides [34, Figure 3c]. However, given the above
interpretation of our results, the parameter Ptot defined in (3.11) should consistently
be interpreted as the total concentration of denaturation-susceptible critical proteins
rather than overall denaturation-susceptible proteins. Still, as a result of parameter
estimation, we obtained the value Ptot = 1297 µM (see Table 3), which is close to
literature-based estimates on the reference concentration of overall of polypeptydes in
HeLa cells, 1533.3 µM (see Appendix C.17). In addition, the experimental data deT
picted in Figure 3 concern short exposure to heat shock, while Vden
represents fractional
denaturation in equilibrium, i.e. corresponds to long exposures. Therefore, we treat the
above conclusions with caution. Nevertheless, as shown in Figure 3, the predictions of
T
our fractional denaturation model Vden
fall between two fractional denaturation curves
T
proposed by other researchers, thus we find the Vden
values reasonable.
Dynamics of free HSF monomers. There is experimental evidence that in homeostasis at physiological temperature, there is a certain amount of free HSF monomers
present in the cell [5]. The model of Scheff et al. [55] captures this phenomenon assuming temperature-dependent HSF trimers assembly, with lower rate constant values for
lower temperatures. However, we model the trimerisation reaction (2.1) without temperature dependence therein and also obtain a good fit for experimental data from [5],
see Figure 4. Therefore, our model shows that the temperature-dependent assembly of
HSF trimers is not necessary to capture the presence of free HSF in homeostasis.
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Figure 3: Predictions of fractional denaturation model Vden
(solid line) versus predictions and experimental data from [29, Figure 8] (dashed lines) for the denaturation of both proteins critical to
cell death and overall proteins susceptible to denaturation. The overall protein denaturation curve
concerns normalized cumulative experimental data on denaturation in rat liver homogenate, acquired
by differential scanning calorimetry (DSC). The critical proteins denaturation curve represents modeldriven predictions of [29], based on data on cell death in dependence on temperature and DSC data
T
from V79 cells. The presented Vden
curve results from parameter estimation described in Section 3.2.
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Note however that the model undershoots the last data point in the HSF3tot series
in Figure 4. Our hypothesis is that the high value of the mismatch data point represents
an artefact of data quantification and thus the fitting gap is not a defect of the model.
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Figure 4: Model fit to the data from Figure 3 in [5] (lower panel). The data in that source were obtained
via PAGE assay and rescaled here to match the model. The data scale and standard deviations are
determined by Eqs. (3.20) and (3.22), respectively. Remark that HSF3tot is not a variable of the ODE
model (3.1)–(3.10). We define it as the total amount of HSF3 , both free and bound to DNA at HSE
site, see caption of Figure D.1 in Appendix D for details.
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Dynamics of HSE:HSF3 complexes. Figure 2 shows the temperature-dependent
rate constant lT
7 of HSE:HSF3 dissociation. The affinity of HSF3 and HSE first increases
(dissociation decrease), then stabilise, and finally, in higher temperatures, decreases
(dissociation increase). Let us now consider the impact of this temperature dependence
on the dynamics of active transcriptional complexes HSE:HSF3 .
The maximal level of HSE:HSF3 is higher during a 43 ¶ C than during a 42 ¶ C heat
shock, however, compared to the 43 ¶ C heat shock, it is lower upon a 44 ¶ C heat shock
18

401
402
403
404
405
406
407
408
409
410
411
412

(see Figure 5 here and Figure D.3 in Appendix D). On the other hand, after 10
minutes of heat shock, when the maximal levels of HSE:HSF3 for 43 ¶ C and 44 ¶ C are
reached, the total amount of HSF3 is much higher for the 44 ¶ C than for the 43 ¶ C shock
(Figure D.4 in Appendix D). Our model thus predicts that the decrease in HSF3 and
HSE affinity in high temperatures is so pronounced that the increase of HSF3 pools
does not compensate it.
Figure 5 shows that our model captures correctly the HSE:HSF3 data concerning
continuous heat shock, reproducing both the maximum followed by attenuation for
41 ¶ C and 42 ¶ C heat shocks and the plateau for the 43 ¶ C heat shock. However, we
observed a gap between the model and the HSE:HSF3 data for a 40 min heat shock
followed by recovery. See Appendix D for respective figures and a discussion of this
issue.
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Dynamics of mRNA. Experimental data by Theodorakis and Morimoto [66, Table 1] show that the mRNA level for heat shock at 42 ¶ C is higher than for heat shock
at 43 ¶ C. However, data by Abravaya et al. [1, Figure 8A] indicate that the amount
of HSE:HSF3 complexes is larger for heat shock at 43 ¶ C than for heat shock at 42 ¶ C.
Assuming that DNA transcriptional complexes coincide with HSE:HSF3 complexes,
these data lead to a conclusion that the transcription speed is lower in 43 ¶ C than in
42 ¶ C. This phenomenon is captured by the biochemical model (2.1)–(2.12), as temperature dependence in the transcription rate constant kT
8 shows a significant decrease
between 42 ¶ C and 43 ¶ C (see Figure 2). Consequently, the model dynamics fit well to
the considered experimental data for mRNA (see Figure 6).
In addition, our model captures different mRNA dynamics depending on the heat
shock treatment, see Figure D.5 in Appendix D. For strong heat shocks at 44 ¶ C,
our model predicts that Hsp70 mRNA transcription is blocked due to the assumed
temperature-dependence in the the transcription rate constant kT
8 , see Figure 2. The
transcription starts in the recovery time, stimulated by the presence of excessive unmaintained substrate that remains after the heat shock. This behaviour is different
than for 42 ¶ C and 43 ¶ C heat shocks, for which the model predicts that the increase
of the mRNA levels takes place predominantly during the heat shock.
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5. Sensitivity analysis
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To assess robustness of the model, we applied two different methods. We carried out
the classical local sensitivity analysis, computing the normalized sensitivities [67]
Sx,k (t) :=

434
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437
438

ˆx (t, k)
k
ˆ ln x (t, k)
·
=
,
ˆk
x (t, k)
ˆln k

where x denote model species and k are kinetic parameters. Next, we complemented
this deterministic approach by the variance decomposition analysis, which we will
briefly explain now.
In our modelling approach, we assume deterministic kinetics for the reaction network (2.1)–(2.12) to obtain the ODE model (3.1)–(3.10). Nevertheless, the real nature
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Figure 5: The fit of HSE:HSF3 dynamics to the data from Abravaya et al. [1, Figure 8A] and Baler
et al. [5, Figure 3] (lower panel) which present results obtained via gel-shift assays, rescaled here to
match the model. The data scale and standard deviations are determined by Eqs. (3.20) and (3.22),
respectively.
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Figure 7: Local sensitivities of model species to particular kinetic parameters, in dependence on time.
The sensitivities of a species x to a parameter k were computed as ˆˆkx · xk and their absolute values
are shown in the plot. The sensitivities were computed for a 42 ¶ C heat shock simulated in the ODE
model (3.1)–(3.10), with homeostasis at 37 ¶ C as the initial condition. For temperature-dependent
parameters, their values at both 37 ¶ C and 42 ¶ C contribute to the species dynamics. Thus, for
these parameters, sensitivities to the parameters values at both 37 ¶ C and 42 ¶ C were computed and
summed, after taking the absolute value.
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of reactions (2.1)–(2.12) is stochastic. Therefore, we also consider the stochastic setting which describes the evolution of the probability distribution of all possible system
states with respect to the time. In this setting, the state of each model species is
burdened with noise resulting from the noise of the model reactions. To analyse how
the reactions noise contribute to the noise of the species, we used the method of variance decomposition as presented by Komorowski et al. [26]. In this method the mean
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Figure 8: Contributions of the noise of particular reactions to the noise of each of the model species, in
dependence on time. The noise decomposition was performed for a 42 ¶ C heat shock, with homeostasis
at 37 ¶ C as the initial condition. The computations were performed with use of StochDecomp [23].
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behaviour of the system is generalized to a stochastic mode by means of Stochastic
Differential Equations. Then, by using Linear Noise Approximation [68], the reactions
kinetics are modelled with the Poisson process. Such approach enables to decompose
the total variance of the system into the components from individual reactions.
The local sensitivity analysis was performed with use of the CVODES solver,
a part of the SUNDIALS package [22], accessed from MATLAB via sundialsTB.
To perform the variance decomposition, we used StochDecomp [23], a free MATLAB tool implementing the method. We assumed a 42 ¶ C heat shock for the purpose
of both local sensitivity analysis and variance decomposition. Note that we will use
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terms „variance” and „noise” interchangeably in the sequel.
Local sensitivity analysis. As a result of local sensitivity analysis, two distinct
patterns can be distinguished, see Figure 7. The first one concerns P and HSP:S
which, apart from t = 0, are sensitive exclusively to protein misfolding and refolding
rate constants, kT
11 and k10 , both giving comparable sensitivity contributions that are
roughly constant in time. The remaining species, constituting the second pattern, are
sensitive to multiple parameters and, besides, the share of sensitivity contributions
from particular parameters changes with the heat shock time.
Since the levels of substrate are an essential indicator of the HSR effectiveness, we
took a closer look at the substrate sensitivities. In the late stage of the heat shock (from
about 240 min), the substrate sensitivities are lower however with more parameters
contributing significantly, compared to the earlier heat shock phase. In the early stage
(first 60 min), there is a small group of parameters with sensitivities significantly higher
compared to other parameters. One of the highest sensitivities at this stage results
from the misfolding rate constant kT
11 . Another high sensitivities in the early phase
are due to HSP degradation and constitutive HSP synthesis parameters, k9 and k6 ,
suggesting an important role of HSP regulation in the HSR control of substrate levels.
Interestingly, the substrate sensitivity to the refolding rate constant k10 is relatively
low. To explain this, note that in our model the substrate S represents a heterogeneous
population of misfolded proteins. Possibly these various types of substrates actually
may be subject to refolding with different efficiency (represented in our model by k10 ).
Therefore, we hypothesise that, for proper functioning of HSR, its effects on substrate
levels should not be overly sensitive to differences in the refolding efficiency for distinct
substrates, which explains predictions of our sensitivity analysis.
Note also that neither HSP:S nor any other species is sensitive to the rate constant
of HSP:S dissociation, l1 . This could be expected, as the estimated value of l1 is
over 30-fold lower than that of the refolding rate constant k10 (see Table 3), meaning
that the HSP:S dissociation does not contribute significantly to the depletion of the
HSP:S pools. The preferred way of breaking the HSP:S complexes in our model is
thus refolding, not dissociation. Consequently, it is likely that the reaction of HSP:S
dissociation can be removed in the future development of the model without essential
impact on its dynamics.
Noise decomposition analysis. The addition of a stochastic component to the
sensitivity analysis, see Figure 8, allowed us to more thoroughly understand intramolecular dependencies of the tested system. In this respect, we again observed two
patterns. Analogously to the outcomes of local sensitivity analysis, for the first pattern,
which comprises P and HSP:S, the noise contributions of particular reactions remained
constant apart from time t = 0 and strictly determined by the variance of the protein
misfolding and refolding, both giving comparable contributions. For the remaining
species, we can observe the second pattern where noise contributions of particular
reactions change in time. In contrary to the local sensitivity analysis, for the species
in the second pattern, we can determine the reactions with dominant contribution to
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the total variance of the modelled species upon heat shock as HSE:HSF3 association
and dissociation.
In more detailed view, upon heat shock, the variance structure of HSP, HSE,
HSE:HSF3 and mRNA is strongly dominated by contributions from HSE:HSF3 association and dissociation. Particularly for HSE and HSE:HSF3 , this is not surprising, since
the HSE:HSF3 association and dissociation are the only reactions in which HSE and
HSE:HSF3 are created or depleted. For HSF, HSP:HSF and S, after some heat shock
time, the main noise contributions also are from HSE:HSF3 association and dissociation, however several dozen minutes are necessary for these two reactions to dominate
the variance structure. At early heat shock stage, the dominating contributions are
from HSP:HSF association and dissociation (for the HSF and HSP:HSF species) or
protein misfolding and HSP:S binding (for the S species) and even at the later stage
these contributions are significant, albeit not dominating. Finally, HSF3 is the only
species in the second noise changeability pattern where the variance contributions from
HSE:HSF3 association and dissociation are not dominant. The highest contributions
to the variability of HSF3 , dominating the other contributions, are from the variability
of HSF3 trimmer formation and dissociation. As a side comment, we remark that for
some species the structure of variance in homeostasis at t = 0 is different than upon
heat shock (data not shown).
Two distinct noise decomposition patterns are easy to understand with the reference
to the topology of biochemical reactions network underlying our model. Clearly the
HSP species are the vertex separator in the graph presented in Figure 1, i.e. its
removal decomposes the graph into two connected components exhibiting different
noise contributions patterns.
Summarizing, upon heat shock, the variability of HSE:HSF3 association and dissociation not only dominates the variability of HSE and HSE:HSF3 , but also is strong
enough to dominate the variability of mRNA and HSP. Moreover, in the cascade of
molecular events, this variability propagates further and changes the structure of variability of HSF, HSP:HSF and S by dominating it. This propagation stops at HSF3 ,
where the major contributions are from HSF activation and inactivation, while the
contributions from HSE:HSF3 association and dissociation are small. Possibly, this is
a filter preventing the variability of HSE:HSF3 association and dissociation from further propagation to HSE:HSF3 , which would close the propagation loop and generate
further variability amplification. To conclude, the above results suggest that the regulation of HSE:HSF3 association and dissociation plays a crucial role in Hsp70 heat
induction. However, the Linear Noise Approximation which underlies theoretical foundations of the noise decomposition method is valid given that the number of molecules
interacting in the model is sufficiently high [26]. At the same time, the amount of HSE
which participates in the dominating reactions of HSE:HSF3 association and dissociation in our model is low, cf. Table 3. Further assessment of the impact of this issue on
our noise decomposition results is required.
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6. Conclusions
We proposed a HSR model taking into account various modes of heat shock effects
by assuming temperature dependencies in more reactions than just protein denaturation. Based on biological evidence, the additional temperature-dependencies were
the HSP mRNA transcription and HSE:HSF3 transcriptional complexes dissociation.
These temperature dependencies are different than the ones previously proposed by
Scheff et al. [55], i.e. HSP mRNA transcription, translation and HSF trimerisation.
Multiple temperature dependencies were not present in many other works on HSR
modelling, where only the protein denaturation was affected by temperature [36, 44,
46, 53, 59, 64]. We also addressed a shortcoming present in these works and in [55],
where a function based on the fractional denaturation data (unitless) was used to model
the temperature dependence in the denaturation rate constant (reciprocal time units).
To this end, we proposed a new description of the protein denaturation temperaturedependence, correctly taking time units into account, based on a simplistic model of
protein denaturation and refolding.
Following the approach of [55], we fitted the proposed HSR model to experimental
data series for various model observables, covering HSE:HSF3 complexes, Hsp70 mRNA,
total Hsp70 and levels of HSF-related species. The fitting procedure was performed
under biologically justified constraints for many model parameters. We believe that
ability to fit the model to data given biologically adequate values of parameters is
a sign of relevance of the model and its potential for quantitative description of the
underlying process. We obtained good fitting results with temperature dependencies
different than those in [55]. It is hence a challenging open question to identify which
temperature dependencies should be taken primarily into account in HSR modelling.
Many reactions present in the cellular HSR depend on temperature to some extent. On
the other hand, including all possible biologically justified temperature-dependencies
into data-fitted HSR models may result in overfitting. Therefore, the discrimination
of importance of potential temperature-dependent reactions is necessary. Respective
analysis however would probably involve statistical methods which in turn require sufficient amount and quality of data. Thus, further experimental effort in the field of
HSR would be beneficial from the modelling perspective.
In our modelling approach, we used a phenomenological temperature-dependence in
T
the HSE:HSF3 dissociation rate constant lT
7 , assuming that l7 is determined by linear
interpolation between temperatures corresponding to the data used for model fitting.
This allowed different monotonicity patterns in lT
7 and added flexibility to the model.
It is necessary to mind, however, that too much flexibility in run of model calibration
may lead to overfitting. Nevertheless, we obtained a biologically plausible profile of lT
7,
despite no constraints on its monotonicity were imposed in the curve-fitting procedure.
In our opinion, this may suggest that the obtained profile is not an overfitting result.
On the other hand, it may be an aim of further work to model more explicitly the
processes included in the phenomenological temperature-dependence in lT
7 , possibly by
introducing additional temperature-dependencies. This again leads to the question of
25
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identification of crucial temperature dependencies in HSR modelling.
Another possible path of future research is to embed the HSR model into a more
general system, modelling additional processes which may interfere with HSR. As an
example, the model can be extended to take cell death into account. A first step in this
direction has already been done in [48], where activation of apoptotis was incorporated
into a HSR model. Nevertheless, the latter model did not include temperature as an
explicit variable. Including different types of cell death could increase the relevance
of our model since a part of the data used for curve fitting concern high-temperature
heat shocks, as 44 ¶ C for 15 min or 45 ¶ C for 10 min (see Table 2). According to
the experimental evidence, the survival fraction of V79 cells subject to a 45 ¶ C heat
shock for 10 min is approximately 13% [30]. This supports the necessity of taking
cell death into account in HSR models which aim to exhibit applicability also for high
temperatures.
Alternatively, the HSR model (3.1)–(3.10) can be extended to include the impact
of other stress factors causing proteins denaturation such as cytotoxic drugs. Research
on the relationship between such proteotoxic factors and HSR is particularly important
while investigating the tumour recurrence post-treatment, which is a clinical problem
often arising in many cancer types. It therefore would beneficial to include into the
model the interplay between the hyperthermia which induces HSP and the effectiveness
of proteotoxic drugs.
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We provide the calibrated model as an on-line electronic supplement, both in the
SBML format and as MATLAB scripts. To facilitate reproducing the optimization
setting from Section 3.2, the MATLAB scripts contain also the derivation of the initial
conditions and kinetic parameters from the directly optimized parameters as well as
all data series used for the model calibration. The SBML model was created with use
of MOCCASIN [18] and manually improved. The SBML model is also available in
the BioModels.net database [10] under identifier MODEL1807160001.
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Appendix A. Model for the fraction of denatured proteins Vden
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T )
Formula (Vden

Power-Exp

a · 1 ≠ b · e≠(T≠37) · c(T≠37)
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Table A.1: Considered functions for modeling the fraction of denaturation-susceptible proteins denatT
urated at the temperature T, Vden
, along with attainable functions values.
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We apply the model selection approach to choose an appropriate model describing
Three models were compared against available experimental data for fractional
denaturation in rat liver homogenate [29, Figure 8]. Both local (37–45 ¶ C) and global
(30–100 ¶ C) temperature ranges were considered separately in the comparison. We
compared the power-exponential model, proposed in [44] and later also used in [36, 46,
53, 55, 59, 64], with logistic and Hill functions (see Table A.1). The logistic and Hill
functions are sigmoid-shaped and thus may be candidates for explaining the level of
denaturation in the global temperature range (see Figure A.1). The power-exponential
function quickly diverges to infinity and, as such, is not applicable in the global range.
Nevertheless, we used the power-exponential function for comparison within the local
range.
Using DataThief, we quantified the data from [29, Figure 8] for local and global
ranges, obtaining 422 and 966 data points, respectively. For model selection against
the data, we used the Bayesian Information Criterion (BIC) [56]. The BIC scores were
calculated after unconstrained nonlinear fitting with use of Mathematica. Obtained
results are presented in Table A.2 and depicted in Figure A.1. The logistic function has
the worst score both globally and locally, while the power-exponential function is not
applicable globally. In the local range, the power-exponential model has better score
than the logistic function, but worse than the Hill function. Summarizing, among the
three considered models, the Hill function has the best local and global scores and we
T
chose it as the model of protein denaturation level Vden
.
T
Vden
.

Appendix B. Parametrization
In this appendix, we describe the parametrization of the ODE system (3.1)–(3.10),
derived by setting the system left-hand sides equal 0 and T = 37¶ C and taking the
conservation laws (3.11)–(3.13) into account.
Remark. To keep the following equations readable, we skip the time argument
t = 0 in the notation for time-dependent variables, e.g. by HSP we mean HSP (0), etc.
We also use the symbol T with the assumption T = 37¶ C in mind.
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Local (T œ [37, 45])
Parameters
BIC

Model

T0 = 34.563

Hill

nV = 3.180
T0.5 = 52.025

b = 1.698

Power-Exp with b = 1

c = 1.443
a = 0.00278
c = 1.454

-5671

T0.5 = 57.275
nV = 5.119
T0.5 = 57.803

-4290

nV = 2.486
a = 0.00294

Power-Exp

T0 = 28.831

-5336

T0.5 = 60.448

Logistic

Global (T œ [30, 100])
Parameters
BIC

-4225

nV = 5.588

-4808

n/a

-4625

n/a

Table A.2: BIC scores (lower value is better) for considered models in local and global temperature
ranges. The power-exponential model, as diverging to infinity, cannot explain the sigmoid profile of
the data and thus is not applicable in the global temperature range. The BIC score for the powerexponential model in the local case was obtained for b > 1. This results in negative model values
at 37 ¶ C, which is biologically incorrect. Therefore, we additionally computed the BIC score for the
power-exponential model assuming the fixed value b = 1.
Global range fits

Local range fits
1.0
0.05

Hill

Hill

0.03

Denaturation level

Denaturation level

0.04

Logistic

0.8

Logistic
Pow-Exp
Pow-Exp, b=1
Data
0.02
0.01

Data
0.6

0.4

0.2

0.00

0.0
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Figure A.1: Fits to data for considered models in local and global temperature ranges. The presented
curves were obtained with model parameters as in Table A.2. For the local range, the fitted functions
are visually indistinguishable, but for the global range only the Hill function model is able to reproduce
both the sigmoidal shape and its steepness.

From (3.7), or (3.8),
HSF3 =

lT
HSE:HSF3
7
·
.
k7
HSE

(B.1)

mRNA =

kT
8
· HSE:HSF3 .
k5

(B.2)

From (3.9)
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From (3.1), (3.4) and (3.5)
HSP =

k4 · mRNA + k6
.
k9

(B.3)

k10
· HSP:S.
kT
11

(B.4)

From (3.10)
P =

From (B.4) and the conservation law (3.11)
A

B

k10
S = Ptot ≠ HSP:S · 1 + T .
k11

(B.5)

From (B.5) and (3.5)
HSP:S =

Ptot · kT
11 · k1 · HSP
1

2

T
T
kT
11 · l1 + k11 · k10 + k11 + k10 · k1 · HSP

From (3.4)

.

(B.6)

l3 =

l2 · HSP:HSF ≠ k2 · HSP · HSF
.
HSP · HSF3

(B.7)

k3 =

l3 · HSP · HSF3
.
HSF3

(B.8)

From (3.6) and (3.7)

From the conservation law (3.12)
HSP:HSF = HSFtot ≠ HSF ≠ 3 · HSF3 ≠ 3 · HSE:HSF3 .

(B.9)

From the conservation law (3.13)

HSE = HSEtot ≠ HSE:HSF3 .
849
850
851
852

853

854
855

(B.10)

In light of the parametrization (B.1)–(B.10), all kinetic parameters and initial conditions in the ODE system (3.1)–(3.10) can be uniquely determined once known are:
• the conserved total concentrations Ptot , HSFtot , HSEtot ,
• the initial concentrations of HSF and HSE:HSF3 ,

• and all kinetic parameters except for k3 and l3 (i.e. 13 kinetic parameters k1 , l1 ,
T
T
k2 , l2 , k4 , k5 , k6 , k7 , lT
7 , k8 , k9 , k10 , k11 ).
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Appendix C. Data for parameters values
In this appendix, we present biologically justified constraints which were taken into account in estimation of parameters of the ODE model (3.1)–(3.10). Basing on literature
data, we were able to impose constraints for most of the reaction rate constants of the
model (3.1)–(3.10) and for the conserved concentrations Ptot , HSFtot and HSEtot . We
also imposed constraints for a few additional parameters such as dissociation constants,
amounts of different HSP types in homeostasis at T = 37¶ C and some additional unitless coefficients. The relation of these additional parameters to the free parameters
of the parametrization (B.1)–(B.10) is discussed in this appendix, besides the constraints themselves. For consistency with the dynamical data used for curve-fitting,
the constraints are based on data from HeLa cells whenever they are available, however
non-HeLa data also are used.
Including the mentioned additional parameters, there are more constrained parameters than necessary to determine the free parameters of the parametrization (B.1)–
(B.10). Consequently, 1) some of the constrained parameters need to be derived from
others instead of being directly optimized, which results in nonlinear inequality constraints in the run of optimization and 2) the choice of parameters directly subject to
optimization is non-unique. Our choice of directly optimized parameters is presented
in Table C.1 and the nonlinear constraints are summarized in Table C.2.
We assume that all initial conditions and kinetic parameters of the ODE model
(3.1)–(3.10) are positive. As basic units for our model, we pick minutes (min) for time
and micromolars (µM) for concentration. We assume the following conversion between
the total number of molecules in a cell and concentrations, based on the HeLa cell
volume of ca. 2500 µm3 [71]:
1 µM = 1.5 · 106
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887

888
889
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(C.0.1)

Appendix C.1. Second-order reaction rate constants
A diffusion-controlled enzymatic reaction rate equals ca. 108 –1010 M≠1 s≠1 [63]. Besides
typical catalytic reactions, such high rates have been found in cases of protein-DNA
or protein-substrate complexes associations (cf., respectively, reactions (2.2) and (2.5);
[63]). Therefore, we assume that the upper limit of 1010 M≠1 s≠1 holds for all secondorder reaction rate constants in HeLa cells. After units change, we have
k2 , k7 , l3 œ (0, kmax ) ,

886

molecules / cell volume.

where kmax := 6 · 105

µM≠1 min≠1 .

(C.1.1)

We assume that the rate constant k1 , as a second-order reaction rate constant, also
obeys the constraint k1 < kmax . However, this is guaranteed by the condition (C.2.1).
Appendix C.2. Rate constant of chaperon-substrate binding (k1 )
Based on a mechanistic description of chaperone activity and kinetic rates estimates
for the DnaK, a prokaryotic Hsp70 homolog [33, 34], we assume the following twostep model of chaperone-substrate binding. First, in a reversible process, substrate
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Parameter
k1
l1
k2
k4
k5
k9
k10
l7,37
l7,41
l7,42
l7,43
l7,44
l7,45
kmax
8
Rk8
Tk8
T0
T0.5
nV
Ptot
HSFtot
HSEtot
Kd,2
¶
KT
d,7 for T = 37 C
—HSF
‘HSC
‘HSE:HSF3
HSCtot

Description
Unit
Constraints
Temperature-independent reaction rate constants
HSP:S association rate constant
µM≠1 min≠1 (C.2.1)
2.7e-02 – 2.0e+04
HSP:S dissociation rate constant
min≠1
(C.3.1)
0 – 1.27e+05
HSP:HSF association rate constant
µM≠1 min≠1 (C.1.1)
0 – 6.0e+05
translation rate constant
min≠1
(C.7.2)
7.5e-01 – 5.0e+01
Hsp70 mRNA degradation rate constant
min≠1
(C.4.1)
1.15e-04 – 2.31e-02
HSP degradation rate constant
min≠1
(C.5.1)
1.16e-04 – 5.02e-03
proteins refolding rate constant
min≠1
(C.6.1)
0 – 1.27e+05
Parameters of lT
7
auxiliary parameter for lT
min≠1
(C.9.1)
1.62e-02 – 1.62e+02
7
auxiliary parameter for lT
min≠1
(C.9.1)
1.62e-02 – 1.62e+02
7
auxiliary parameter for lT
min≠1
(C.9.1)
1.62e-02 – 1.62e+02
7
auxiliary parameter for lT
min≠1
(C.9.1)
1.62e-02 – 1.62e+02
7
auxiliary parameter for lT
min≠1
(C.9.1)
1.62e-02 – 1.62e+02
7
auxiliary parameter for lT
min≠1
(C.9.1)
1.62e-02 – 1.62e+02
7
Parameters of kT
8
auxiliary parameter for kT
min≠1
(2.13)
1.5e-02 – 1.5e+02
8
auxiliary parameter for kT
unitless
(2.13)
0.01 – 25.00
8
¶
auxiliary parameter for kT
C
(2.13)
35.0 – 50.0
8
T
Parameters of Vden
T
¶
auxiliary parameter for Vden
C
(2.17)
30.00 – 36.99
T
¶
auxiliary parameter for Vden
C
(2.17)
37.01 – 62.00
T
auxiliary parameter for Vden
unitless
(2.17)
1.0 – 100.0
Conserved quantities
total denaturation-susceptible proteins
µM
(C.17.1) 7.67e+02 – 3.07e+03
total heat shock factor 1
µM
(C.18.1)
1.56e-02 – 2.44e-02
all heat shock elements
µM
(C.19.1)
4.00e-06
Dissociation constants
HSP:HSF dissociation constant
µM
(C.11.2)
0 – 6.3441
HSE:HSF3 dissociation constant at 37¶ C
µM
(C.10.2) 9.033e-04 – 8.130e-03
Unitless coefficients
fraction of free HSF monomers
unitless
(C.12.4)
0 – 0.1
fraction of bound constitutive HSP
unitless
(C.15.3)
0 – 0.004123
in homeostasis at 37¶ C
fraction of free HSE in homeostasis
unitless
(C.13.2)
0 – 0.1
at 37¶ C
Other parameters
the total amount of constitutive HSP
µM
(C.20.2)
11.835 – 47.340

Value

Log

1.260e+01
3.028e-03
2.180e-01
1.885e+01
8.709e-04
1.888e-03
9.813e-02

+
+
+
+
+

4.768e+01
1.233e+00
6.628e-01
1.639e-02
5.001e+01
8.427e+01
9.607e+01
15.93
42.89

+

35.81
47.13
6.522
1.297e+03
1.568e-02
4.00e-06

+

5.330e+00
8.093e-03

+

8.694e-02
2.687e-06

+
+

1.121e-03

+

4.713e+01

Table C.1: Summary of parameters directly optimized in the run of parameter estimation procedure
described in Section 3.2, along with their constraints and obtained values. Other parameters were
derived from the optimized parameters and are not covered in the present table. Besides the kinetic
parameters and conserved quantities, the table presents additional parameters defined in Appendix
C. The column „Log” indicates parameters optimized in logarithmic scale.
Remark: The constraints for the conserved concentration HSEtot were equality constraints (see
(C.19.1)) thus, technically, this parameter was removed from optimization. Taking this into account,
there were 27 optimized parameters.
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Parameter

kT
11

Description

l3
k7
for T = 37¶ C

‘HSF
‘S
—HSP

P (0)
S (0)
HSP:S (0)
Hsp70bound
0
HSPtot (0)

Unit
Reaction rate constants
HSF inactivation rate constant
µM≠1 min≠1
HSE:HSF3 association rate constant
µM≠1 min≠1
proteins denaturation rate constant
min≠1
at 37¶ C
Unitless coefficients
fraction of free HSF in homeostasis
unitless
at 37¶ C
fraction of free substrate in homeostasis
unitless
at 37¶ C
ratio of total amounts of heat-inducible
unitless
and constitutive HSP in homeostasis
at 37¶ C
Initial conditions
initial concentration of P
µM
initial concentration of S
µM
initial concentration of HSP:S
µM
Other parameters
amount of bound heat-inducible HSP
µM
in homeostasis at 37¶ C
total amount of HSP in homeostasis
µM
at 37¶ C

Formula

Constraints

Value

(B.7)
(C.10.1)
(2.14)

(C.1.1)
(C.1.1)
—

0 – 6.0e+05 2.392e+00
0 – 6.0e+05 5.892e+03
> 0 3.987e-08

(C.12.1)

(C.12.2)

0 – 0.1

8.868e-02

(C.14.1)

(C.14.2)

0 – 0.1

1.542e-04

(C.16.1)

(C.16.2)

2.426 – 9.704

9.517

(B.4)
(B.5)
(B.6)

—
—
—

(C.15.2)

(C.15.2)

>0

1.469e-02

(C.20.1)

(C.20.2) 14.274 – 57.097

52.077

> 0 1.297e+03
> 0 8.122e-08
> 0 5.268e-04

Table C.2: Parameters not optimized directly but constrained in the parameter estimation procedure
described in Section 3.2. In other words, the parameters in this table contribute to the nonlinear
constraints of the optimization problem (the function C in Section 3.2). Some of the parameters were
constrained only with the lower bound > 0. Summarizing all lower and upper bounds, there were 17
nonlinear constraints in the parameter estimation problem (i.e. C leads into R17 ).
Remark: We assume positivity of all kinetic parameters and initial conditions of the ODE model
(3.1)–(3.10). However, for some initial conditions the positivity constraint was redundant in optimization. For instance, the formula (B.2) guarantees the positivity of mRNA (0) once k5 , kT
8 and
HSE:HSF3 (0) are positive, which in turn is enforced by the constraints in Table C.1, the definition of
kT
8 in (2.13) and the assignment for HSE:HSF3 (0) in (C.13.1). Consequently, only some of the initial
conditions were actually constrained and are presented in this table.
¶
Remark: Note that the positivity of kT
11 for T = 37 C follows from its definition, see (2.14) and
(2.17), and constraints on its parameter T0 , see Table C.1. However, despite positive in exact arith¶
metic, the value of kT
for certain choices
11 for T = 37 C degenerated to 0 in floating point arithmetic
¶
C
of its parameters T0 , T0.5 and nV . Thus, we have added the condition k37
> 0 presented in this
11
table to the optimization as a technical constraint.

892
893
894
895
896
897
898
899
900
901
902
903

binds to an open chaperone binding cavity (rate constants kon and koff for binding
and unbinding, respectively). Second, APT hydrolysis mediated closing of the binding
cavity occurs (rate constant khyd ). The first reaction is rapid and hence may be assumed
to remain in an equilibrium. The effective rate constant of this two-stage binding
process may be thus approximated as k1 ¥ khyd · kon /koff .
ATP hydrolysis rates in the absence of the substrate range from 3 · 10≠4 to 1.6 ·
≠2 ≠1
10 s and are over 1000-fold higher in the presence of protein substrates [33]. We
thus multiply the given range by a 1000- to 2000-fold factor and, after change of units
and rounding, get khyd ¥ 1.8 · 101 to 2 · 103 min≠1 . Moreover, based on the data in
Table 2 and Figure 3c in [34] concerning substrate peptides binding to DnaK in the
ATP state, we assume koff /kon ¥ 1 to 60 µM. Assuming arbitrarily a 10-fold error,
inverting the result and rounding, we get kon /koff ¥ 1.5 · 10≠3 to 1 · 101 µM≠1 . To sum
38

904

905
906
907

up, we obtain3

1

k1 œ 2.7 · 10≠2 , 2.0 · 104

2

µM≠1 min≠1 .

(C.2.1)

Appendix C.3. Rate constant of chaperon-substrate dissociation (l1 )
To specify bounds for the rate constant of HSP:S complex dissociation l1 , we introduce
the dissociation constant Kd,1 and assume that the value of l1 is given by
l1 = Kd,1 · k1 .

908
909

We assume that the range of values of l1 is determined by extremal values of k1 , given
in (C.2.1), and Kd,1 , which will be given now.
To establish bounds for Kd,1 , we follow the formal reasoning as in the case of bounds
for Kd,2 , see Appendix C.11, with „HSF” replaced by „S” and with use of Eq. (C.14.2)
instead of Eq. (C.12.4). This way, we obtain the following range for Kd,1 :
Kd,1 œ (0, 6.3441)

910
911

912
913
914
915
916

µM.

To sum up, by the above bounds for Kd,1 and the bounds for k1 given in (C.2.1), we
obtain
1
2
l1 œ 0, 1.27 · 105
min≠1 .
(C.3.1)
Appendix C.4. Rate constant of Hsp70 mRNA degradation (k5 )
Experimentally determined half-life of Hsp70 mRNA for unstressed HEK-293 cells is
about 50 minutes [66]. The Hsp70 mRNA half-life measured for HepG2 cells ranges
from 0.5–0.6 h (for cells with acquired thermotolerance) to 1 h (for „naive” cells) [65].
These measurements give range of 30 ≠ 60 min, which corresponds to
1

2

min≠1 .

1

2

min≠1 .

k5 œ 1.15 · 10≠2 , 2.31 · 10≠2
917
918
919
920

However, there are experimental evidences that Hsp70 mRNA significantly stabilizes
during a heat-shock [66]. In addition, this stability effect persists for some time after
the heat shock [45]. Therefore, we relax the lower bound given above by two orders of
magnitude and assume that
k5 œ 1.15 · 10≠4 , 2.31 · 10≠2

(C.4.1)

3
During preparation of this manuscript we corrected the range for k1 given in (C.2.1). The presented range is thus different than that actually used in the numerical optimization described in Section 3.2. However, the estimated value of k1 in Table 3 fits both the original and the corrected range
(the original one not shown), therefore the parameter k1 retains its biological relevance.
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Appendix C.5. Rate constant of HSP degradation (k9 )
To estimate the bounds for the parameter determining the HSP degradation rate in the
biochemical model (2.1)–(2.12), we base on the study performed for mice fibroblasts
[49]. According to that study, the half-life of HSP varies for different members of the
HSP family and cell conditions. In the presence of CHIP (carboxy terminus of Hsp70binding protein), which is the responsible for the degradation of HSP, the fraction
of remaining proteins after 8 hours is about 80%, 70% or 30% for Hsc70, Hsp90 or
Hsp70, respectively [49, Figure 2a]. These values give a range of degradation rates from
4.65 · 10≠4 min≠1 to 2.51 · 10≠3 min≠1 . In the absence of CHIP, the half-life of Hsp70
increases over twofold, from less than 4 to more than 8 hours. The stability of Hsc70
and Hsp90 also is affected by CHIP, however the effect of CHIP is most significant for
Hsp70. Moreover, experiments with use of HEK-293 cells suggest that the CHIP-driven
impact on degradation of Hsp70 is restrained in the presence of substrate [49]. Given
that, we assume that it is reasonable to consider the restriction of the CHIP-enhanced
degradation of HSP in the biochemical model (2.1)–(2.12) and thus extend the lower
limit of the above range twofold, to 2.32 · 10≠4 min≠1 . Moreover, to take into account
possible inaccuracies in these numbers and assumptions, we arbitrarily extend both
limits by an extra twofold error and obtain
1

k9 œ 1.16 · 10≠4 , 50.2 · 10≠4
939
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1
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min≠1 .

(C.5.1)

Appendix C.6. Rate constant of refolding (k10 )
In the model (2.1)–(2.12), the HSP:S complex can be broken in two ways. The first
one is dissociation of substrate without refolding (reaction (2.5)) and the second one is
dissociation of refolded protein (reaction (2.8)). These two are distinct events, however
we assume that their rate constants follow the same upper limit and thus, taking (C.3.1)
into account, the rate constant of refolded protein dissociation, k10 , is bound as follows:
k10 œ 0, 1.27 · 105

945

2

2

min≠1 .

(C.6.1)

Appendix C.7. Rate constants of transcription and translation (kmax
and k4 )
8
We assume that, given the temperature T, the transcription rate constant kT
8 may
be approximated as a frequency of transcription initiation of a single gene. Below,
max
we use this assumption to estimate the upper bound of kT
. To estimate
8 values, k8
the frequency of transcription initiation, we compute the ratio of polymerases speed
during transcription to the distance between subsequent polymerases. Analogously, we
assume that the translation rate constant k4 may be expressed as ratio of ribosomes
speed and distance between them.
The range of transcription speed of a human mRNA polymerase is reported as 600–
6000 bp · min≠1 (10–100 bp · s≠1 ) [37]. Other sources report transcription elongation
rate to be 3000–6000 nt · min≠1 (50–100 nt · s≠1 ) in HeLa cells [57] and 1200 bp · min≠1
for hsp70 gene in Drosophila [42]. We assume the widest of the above ranges, 10–100
bp · s≠1 , which gives 600–6000 bp · min≠1 . Further, we assume that distance between
40
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centres of subsequent polymerases on a DNA strand is not smaller than the polymerase
size. Literature reports that the calf RNA polymerase II in a DNA footprinting assay
protects 42±2 bp (fully) or 51±4 bp (partially) of a DNA strand [51]. We take the
lowest of the mentioned values, 42 ≠ 2 = 40 bp, into further consideration. To specify
the upper bound for the distance between two polymerases, we arbitrarily assume that
it is 103 times larger than the polymerase size, i.e. 4 · 104 bp.
The above assumptions for the polymerases speed and distance concern homeostasis
at physiological temperature and thus allow to estimate the transcription rate constant
T
max
¶
kT
, approximates kT
8 for T = 37 C. Assuming that the upper limit for k8 values, k8
8
¶
for T = 37 C, we obtain the following range of values:
1

kmax
œ 1.5 · 10≠2 , 1.5 · 102
8
968
969
970
971
972
973
974

976
977
978
979
980
981
982

983
984
985

min≠1 .

min≠1 .

987

(C.7.2)

Appendix C.8. Rate constant of constitutive HSP production (k6 )
To describe the constitutive HSP production rate k6 in the reaction (2.12), we introduce the parameter ‘HSC , representing the fraction of bound constitutive HSP in
homeostasis at 37¶ C. However, the model (2.1)–(2.12) does not represent constitutive HSP explicitly. Therefore, we introduce another auxiliary parameters: the total
amount of constitutive HSP and the amount of free constitutive HSP in homeostasis
at 37¶ C, which we denote by HSCtot and HSC, respectively. Given these, we assume
the following relation:
HSC = (1 ≠ ‘HSC ) · HSCtot .
Assuming that HSCtot is constant (see also the discussion in Section 2) and stems
from the balance between production (rate k6 ) and degradation (rate constant k9 ) of
constitutive HSP, we make the following assignment:
k6 = k9 · HSC = k9 · (1 ≠ ‘HSC ) · HSCtot .

986

(C.7.1)

The translation speed of a ribosome reported in [37] ranges in 10–20 aa · s≠1 . However, in [31], the average translation time of rabbit hemoglobin was measured as 0.94–
1.491 s · aa≠1 , which gives about 1.06–0.67 aa · s≠1 . We assume a range covering all of
these values, 0.5–25 aa · s≠1 , which turns into 90–4500 nt · min≠1 . The average spacing
of ribosomes is reported as 25–40 aa, i.e 75–120 nt, for transcripts in Drosophila [50].
Combining these ranges for the speed and distance of ribosomes, we get the following
range for the translation rate constant:
k4 œ (0.75, 50.0)

975

2

(C.8.1)

The ranges of values of k9 , ‘HSC and HSCtot are given by Eqs. (C.5.1), (C.15.3) and
(C.20.3), respectively.
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Appendix C.9. Dissociation rate constant for the HSE:HSF3 complex (lT
7)
Herbomel et al. [20] estimated the dissociation rate constant for HSF1 located in a proximity of DNA to be 45 s≠1 before and 25 s≠1 after one-hour 43¶ C heat shock using the
mFCS assay [20, Table 2], or to be 0.027 s≠1 after one-hour of a 43¶ C heat shock using
the FRAP assay [20, Table 3]. Authors suggest that the higher values of dissociation
rate constant obtained with mFCS analysis may correspond to HSF1 weak interactions
with chromatin while underestimating tight binding interactions of HSF1. Conversely,
the low dissociation rate constant value obtained in the FRAP analysis captures these
tight interactions, including the HSF1-DNA binding. Consequently, we take 0.027
s≠1 as a reference value for estimation of the rate constant of HSE:HSF complexes
T
¶
dissociation, lT
7 , for all temperatures T for which we define l7 , i.e. T œ [37, 45] C.
The FRAP assay (as well as mFSC) does not distinguish between specific DNA
binding sites, effectively describing average DNA binding interaction. Moreover, authors used an idealistic (continuous and space-homogeneous) mathematical model of
binding to estimate the dissociation rate. In addition, since the mentioned mFCSbased estimates for dissociation rate constant depend on temperature, we assume that
the dissociation of tight binding interactions assessed from FRAP acquisition also may
depend on temperature (see the discussion in Section 2). Therefore, we assume for lT
7
a large range of two orders of magnitude with respect to the reference value, i.e.
1

≠2
2
lT
7 œ 1.62 · 10 , 1.62 · 10
1007
1008

1

1010
1011

min≠1 ,

2

min≠1 ,

for T = 37, 41, 42, 43, 44, 45 ¶ C.

¶

We introduce an additional parameter, the dissociation constant KT
d,7 for the reversible
reaction (2.2). We assume that the value of k7 is assigned via
O
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1014
1015
1016
1017
1018
1019
1020
1021

(C.9.1)

C
Appendix C.10. HSE:HSF3 dissociation constant at physiological temperature (K37
d,7 )

T
k7 = lT
7 Kd,7 .
1012

for T œ [37, 45] ¶ C.

T
This implies analogous constraints for the parameters of lT
7 , which are just l7 values at
specific temperatures within the range T œ [37, 45] ¶ C (see Section 2):
≠2
2
lT
7 œ 1.62 · 10 , 1.62 · 10

1009

2

(C.10.1)

Since lT
7 depends on T and k7 is constant w.r.t. T in our model, it is necessary to assume
that KT
d,7 depends on T, hence we use the superscript „T”. Now, we describe bounds
T
for Kd,7 at T = 37 ¶ C assumed in this work. We base on in vitro study in homeostasis
at physiological temperature of the HSE and HSF affinity for HSF engineered from a
mouse DNA [27]. The measurements of this study are presented as a Scatchard plot
on Figure 2 in [27]. We fitted a linear model to that Scatchard plot and assumed
¶C
the reciprocal of its slope, 2.71 µM, to be a reference value for K37
d,7 . This value is
in agreement with the value computed in [27]. To estimate error for this value, we
computed maximal and minimal negative slopes passing through the line contained
within the distance of standard deviation of residuals from the plot of the fitted linear
42
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C
model. We assumed that the error for K37
should cover reciprocals of the obtained
d,7
maximal and minimal slopes. Since the Scatchard plot contains error in both axes, we
next swapped the role of the axes and performed the analogous procedure of fitting a
linear model and computing maximal and minimal negative slopes. We further assumed
¶C
that these maximal and minimal slopes should be covered by the error for K37
d,7 . It
turned out that the above assumptions are satisfied with 3-fold error imposed for the
reference value, hence we assume that
¶

KT
d,7 œ
1029
1030
1031

1

1
3

· 2.71 · 10≠3 , 3 · 2.71 · 10≠3

2

µM,

for T = 37 ¶ C.

Appendix C.11. HSP:HSF dissociation constant (Kd,2 )
For the reversible reaction (2.6), we introduce the dissociation constant Kd,2 and assume
that the value of l2 is given by the assignment
l2 = Kd,2 · k2 .
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HSPú · HSFú
,
HSP:HSFú

where HSPú , HSFú and HSP:HSFú denotes the concentration of species HSP, HSF
and HSP:HSF, respectively, in the equilibrium state of the reaction (2.6). Denote
HSP := HSP + HSP:HSF and HSF := HSF + HSP:HSF. Let also –free denote the
fraction of free HSF in the equilibrium of (2.6), i.e. –free := HSFú /HSF . This yields
Kd,2 =

1038

(C.11.1)

To estimate bounds for the dissociation constant Kd,2 , we investigate the equilibrium
of the reaction (2.6), isolated from the model (2.1)–(2.12). We have
Kd,2 =

1034

(C.10.2)

Assume that:

HSPú · –free · HSF
(1 ≠ –free ) · HSF

=

–free
· HSPú .
1 ≠ –free

(*) Concentrations HSP and HSF in the isolated reaction (2.6) are equal to corresponding concentrations in the model (2.1)–(2.12) with T = 37¶ C.
(**) The fraction –free of free HSF in the equilibrium of the isolated reaction (2.6)
may be approximated by the fraction of free HSF in the equilibrium of the model
(2.1)–(2.12) with T = 37¶ C.
Note that the assumption (**) is non-trivial since the equilibrium concentrations of
HSP, HSF and HSP:HSF in the isolated reaction (2.6) and in the whole model (2.1)–
(2.12) may differ. We estimate the fraction of free HSF in the model (2.1)–(2.12) with
T = 37¶ C as smaller than 10%, see Eq. (C.12.4), thus by the assumption (**), we have
–free < 0.1.
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Moreover, we estimate HSPú from above by HSP and we estimate HSP by the total
HSP concentration in the model (2.1)–(2.12) with T = 37¶ C, which is possible by the
assumption (*). Using the upper bound given by Eq. (C.20.2), we have
To sum up,

HSPú < 2 · 28.5486 µM.

0.1
· 2 · 28.5486 µM,
1 ≠ 0.1
which gives the following range for Kd,2 :
Kd,2 Æ

1052

Kd,2 œ (0, 6.3441)

1053
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1055

µM.

(C.11.2)

Appendix C.12. Fractions of free HSF in homeostasis at 37¶ C
Let HSFfree
tot denote the total amount of free cellular HSF (not bound either as a
monomer to HSP nor as a trimmer to HSE) in homeostasis at T = 37¶ C:
HSFfree
tot := HSF (0) + 3 · HSF3 (0) .
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We introduce the fraction of free HSF, both in monomer and trimer forms, in homeostasis at T = 37¶ C:
O
‘HSF := HSFfree
(C.12.1)
tot HSFtot .
At 37¶ C most of HSF monomers are bound to HSP and form the HSP:HSF complexes,
whereas only small percentage of HSF remains as free monomers, or in trimer form
[54]. This brings us to the assumption that
‘HSF œ (0, 0.1) ,

1061
1062
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1064

Next, we introduce the fraction of free HSF monomers —HSF and assign the value of
HSF (0) via
HSF (0) = —HSF · HSFtot .
(C.12.3)
Since the fraction of free HSF monomers is smaller than the fraction of both free HSF
monomers and trimers, we have —HSF < ‘HSF . In consequence, we assume that
—HSF œ (0, 0.1) .

1065

1066
1067
1068
1069

1070

1071

(C.12.2)

(C.12.4)

Range of values of the total concentration HSFtot is given by Eq. (C.18.1).
Appendix C.13. Fraction of free HSE in homeostasis at 37¶ C
Experiments suggest that prior to a heat-shock, the HSE region of the human HSP70
promoter is not occupied by active transcription factor HSF3 [2]. Therefore, we assume
that, for some positive ‘HSE:HSF3 π 1,
HSE:HSF3 (0) = ‘HSE:HSF3 · HSEtot .

(C.13.1)

‘HSE:HSF3 œ (0, 0.1) .

(C.13.2)

We assume the following bounds for the fraction ‘HSE:HSF3 :

The value of the total concentration HSEtot is given by Eq. (C.19.1).
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Appendix C.14. Fraction of free substrate in homeostasis at 37¶ C (‘S )
We assume that in homeostasis at 37¶ C vast majority of S is titrated by the chaperon
HSP molecules. To capture this, we introduce parameter
/

‘S := S (0) Stot (0) ,
1075

where Stot (0) := S (0) + HSP:S (0), and assume that
‘S œ (0, 0.1) .
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(C.15.2)

In optimization, we keep this condition as a nonlinear constraint. In addition, using
(C.15.1), we set a direct estimate for the range of the values of ‘HSC :
‘HSC <

1086

(C.15.1)

or, equivalently,
:= HSP:HSF (0) + HSP:S (0) ≠ ‘HSC · HSCtot > 0.
Hsp70bound
0

1084

(C.14.2)

Appendix C.15. Fraction of bound constitutive HSP in homeostasis at 37¶ C (‘HSC )
The parameter ‘HSC , introduced in Appendix C.8, represents the fraction of bound
constitutive HSP in homeostasis at 37¶ C. Therefore, the product ‘HSC · HSCtot represents the amount of bound constitutive HSP in homeostasis at 37¶ C. The amount of
bound constitutive HSP cannot exceed the amount of bound HSP, as HSP represents
both heat-inducible and constitutive HSP in the model (2.1)–(2.12). The bound HSP
in (2.1)–(2.12) is the HSP in complexes with S and HSF. This leads us to the condition
‘HSC · HSCtot < HSP:HSF (0) + HSP:S (0)

1083

(C.14.1)

HSP:HSF (0) + HSP:S (0)
HSFtot + Stot (0)
<
,
HSCtot
HSCtot

where Stot (0) := S (0) + HSP:S (0) and HSFtot is defined in (3.12). In homeostasis at
physiological temperature, the total amount of substrate is low. We capture this by
assuming that Stot (0) < HSFtot , which allows to process the above estimate for ‘HSC
further:
2 · HSFtot
‘HSC <
.
HSCtot
Using the extremal values for HSFtot and HSCtot assumed in (C.18.1) and (C.20.3),
respectively, we get
‘HSC œ (0, 0.004123) unitless.
(C.15.3)
The conditions (C.15.1) or (C.15.2) are more precise than (C.15.3), but (C.15.3) is
helpful in optimization for setting box constraints for the parameter ‘HSC .
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Appendix C.16. Ratio of total amounts of heat-inducible and constitutive HSP in homeostasis at 37¶ C (—HSP )
We introduce the ratio of total amount of heat-inducible and constitutive HSP in
homeostasis at 37¶ C:
HSCtot
—HSP :=
,
(C.16.1)
Hsp70tot (0)
where the parameter HSCtot , introduced in Appendix C.8, represents the total amount
of constitutive HSP and Hsp70tot (t) is defined by
Hsp70tot (t) := HSPtot (t) ≠ HSCtot ,

1100
1101
1102
1103

where HSPtot (t) is defined as in (C.20.1). We assume the reference value for —HSP basing
on reference values for HSPtot (0) and HSCtot discussed in Appendix C.20. Substituting
these values above yields the reference value for —HSP equal to 4.8521. Arbitrarily
assuming a twofold error, we obtain
—HSP œ (0.5 · 4.8521, 2.0 · 4.8521)
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unitless.

(C.16.2)

Appendix C.17. Total amount of denaturation-susceptible proteins (Ptot )
The total number of polypeptide molecules per HeLa cell can be estimated as 2.3 · 109
[13]. We use this value as an estimate for the reference number of protein molecules per
HeLa cell, which, by the conversion (C.0.1), turns into 1533.3 µM. In the definition of
the rate constant kT
11 of misfolding of native proteins P, see Section 2, we have used a
T
model of the fraction of denatured proteins, Vden
, chosen by comparison to experimental
data on protein denaturation in the temperature range 30–100 ¶ C, see Appendix A.
Therefore, in the model (2.1)–(2.12), P represents the native proteins susceptible to
denaturation in the 30–100 ¶ C range, and Ptot , defined in (3.11), represents their total
amount. We assume that a vast majority of cellular proteins is subject to denaturation
in 100 ¶ C, or even below [29, Figure 2] and thus the total amount of denaturationsusceptible proteins Ptot may be approximated by the total amount of all proteins,
with the above given reference value. Assuming a twofold error for that value, we
obtain
Ptot œ (0.5 · 1533.3, 2.0 · 1533.3) µM.
(C.17.1)
Appendix C.18. Total amount of HSF (HSFtot )
Unstressed human HeLa cells contain approximately 3 · 104 ± 0.33 · 104 molecules of
HSF1 [54] (± stands for the standard deviation). After a 120 min, 42¶ C heat-shock, the
level of HSF1 in HeLa cells does not significantly change from the level in unstressed
cells, however, it has much more narrow distribution (3·104 ±0.04·104 molecules; [54]).
We take the standard deviation 0.33 · 104 , the less restrictive one of the above, into
further consideration. Assuming the two-sigma rule to give an interval certain enough,
we set
1
2
HSFtot œ 3 · 104 ≠ 0.66 · 104 , 3 · 104 + 0.66 · 104
molecules
which, by application of the conversion (C.0.1), turns into
HSFtot œ (0.0156, 0.0244)
46

µM.

(C.18.1)
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Appendix C.19. Total amount of HSE (HSEtot )
There are 17 known genes which encode at least one functional isoform of the 70
kDa HSP family protein [7], out of which only three encode the heat-inducible Hsp70
(HSPA1A, HSPA1B and HSPA1L, cf. [19]). We assume that both homologous chromosome copies for each of these genes are active. This results in a total of HSEtot = 6
molecules of HSE. Applying the conversion (C.0.1), we get
HSEtot = 4 · 10≠6

1133
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(C.19.1)

µM.

Appendix C.20. Total amount of HSP in homeostasis at 37¶ C (HSPtot (0) and HSCtot )
We now describe estimates for the total HSP concentration in homeostasis at 37¶ C,
HSPtot (0), and the total constitutive HSP concentration, HSCtot . In terms of the
variables of the ODE model (3.1)–(3.10), we define HSPtot (t) by
HSPtot (t) := HSP (t) + HSP:S (t) + HSP:HSF (t) .
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(C.20.1)

The model (3.1)–(3.10) does not describe explicitly the dynamics of constitutive HSP
and thus HSCtot has no straightforward representation in terms of the model variables.
We rather treat HSCtot as a model parameter, as discussed in Appendix C.8.
To estimate HSPtot (0) and HSCtot , we have used Supplementary data by Finka
and Goloubinoff [13, Table 3], which presents estimated numbers of molecules for many
chaperome members in HeLa cells, in division w.r.t. cellular compartments. We focused
on the data concerning the cytosol and nucleus compartment (CN), the compartments
in which the process included in the model takes place. From the CN data, we extracted
the data concerning HSP genes. In the extracted data, top 5 entries with highest
numbers of molecules form over 90% of the total HSP molecules number. The subject
top 5 entries concern Hsp90 (HSP90AB1 and HSP90AA1 genes), Hsp70 (HSPA1A/B),
Hsc70 (HSPA8/HSC70) and Hsp27 (HSPB1/HSP27) proteins. However, in contrary
to Hsp90, Hsp70 and Hsc70, which interact with HSF via its sequestration, the pattern
of Hsp27 and HSF interactions described in literature is different (Hsp27 regulates
HSF activity via sumoilation; Hsp27 expression does not affect HSF phosphorylation
or DNA-binding ability [8]). Based on this, we assume that Hsp27 does not sequester
HSF and thus does not contribute to the fundamental regulation mechanism of the
biochemical model (2.1)–(2.12). Hence, we omit the amount of Hsp27 in our estimates.
We take the sum of molecules numbers in the remaining 4 entries, equal to 42 822 845
after rounding, as a reference value for HSPtot (0). Among the proteins in the considered
4 entries, we assume that Hsp90 and Hsc70 are constitutive heat shock proteins (see the
discussion in Section 2) and the reference value for HSCtot is the sum of their numbers
of molecules, which is 35 505 364 after rounding. Applying the conversion (C.0.1) to
the reference numbers of molecules and assuming a twofold error, we get
HSPtot (0) œ (0.5 · 28.5486, 2.0 · 28.5486)
HSCtot œ (0.5 · 23.6702, 2.0 · 23.6702)
47

µM,
µM.

(C.20.2)
(C.20.3)
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Figure D.1: Model fit to all data used for fitting, plotted in the scale of the model. The data scale
and standard deviations are determined by Eqs. (3.20) and (3.22) in Section 3.2, respectively. Data
sources are given in the panels. The observables HSF3tot and Hsp70tot are not variables of the ODE
model (3.1)–(3.10). We define these observables as the total amount of Hsp70 molecules and the total
amount of HSF3 , both free and bound to DNA at HSE site, i.e.
Hsp70tot (t) := HSPtot (t) ≠ HSCtot
HSF3tot (t) := HSF3 (t) + HSE:HSF3 (t)
for all t Ø 0, where HSCtot and HSPtot are defined in Appendix C.8 and Appendix C.20, respectively.
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Appendix D. Supplementary results for the fitted model
In this section we provide figures presenting both full results of model calibration (Figure D.1) and selected model predictions (Figure D.3, Figure D.4, Figure D.5 and Fig48
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ure D.6). For the purpose of fitting the ODE model (3.1)–(3.10) to data, we used 19
data series containing jointly 127 measurements, summarized in Table 2 and depicted
along with the calibrated model curves in Figure D.1. We obtained a good fit for almost all data series, however for 2 data series concerning HSE:HSF3 levels we observed
a gap between the calibrated model and the data. We below discuss the fit for these
data series in more detail.
Our model captures correctly the data concerning transcriptional complexes HSE:HSF3
under continuous heat shock, as shown in the 1st row of Figure D.1. However, it is to
be noted that the model fails to capture the dynamics of HSE:HSF3 upon a discontinuous heat shock, responding with too fast recovery after a 40 min treatment at 42 ¶ C,
see 2nd and 4th panel in the 2nd row of Figure D.1. To investigate this in detail, recall
that the total amount of HSE in our model is constant (see (3.13)) and therefore the
dynamics of HSE:HSF3 depend on changes in the total level of HSF3 and on the reaction rate constants of HSE:HSF3 association and dissociation. To evaluate the impact
of HSF3 dynamics on the fast recovery of HSE:HSF3 , we performed the following test.
We presimulated the model for 40 min in a 42 ¶ C heat shock and used the resulting
values of HSF3 , HSE and HSE:HSF3 as initial conditions to simulate the reaction (2.2)
isolated from the model (2.1)–(2.12) at 37 ¶ C. This way we mimicked the recovery
of HSE:HSF3 complexes with constant total amount of HSF3 . It turned out that the
recovery speed of HSE:HSF3 in the isolated reaction (2.2) and in the whole model
(2.1)–(2.12) was very similar (data not shown), i.e. in both cases too fast to capture
the experimental data. This suggests that the fast recovery of HSE:HSF3 is driven
mainly by the reaction rate constants of HSE:HSF3 association and dissociation, k7
T
and lT
7 . Indeed, manually modifying the estimated values of k7 and l7 we were able to
improve the fit of our HSR model to the recovery data for HSE:HSF3 , see Figure D.2.
However, such modifications affect the remaining model curves, and thus have negative
impact on the fit to other data series. Hence, mitigating the discussed shortcoming
may require further modelling effort.
The above discussed issue may also be related to the data interpretation. The data
from Figures 5B and 8 in [1], including the recovery series, represent active HSF in
complexes with HSE, which correspond to HSE:HSF3 in our model. However, as noted
by [59], in the gel shift assays used in the original experiment in [1] HSE serves as a
binding probe for—and is in excess to—active HSF. This is in contrary to the cellular
mechanism where active HSF is in excess to HSE. Therefore, it could be reasonable
to consider an alternative data interpretation in which the quantified measurements
from Figures 5B and 8 in [1] correspond to HSF3 —which in our model represents
active HSF—rather than to HSE:HSF3 . Actually, the authors of [61] and [59] have
already used this kind of interpretation. For further refinements in this respect, we
note that the experimental measurements in question depend also on the HSE:HSF3
dissociation constant. Accordingly, one could consider a data interpretation involving
the dependence on the latter parameter. This could be beneficial especially in the case
of our model where the HSE:HSF3 dissociation constant is temperature-dependent.
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Figure D.2: Selected model curves versus the data for manually modified values of the HSE:HSF3
association-dissociation rate constants, k7 and lT
7 . These plots show that modifying the subject
parameters is sufficient to improve the recovery dynamics of HSE:HSF3 compared to the data (left
panels), relative to the dynamics obtained with the estimated values of parameters, see Figure D.1.
However, as a side effect, the fit of other model curves is deteriorated (middle and right panels).
Each of the data series was assumed to have an independent scale, so the plots compare the shape of
model curves versus the „data shape” for each series separately. The content is plotted in the model
scale, with the data scale and standard deviations determined according to Eqs. (3.20) and (3.22)
in Section 3.2, respectively. Upper panels: Compared to the estimated values (see Table 3), the
HSE:HSF3 association rate constant k7 was decreased 4-fold and the dissociation rate constant lT
7 for
¶
T = 37 ¶ C was decreased 40-fold, with unchanged values of lT
for
T
equal
41,
42,
43,
44
and
45
C.
7
T
These were the temperatures defining the l7 temperature-dependence, see discussion in Section 2.
Lower panels: The association rate constant k7 was unchanged compared to the estimated value,
while values of l7 for all T œ [37, 45] ¶ C were modified by the factor 0.0015.
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Figure D.3: Model dynamics for HSE:HSF3 in response to different heat shocks. The right panel
presents a time-axis zoom of the left panel.
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Figure D.6: Dynamics of the model species under heat shocks at 41 ¶ C, 42 ¶ C and 43 ¶ C. The
magnitude of S and HSF3 at 43 ¶ C strongly dominates the the corresponding values at 41 ¶ C and
42 ¶ C, thus, for the sake of readability, the curves for S and HSF3 at 41 ¶ C and 42 ¶ C are additionally
plotted on separate panels.
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Appendix E. Supplementary results for optimization
In this section, we present additional results concerning the optimization procedure
described Section 3.2. For the 23 best results of the local optimization, the obtained
target function values were similar, see Figure E.1. In Figure E.2, we provide boxplots of values of directly optimized parameters for these 23 results, along with the
optimization constraints. This complements the content of Table C.1, which presents
only the values of the finally selected parameters. Figure E.2 allows to inspect how
frequently the successful optimization results were close to the constraints and provides
suggestions which constraints were too tight.
¶C
Apparently, the optimized values for the dissociation constants Kd,2 and K37
d,7
and the maximal transcription rate constant kmax
frequently were close to the upper
8
bounds. Moreover, many values obtained for l7,42 , l7,43 and HSFtot were close to their
¶C
lower bounds. Particularly for K37
d,7 and HSFtot the adhesion to the constraints seems
pronounced, suggesting that the „true” values of these parameters may lie outside
the assumed range. Note however that on one hand this suggests a higher value of
¶C
¶
K37
d,7 , i.e. the fast dissociation of HSE:HSF3 at 37 C, and on the other hand the
fast dissociation of HSE:HSF3 may be related to the problems with reproduction of
HSE:HSF3 dynamics upon a discontinuous heat shock, discussed in Appendix D. Also
the value of T0 , i.e. the temperature at which the denaturation of native protein
starts, frequently hits its upper bound 36.99¶ C. Nevertheless, in our final selection of
optimization results, the value of T0 is a bit lower, circa 36¶ C.
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Figure E.1: Values of the target function for the 50 runs of the local optimization described in Section 3.2. The markers with filled face denote optimization results with one-minimum the temperature
dependence in lT
7 , which we consider to be biologically plausible (cf. Section 4.1). The 23 best scores
represent similar target function values, with only small differences between consecutive scores.
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Figure E.2: Boxplots for the values of parameters directly subject to optimization obtained for the 23
best results marked in Figure E.1, along with the optimization constraints (cf. Table C.1). Parameters
optimized in the logarithmic scale (cf. Table C.1) and their constraints are plotted in the logarithmic
scale as well, as indicated in the panels (note that the natural logarithm was used in these cases,
cf. Section 3.2). The panels also depict the estimated values of parameters shown in Table C.1.
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